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PREFACE. 

To preserve Euclid's order, to supply omissions, 
to remove defects, to give short notes of explanation 
and simpler methods of proof in cases of acknow- 
ledged difiSiculty — such are the main objects of this 
Edition of the Elements. 

The work is based on the Greek text, as it is 
given in the Editions of August and Peyrard. To 
the suggestions of the late Professor De Morgan, 
published in the Gonvpwmm to t?ie British Alrrumack 
for 1849, 1 have paid constant deference. 

A limited use of symbolic representation, wherein 
the symbols stand for words and not for operations, 
is generally regarded as desirable, and it is certain 
that the symbols employed in this book are admis- 
sible in the Examinations at Oxford and Cambridge. 

I have generally followed Euclid's method of 
proof, but not to the exclusion of other methods 
recommended by their simplicity, such as the de- 
monstrations by which I propose to re^lswiftk ^Js^ss^ 
diflBculfc Theorems 5 and *I m ^'^ IS^x^'^ ^5*is^* 



^ PREFACE, 



have also attempted to render many of the proofis, 
as, for instance, those of Propositions 2, 13, and 35 
in Book L, and those of 7, 8, and 13 in Book II., 
less confusing to the learner. 

In Propositions 4, 5, 6, 7, and 8 of the Second 
Book I have ventured to make an important change 
in Euclid's mode of exposition, by omitting the 
diagonals &om the diagrams and the gnomons from 
the text 

In the Third Book I have deviated with even 
greater boldness from the precise line of Euclid's 
method. Thus I have given new proofs of the Pro- 
positions relating to the Contact of Circles : I have 
used Superposition to prove Propositions 26 to 29, 
so as to make each of those theorems independent 
of the others ; and I have directed the attention of 
the learner to the Intersection of Loci, and to the 
conception of an Angle as a magnitude capable of 
unlimited increase. 

In the Fourth Book I have made no change of 
importance. 

My treatment of the Fifth Book was suggested 
by the method first proposed, explained, and de- 
fended by Professor De Morgan in his Treatise 
on the Connexion of Number and Magnitude. The 
method^ifl simple and rigorous> presenting Euclid's 
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leasoniiig in a clear and concise form^ by means of 
a system of notation, to which, I think, no valid 
objection can be taken. I have altered the order of 
the Propositions in this Book, so as to give promi- 
nence to those which are of chief importanca 

The only changes in the Sixth Book to which I 
desire to call the reader's special attention, are the 
applications of Superposition in the proofs of Pro- 
positions 4 and 19. 

The diagrams in Book XL form an important 
feature of this Edition. For them I am indebted 
to the kindness of Mr. Hugh Godfray, of St John's 
College, Cambridge. 

The Exercises have been selected with consider- 
able care, chiefly from the University and College 
Examination Papers. They are intended to be pro- 
gressive and easy, so that a learner may be induced 
from the first to work out something for himsel£ 

A complete series of the Euclid Papers set in the 
Cambridge Mathematical Tripos from 1848 to 1872 
will be found on pp. 198-210 and 342-349. 

I have made but little allusion to Projections, 
because that part of the subject is fully explained 
by Mr. Eichardson in his work on Conio Sections 
treated Geometrically, forming a part of ElviNGTOK'a 
Mathematical Series, 
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During the two years in which I have been en- 
gaged on this work, I have received from Teachers 
of Greometry in all parts of the country so much 
encouragement to proceed, and so much assistance 
at each step of my progress, that I feel justified in 
asserting that no text-book on Elementary Geometry 
is likely to meet with general support in England, 
if it involve any wide departure from the Euclidean 
model 

It only remains for me to offer my thanks to 
the Mends who have improved this work by their 
advice, and to assure each reader of the book that 
any suggestion for its further improvement will be 
thankfully received by ma 

J. HAMBLIN SMITH. 



42 Trumfikoton Strket, 
Cambridge, 1872. 
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ELEMENTS OF GEOMETRY. 



INTRODUCTORY REMARKS. 

WnsH a block of stoDe is hewn bran the rock, we call it a 
Solid Body. The Btoae-cntter ahapce it, and brings it into 
that which we call regvitcrity of form ; and then it beconiM 
a SoUd Figwe. 

Now aappose the figure to be snch that the 
block has six flat sides, eacli the exact cotinter- 
part of the others ; so that, to one who stands 
facing a comer of tlie block, the three sides 
which are visible present the atV^araiice re- 
presented in this diagram. 

Each ude of the figure is called a Surface ; and when 
smoothed and polished, it is called a Plane Sur&ce, 

The sharp and well-defined edges, in whieh each ptur of 
sidee meeta, are called Line«. 

The place, at which any three of the edges meet, is called 
a Point 

A MagTintude is anything which is made np of parts in an; 
way like itself. Thus, a line is a niagnitnde ; because we ma; 
regard it as made up of parta which are themselTes lines. 

The properties Length, Breadth (or Width), and Tbicknees 
{or Depth or Height) of a body are called its Dimendom. 

We make the following distinction between Solids, Surbces, 
Lines, and Points : 

A Solid has three dimensions, Length, Breadth, Thickness. 

A Surface has two dimensions, Length, Breadth. 

A Line has one dimen^on, LongtL 

A point has no diinenuons. 
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BOOK I. 

DEFINITIONS. 

L A Point is that which has no parts. 

This is equivalent to saying that a Point has no magnitude, . 
since we define it as that which cannot be divided into smaller 
parts. 

n. A Line is length without breadth. 

We cannot conceive a visible line without breadth ; but 
we can reason about lines as if they had no breadth, and this 
is what Euclid requires us to do. 

III. The Extremities of finite Lines are points. 

A point marks position, as for instance, the place where a 
line begins or ends, or meets or crosses another line. 

lY. A Straight Line is one which lies in the same direction 
&om point to point throughout its length. 

v. A Surface is that which has length and breadth only. 

VI. The Extremities of a Surface are lines. 

VII. A Plane Surface is one in which, if any two points 
be taken, the straight line between them lies wholly in that 
surface. 

Thus the ends of an uncut cedar-pencil are plane surfaces ; 
but the rest of the surfiEtce of the pencil is not a plane surface, 
since two points may be taken in it such that the straight line 
joining them will not lie on the surface of the pencil 

In our introductory remarks we gave examples of a Surface, 
a Line, and a Point, as we know them through the evidence 
of the senses. 

2 
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The Surfaces, Lines, and Points of Geometry may be regarded 
as mental pictures of the surfaces, lines, and points which we 
know from experience. 

It is, however, to be observed that Geometry requires us to 
conceive the possibility of the existence 

of a Surface apart from a Solid body, 
of a Line apart from a Surface, 
of a Point apart from a Line. 

VIII. When two straight lines meet one another, the inclina- 
tion of the lines to one another is called an Angle. 

When \Mio straight lines have one point common to both, 
they are said to form an angle (or angles) at that point. The 
point is called the mrUx of the angle (or angles), and the lines 
are called the arrmol the angle (or angles). 





Thus, if the lines OA^ OB are terminated at the same 
point 0, they form an angle, which is called the cmgle oU 0, or 
the angle AOB, or the angle £0-4,— the letter which marks 
the vertex being put between those that mark the arms. 

Again, if the line CO meets the line DE at a point in the 
line DEf so that is a point common to both lines, CO is said 
to make with DE the angles COD, COE ; and these (as having 
one arm, CO, common to both) are culled adjacent angles. 

Lastly, if therKnes FO^ HK cut each other in the point 0, 
the lines make with each other four angles FOH^ HOG, OOK^ 
KOF; and of these OOII, F'OK are calkd 'oeT^A.coJlX'^ o^y^^^^X* 
angles, as also are FOH and GOK, 




^i> 
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XIII. A Circle is a plane figure contained by one line, 
▼liich is called the Circumference, and is sach, that all 
straight lines drawn to the circumference from a certain point 
(called the Centre) within the figure are equal to one 
' another. 

XrV. Any straight line drawn from the centre of a circle to 
ft.- the circumference is called a Radius. 

*^ XV. A Diameter of a circle is a straight line drawn through 
1^ the centre and terminated both ways by the circumference. 




Thus, in the diagram, is the centre of the circle ABCD, 
OAf OB, OC, OD are Radii of the circle, and the straight line 
AOD is a Diameter. Hence the radius of a circle is half the 
diameter. 

XVI. A Semicircle is the figure contained by a diameter 
and the part of the circumference cut off by the diameter. 

XVII. Rectilinear figures are those which are contained 
by straight lines. 

The Perimeter (or Periphery) of a rectilinear figure is the 
sum of its sides. 

XVIII. A Triangle is a plane figure contained by three 
straight lines. 

XIX. A Quadrilateral is a plane figure contained by 
four straight lines. 

XX. A Polygon is a plane figure contained by more than 
four straight lines. 

When a polygon has all its sides equal and all ita «a!^«9^ 
equal it is called a regvZcvr polygon. 
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XXI. An Equiijlteral Triangle is one which 
has all its sides equal 

XXIL An Isosceles Triangle is one which 
has two sides equaL 

The third side is often called the haa^ of the 
triangle. 

The tenn hoM is applied to any one of the sides of a 
triangle to distinguish it from the other two, especially when 
they have been previously mentioned. 

XXIII. A RiGHT-ANOLED Triangle is 
one in which one of the angles is a right 
angle. 

The side subtending, that is, which is opposite the right anole, 
is called the Hypotenuse, 

XXIV. An Obtuse-angled Triangle i^ 
one in which one of the angles is obtuse. 

It will be shewn hereafter that a triangle can have only 
one of its angles either equal to, or greater than, a right angle. 

XXV. An Acute-angled Triangle is one in 
which ALL the angles are acute. 

XXVI. Parallel Straight Lines are such 

IS, being in the same plane, never meet when ZZ 

continually produced in both directions. 

Euclid proceeds to put forward Six Postulates, or Requests, 
that he may be allowed to make certain assumptions on the 
construction of figures and the properties of geometrical mag- 
nitudes. 
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Postulates 

Let it be granted— 

I. That a straight line may be drawn from any one point to 
any other point. 

n. That a terminated straight line may be produced to any 
length in a straight line. 

III. That a cirde may be described from any centre at any 
distance from that centre. 

lY. That all right angles are equal to one another. 

y. That two straight lines cannot enclose a space. 

VL That if a straight line meet two other straight lines, 
so as to make the two interior angles on the same side of it, 
taken together, less than two right angles, these straight 
lines being continually produced shall at length meet upon 
that side, on which are the angles, which are together less 
than two right angles. 

The word rendered ^Postulates" is in the original 
aLrrniaroy " requests." 

In the first three Postulates Euclid states the use, under 
certain restrictions, which he desires to make of certain in- 
struments for the construction of lines and circles. 

In Post. I. and ii. he asks for the use of the straight ruler, 
wherewith to draw straight lines. The restriction is, that the 
ruler is not supposed to be marked with divisions so as to 
measure lines. 

In Post III. he asks for the use of a pair of compasses, 
wherewith to describe a circle, whose centre is at one extremity 
of a given line, and whose circumference passes through the 
other extremity of that line. The restriction is, that 
the compasses are not supposed to be capable of conveying 
distances. 

Post. iv. and v. refer to simple geometrical facts, which 
Euclid desires to take for granted. 

Post. Yi. may, as we shall shew hereafter, be deduced 
from a more simple Postulate. The student must defer 
the consideration of this Postulate, till he has reached the 
17th Proposition of Book I. 

Euclid next enumerates, as statemexL^A ol W^><|T£ixi.^ k:^<^xs<^ 
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or, as he calls them, Common Notions, applicable (with the 
exception of the eighth) to all kinds of magnitades, and not 
necessarily restricted, as are the Postolatesy to ^wvMbtical 
magnitudes. 

Axioms. 

L Things which are equal to the same thing are equal to 
one another. 

II. If equals be added to equals, the wholes are equaL 

nL If equals be taken from equals, the remainders are 
equal 

IT. If equals and unequals be added together, the wholes 
are unequal 

y. If equals be taken from unequals, or unequals from 
equals, the remainders are unequal. 

VL Things which are double of the same thing, or of equal 
things, are equal to one another. 

VIL Things which are halves of the same thing, or of equal 
things, are equal to one another. 

Yin. Magnitudes which coincide with one another are 
equal to one another. 

IX. The whole is greater than its part 

With his Common Notions Eudid takes the ground of 
authority, saying in effect, '' To my Postulates I request^ to 
my Common Notions I daim, your assent.'' 

Euclid develops the science of Geometry in a series of 
Propositions, some of which are called Theorems and the rest 
Problems, though Euclid himself makes no such distinction. 

By the name Thwrem we understand a truth, capable of 
demonstration or proof by deduction from truths previously 
admitted or proved. 

By the name ProbUm we understand a construction, capable 
of being effected by the employment of principles of construc- 
tion previously admitted or proved. 

A Corollary is a Theorem or Problem easily deduced from, 
or effected by means of, a Proposition to which it is attached. 

We shall divide the First Book of the Elements into three 
sections. The reason for this division will appear in the course 
of the work. 
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SYMBOLS AND ABBREVIATIONS USED IN BOOK L 



•/ for because 

.* therefore 

ss is (or are) equal to 

z angle 

A triangle 

equilat equilateral 

extr. exterior 

intr. interior 

pt point 

rectil. rectilinear 



© for circle 

Ooe circumference 

11 parallel 

CJ parallelogram 

X perpendicular 

reqd. required 

rt right 

sq. square 

sqq squares 

st straight 



It is well known that one of the chief difficulties with 
learners of Euclid is to distinguish between what is assumed, 
or given, and what has to be proved in some of the Pro- 
positions. To make the distinction clearer we shall put in 
italics the statements of what has to be done i^ a Problem^ 
and what has to be proved in a Theorem. The last line in the 
proof of every Proposition states, that what had to be done 
or proved has been done or proved. 

The letters Q. b. F. at the end of a Problem stand for Qiwd 
eraJt fa^iendwm. 

The letters q. e. d. at the end of a Theorem stand for Quod 
etaJt devnonstrandum. 

In the marginal references ; 

Post, stands for Postulate. 

Def. Definition. 

Ax Axiom. 

I. I Book I. Proposition 1. 

Hyp. stands for Hypothesis, guppodtion^ and refera ti^ 
something granted, or assumed to be tivx.^ 
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SECTION I. 
On the Properties of Triangles. 

Proposition I. Problem. 

To describe an equilateral triangle on a given straight 
line. 




Let ABhe the given st. line. 

It is reqwi/red to describe an equilai, A on AB, 

With centre A and distance AB describe © BCD. Post. 3. 
With centre B and distance BA describe ACE, Post. 3. 

From the pt. C, in which the © s cut one another^ 

draw the st. lines CA, CB, Post. 1. 

Then will ABC be an equilat. a . 

For •.• A is the centre of © BCDy 

.', AC=AB, Def. 13. 

And •.• B is the centre of © ACE, 

.-. BC=AB. Bef. 13. 

Now •.• ^0, ^Oare each=-45, 

.-. AC=BC, Ax. 1. 

Thus AC, AB, BC are all equal, and an equilat. A ABC 
has been described on AB, 

Q. E. F. 
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PROPOSITION II 



II 



Proposition II. Problem. 

From a given point to draw a straight liiie equal to a 
given straight line. 




Let A be the given pt., and BC the given st. line. 
It is required to draw from A a st, line equal to BC. 

From ^ to ^ draw the st. line AB, Post 1. 

On AB describe the equilat A ABB, 1, 1. 

With centre B and distance BC describe © COH, Post. 3. 

Produce DB to meet the Qce COH in G, 
With centre D and distance DG describe © GKL, Post. 3. 

Produce DA to meet the qcq GKL in L, 

Then will AL^BG, 

For •.• B is the centre of © CGH, 

.', BG=BG. 
And •.• D is the centre of © GKL, 

,'. DL^DG. 
And parts of these, DA and DB, are equal. 

.'. remainder -4i=remainder BG. 
But BC^'BG ; 

.\ AL=BC, 



Def. 13. 

Def. 13. 

Def. 21. 

Ax. 3. 



Ax. 1. 



Thus from pt. A a st. line AL has been drawn ~BC. 



<^^«».'«. 
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Proposition III. Problem. 

From the greater of two given straight lines to cut off 
a paH equal to the less. 




Let ABhe tlie greater of the two given st. lines AB, CD, 
It is required to cut off from AB a part ^ CD, 
From A draw the st. line AE=CD, I. 2. 

With centre A and distance AJE} describe © EFH^ 

cutting AB in F, 

Then will ^F= CD. 

For ',' Ala the centre of © EFH, 

.-. AF=AE, 
But AE=-CD; 

,\ AF^CD, Ax. 1. 

Thus from AB a part AF has been cut oflf= CD, 

Q. E. F. 

Exercises. 

1. Shew that if straight lines be drawn from A and B in 
the diagram of Prop. i. to the other point in which the circles 
intersect, another equilateral triangle will be described on 
AB. 

2. By a similar construction to that in Prop. l. describe 
on a given straight line an isosceles triangle, whose equal sides 
shall be each equal to another given straight line. 

3. Draw a figure for the case in Prop, ii., in which the 
given point coincides with B, 

4. By a construction similar to that in Prop. iii. produce 
the less of two given straight lines that it may be equal to the 
greater. 
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Proposition IV. Theorem. 

If two triangles ka/ve two sides of the one equal to two sides 
of the other^ each to ea>ch, and have lilcewise the angles contained 
hy those sides equal to one another , they must ha^e their third 
sides equal ; and the two triam^les must be equal, and the other 
angles must be equal, eadi to each, viz, those to which the equal 
sides are opposite. 




In the A s ABC, DBF, 
let AB^DE, and AC^DF, and i BAC^ i EDF. 

Then must BC=EF and A ABG « A DEF, and the other 
IS, to which the equal sides are opposite, must be equal, thai 
is, I ABC^ L DEF and L ACB^ l BFE. 

For, if A ABC be applied to A BEF, 
so that A coincides with D, and AB falls on DE, 
then •.* AB^DE, .'. B will coincide with E, 

And •.• AB coincides with DE, and z BAC=^ L EDF, Hyp. 

.-. ^OwiUfaUonDF. 
Then •.• AC^DF, .-. will coincide with F, 
And •.• B will coincide with E, and C with F, 
.'. BC will coincide with EF ; 

for if not, let it feM otherwise as EOF: then the two st. 
lines BC, EF will enclose a space, which is impossible. Post. 5. 

.*. BC will coincide with and .*. is equal to EF, Ax 8. 

and A ABC. A DEF, 

and z ABC z DEF, 

and z ACB z DFE. 
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Note 1. On the Method of Superposition. 

Two geometrical magnitudes are said, in accordance with 
Ax. VIII. to be eqtud, when they can be so placed that the 
boundaries of the one coincide with the boundari^ of the 
other. 

Thus, two straight lines are equal, if they can be so placed 
that the points at their extremities coincide : and two angles 
are equal, if they can be so placed that their vertices coincide 
in position and their arms in direction : and two triangles are 
equal, if they can be so placed that their sides coincide in 
direction and magnitude. 

In the application of the test of equality by this Method of 
Superposition, we assume that an angle or a triangle may be 
moved from one place, turned over, and put down in another 
place, without altering the relative positions of its boundaries. 

We also assume that if one part of a straight line coincide 
with one part of another straight line, the other parts of the 
lines also coincide in direction ; or, that straight lines, which 
coincide in two points, coincide when produced. 

The method of Superposition enables us also to compare 
magnitudes of the same kind that are unequal. For example, 
suppose ABC and DBF to be two given angles. 





Suppose the arm BG to be placed on the arm MF, and the 
vertex B on the vertex E, 

Then, if the arm BA coincide in direction with the arm ^D, 
the angle ABG is equal to BEF, 

If BA fall between ED and EF in the direction EF, 
ABC is less than DEF. 

If BA fall in the direction EQ so that ED is between 
EQ and EF, ABC is greater than DEF. 



Book L] NOTE TL iS 



Note % Onihe Conditions of Equality of two Trianglu, 

A Triangle is composed of six parts, three sides and three 
angles. 

When the six parts of one triangle are equal to the six 
parts of another triangle, each to each, the Triangles are said 
to be equal in all respects. 

There are four cases in which Euclid proves that two tri- 
angles are equal in all respects ; viz., when the following parts 
are equal in the two triangles. 

1. Two sides and the angle between them. I. 4. 

2. Two angles and the side between them. L 26. 

3. The three sides of each. L 8. 

4. Two angles and the side opposite one of them. L 26. 

The Propositions, in which these cases are provedy are the 
most important in our First Section. 

The first case we have proyed in Prop. iv. 

Availing ourselves of the method of superposition, we can 
prove Cases 2 and 3 by a process more simple than that em- 
ployed by Euclid, and with the further advantage of bringing 
them into closer connexion with Case 1. We shall therefore 
give three Propositions, which we designate A, B, and C, in 
tiie Place of Euclid's Props, v. vi. vii. viii. 

The displaced Propositions will be found on pp. 108-112. 

Proposition A corresponds with Euclid I. 5. 

B I. 26, first part. 

L a 
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Proposition A. Theorem. 



If two sides of a triangU he equal, the angles opposite those 
sides must also he equal. 





a a 



In the isosceles triangle ABC, let AC=AB, (Fig. 1.) 

2%e» must L ABC^ L ACB. 

Imagine the A ABC to be taken up, turned round, and set 
down again in a reversed position as in Fig. 2, and designate 
the angular points A', B\ Cy, 

Then in L^ ABC, A' OB', 

V AB=AV, and AC^A'B', and z BAC=- l CA'B', 

/. I ABC=- I A'CB'. 1.4. 

But z A'CrB'== L ACB ; 

/. iABC=iACB. Ax. 1. 

Q.E.D. 

Cor. Hence every equilateral triangle is also equiangular. 

Note. When one side of a triangle is distinguished from 
the other sides hy being called the fose, the an^lax i^omt oy- 
/^asj'ie to that aide ia called the Ferteac oi tihe ttVaiivJ^^k. 
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Proposition B. Theorem. 

If two triangles have two angles of the one equal to two 
angles of the other, each to each, and the sides adjacent to 
the equal angles in each also equal ; tlien must the triangles 
he equal in all respects. 





In A s ABC, DBF, 
let z ABC^ L DBF, and i ACB= l DFE, and BC=EF, 
Then must AB^DE, and AC=DF, and i BAG^^ i EDF, 

For if lDEF be applied to lABC, so that E coincides 
with B, and EF fells on BG; 

then •/ EF=BG, /. F will coincide with G ; 

and •/ z DEF^ z ABG, .\ ED wiU faU on BA ; 

.'. D will fall on BA or BA produced. 

Again, •.' z DFE^ z ACB, .-. FD wOl faU on GA ; 

/. D will fall on GA or GA produced. 

.% D must coincide with A, the only pt. common to BA 
and GA, 

,\ DE will coincide with and .*. is equal to AB, 

andD^. AG, 

and I EDF iBAG, 

and lBEF hABG\ 

and .'. the triangles are equal in all respects. 

Q. E. D. 

CoR. Hence, by a process like that in Prop. A, we can prove 
the following theorem : 

If two angles of a triangle he equal, the sides which sinLtAud. 
them are also equal, (Euol. I. 6.) 

8.E. 2 



i8 
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Proposition C. Thborkm. 

If two triangles have the three sides of the one eqwd to the 
three sides of the other, each to eocA, the triangles must be equal 
in aU respects. 




Let the three sides of the A s ABC, DEF be equal, each 
to each, that is, AB=DE, AC=DF, and BC^EF. 

Then must the triangles be equal in aU respects, 

Ima^e the A DEF to be turned over and applied to the 
A ABCf in such a way that EF coincides with BC, and the 
vertex D falls on the side of BC opposite to the side on which 
A falls ; and join AD, 

Case I. When AD passes through BG, 




Then in a ABD, v BD^BA, .\ L BAD^ l BDA, 1, A. 
And in A^CD, •.• CD=CA, .'. l CAD^ l CDA, I. A. 
/. sum of z 8 BADy C-4D=sum of z s BDA, CDA, Ax, 2. 
that is, iBAC^i BDC, 

Hence we see, referring to the original triangles, that 

I BAC^ L EDF, 
' '/ ^y P^Pt ^ ^^ triaDgles are equal in. eSV. xc«ve»e^a. 
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Case IL When the line joining the vertices does not pass 
through BG. 




Then in t^ABD, v BD^BA, :. L BAD== L BDA, I. A. 
And in aACD, '.' CD^CA, /. z CAD= L CD A, I. A. 
Hence since the whole angles BAD^ BDA are equal, 
and parts of these CAD, CD A are equaL 
.*. the remainders BAG, BDC are equal Ax 3. 
Then, as in Case L, the equality of the original triangles 
may be proved. 



Case IIL When AC and CD are in the same straight 
line. 




Then in A ABD, v BD=BA, .-. z BAD= z BDA, I. A. 

that is, iBAC=lBDG, 

Then, as in Case I., the equality oi IYl^ Qn^Ti-sS^ \jcsa2MJ^« 
nmy be proved. 
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Proposition IX. Problem. 
To huixt a given angle. 




Let BAChe the given angle. 

It is required to hised z BAG. 

In AB take any pt. D. 

In ^C make AE=AD, and join DE. 

On J9^, on the side remote from A, describe an 
equilat. A DFE. * L 1. 

Join AF. Then AF will bisect z J5J.0. 

For in As ^^D, AFE, 

V AD=AE, and ^JF* is common, and FD=FE, 

.'. i.DAF= L EAF, • I. a 

that is, L BAG is bisected by AF. 

Q. E. F. 

Ex. 1. Shew that we can prove this Proposition by means 
of Prop. rv. and Prop. A., without applying Prop. 0. 

Ex. 2. If the equilateral triangle, employed in the construc- 
tion, be described with its vertex towards the given angle ; 
shew that there is one case in which the consiruction will Ml, 
and two in which it will hold good. 

NoTE.^ The line dividmg an angle into In^o ^c^B\^M\aS& 



called the 



r»_- 



^ angle. 
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Proposition X. Problem. 
To bisect a given finite straight line. 




Let AB be the given st. line. 
It is required to bisect AB, 

On AB describe an equilat t^ACB, 

Bisect I ACB by the st line CD meeting AB in D ; 
then AB shall be bisected in D, 



1.1. 
1.9. 



For in Ls ACD, BCD, 
V AC=BC, and CD is common, and z ACD= L BCD, 

.'. AD=BD ; I. 4. 

.'. AB is bisected in D, 

Q. E. F. 

Ex. 1. The straight line, drawn to bisect the vertical angle 
of an isosceles triangle, also bisects the base. 

Ex. 2. The straight line, drawn from the vertex of an 
isosceles triangle to bisect the base, also bisects the vertical 
angle. 

Ex. 3. Produce a given finite atm^^, "VvaftXiCi^^Ycit^^^^ 
that the part produced maybe one-t^iiT^ QiVJt\ft\vcka,^«^<^ 
made up of the whole and the part pxodxxcfc^. 
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Proposition XI. Problem. 

To draw a straight line at right angles to a given straight 
line from a given point in the same. 




J& 



Let AB be the given st. line, and C a given pt. in it. 
It is required to draw from C a st line ± to AB, 

Take any pt. D in ^C, and in CB make 0^= CD. 
On DE describe an equilat. A DFE, 

Join FC, FC shall be ± to AB. 



I. 1. 



For in A s DCF, EOF, 

V DC=CE, and CF is common, and FD=FE, 

.', iDCF^iECF', La 

and .-. JF'O is X to AB, Def. 9. 

Q. B. F. 

Cor. To draw a straight line at right angles to a given 
straight line A C from one extremity, C, take any point D in 
AC, produce -40 to E, making CE=CD, and proceed as in 
the proposition. 

Ex. 1. Shew that in the diagram of Prop. ix. AF and ED 
intersect each other at right angles, and that ED is bisected 
hjAF. 

Ex. 2. If be the point in which two lines, bisecting AB 
and ACy two sides of an equilateral triangle, at right angles, 
meet ; shew that OA, OB, OC are all equal 

Ex. 3. Shew th^l^m^xi. is a particular case of Prop. ix. 
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Profositiov XIL Pbobleic. 

To draw a straight line perpendicular to a given straight 
line of an unlvmited Ungthfrom a given point wiOu>ut iL 




Let AB be the given si. line of onlimited length ; C the 
given pt without it^ 

It is required to djawfrom C ast, Une ± to AB, 

Take any pt. D on the other side otAB, 

With centre C and distance CD describe a cutting AB 
iaEandF. 

Bisect EF in 0, and join CE, CO, CF. I. 10. 

Then CO shall be ± to AB. 

For in /as COE, COF, 

\' EO=FOj and CO is common, and CE=^CF, 

.'. aCOE=^aCOF; La 

.-. 00 is ± to AB. Def: 9. 

Q. E. F. 

Ex. 1. If the straight line were not of unlimited length, 
how might the construction fajl ? 

Ex. 2. If in a triangle the perpendicular from the vertex 
on the base bisect the base, the triangle is isosceles. 

Ex. 3. The lines drawn from the angular points of an 
equilateral triangle to the middle points of the opposite sides 
are equaL 
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Miscdlaneotia Exercises on Props, I, to XII, 

1. Draw a figure for Prop. ii. for the case when the given 
point A is 

(a) below the line BC and t© the right of it. 
03) below the line BC and to the left of it. 

2. Divide a given angle into four equal parts. 

3. The angles B, C, at the base of an isosceles triangle, are 
bisected by the straight lines BD, CD, meeting in D ; shew 
that BDC is an isosceles triangle. 

4. D, E, F are points taken in the sides BC, CA, AB, of 
an equilateral triangle, so that BD=CE—AF, Shew that 
the triangle DEF is equilateral. 

5. In a given straight line find a point equidistant from 
two given points ; 1st, on the same side of it ; 2d, on opposite 
sides of it. 

6. ABC is any triangla In BA, or BA produced, find 
a point D such that BD=CD, 

7. The equal sides AB, AC, of an isosceles triangle ABC 
are produced to points F and G, so that AF^AG, BG and 
CF are joined, and H is the point of their intersection. Prove 
that BH^CH, and also that the angle at ^ is bisected 
by AH. 

8. BAC, BDC are isosceles triangles, standing on oppo- 
site sides of the same base BC, Prove that the straight line 
from ^ to D bisects BC at right angles. • 

9. In how many directions may the line -4^ be drawn in 
Prop. III. ? 

10. The two sides of a triangle being produced, if the 
angles on the other side of the base be equal, shew that the 
triangle is isosceles. 

11. ABC, ABD are two triangles on the same base AB 
and on the same side of it, the vertex of each triangle being 
outside the other. If AC=AD, shew that BC cannot =51>. 

12. From C any point in a straight line AB, CD is drawn 
at right angles to AB, meeting a circle described with centre 
A and distance ABm D *, and from AD, AE is cut oQ=AC\ 
shew that AEB is a right angle. 
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Proposition XIII. Theorem. 

Tht angles which one straight line makes with another upon 
one side of it are either two right a/ngleSy or together equal to two 
right angles. 

Fig. L Fig. 2. 




:r 



Let AB make with CD upon one side of it the z s ABCy 

ABD. 

Then must these be either two ri, i s, 

or together equal to two rU is. 

First, if z ABC= L ABD as in Fig. 1, 

each of them is a rt. z . Def . 9. 

Secondly, if z ^JBC be not= z ABD, as in Fig. 2, 

from B draw BE ± to CD. I. 11. 

Then sum of z s ABC, ABD^sum of z s EBC, EBA, ABD. 
and sum of z s EBC, EBD^ sum of z s EBC, EBA, ABD 
.-. sum of z s ABC, ABD=sxim of z s EBC, EBD ; 

Ax. 1, 
/. sum of z s ABC, ABD =sum of a rt. z and a rt z ; 
/. z s ABC, ABD are together = two rt. z s. 

Q. E. D. 

Ex. Straight lines drawn connecting the opposite angular 
points of a quadrilateral figure intersect each other in O. 
Shew that the angles at are together equal to four right 
angles. 

Note (1.) If two angles together make up a right angle, 
each is called the Complement of the other. Thus, in fig. 2, 
z ABD is the complement of z ABE. 

(2.) If two angles together make up two right angles, each 
is called the Supplement of the other. Thus, in both figures, 
z ABD is the supplement of z ABC. 



26 EUCLID'S ELEMENTS, [Bocdc L 



Proposition XIV. Theorem. 

J/i at a point in a straight line, two other straight lines, upon 
th-e opposite sides of it, niake the adjacent angles together equal 
to two right angles, these two straight liries must he in one and 
the same straight line. 




At the pt. B in the st. line AB let the st. lines BG, BD, 
on opposite sides of AB, make z s ABC, ABD together » two 
rt. angles. 

Then BD must he in the same st, line with BG. 

For if not, let BE be in the same st line with BG, 

Then i s ABC, ABE together=two rt. l s. I. 13. 

And L s ABG, ABD together = two rt. z s. Hyp. 

.-. sum of z s ABG, ABE=^\xm of z s ABG, ABD. 

Take away from each of these equab the z ABG ; 

then z ABE= z ABD, Ax. 3. 

that is, the less = the greater ; which is impossible, 

^.'. BE is not in the same st. line with BG, 

Similarly it may be shewn that no other line but BD is in 
the same st. line with BG, 

•*. BD is in the same st. line with BG, 

Q. E. D. 

Ex. Shew the necessity of the words Ihe opposite sides in 
the enunciation. 
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Proposition XV. Theorem. 

If two straight lines cut one another, the vertically opposite 
angles must he equal. 




Let the st. lines AB, CD cut one another in the pt. E, 

Then must l AEC^ l BED and i AED= l BEG, 
For •.• AE meets CD, 

.-. sum of z s AEG, AED^tifo rt. z s. I. 13. 

And •.• DE meets AB, 

.'. sum of z s BED, AED =iwo rt. z s ; I. 13. 
.-. sum of z s AEG, AED=B}im of z s BED, AED ; 

.-. z AEG= L BED. Ax. 3. 

Similarly it may be shewn that z AED== z BEG. 

Q. E. D. 

Corollary I. From this it is manifest, that if two straight 
lines cut one another, the four angles, which they make at the 
point of intersection, are together equal to four right angles. 

Corollary II. All the angles, made by any number of 
straight lines meeting in one point, are together equal to four 
right angles. 

Ex. 1. Shew that the bisectors of AED and BEG are in 
the same straight line. 

Ex. 2. Prove that z AED is equal to the angle between 
two straight lines drawn at right angles from E to AE and 
EG, if both lie above GD. 

Ex. 3. If AB, GD bisect each other in E ; shew <ifi&» ^Saa 
triangles AED, BEG are equal in aXV xes^^cXa. 
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Note 3. On Eudi^s definition of, an Angle, 

Euclid directs us to regard an angle as the inclination of 
two straight lines to each other, which meet, hut are not in 
the same straight line. 

Thus he does not recognise the existence of a single angle 
equal in magnitude to two right angles. 

The words printed in italics are omitted as needless, in 
Def. viii., p. 3, and that definition may be extended with 
advantage in the following terms : — 

Def. Let WQE be a fixed straight line, and QP a line 
which revolves about the fixed point Q, and which at first 
coincides with QB. 




Then, when QP has reached the position represented in 
the diagram, we say that it has described the angle EQP. 

When QP has revolved so fieur as to coincide with QW, 
we say that it has described an angle equal to ttoo right 
angles. 

Hence we may obtain an easy proof of Prop. xiii. ; for what- 
ever the position of PQ may be, the angles which it makes 
with WE are together equal to two right angles. 

Again, in Prop. xv. it is evident that z AED= l BEC, 
since each has the same supplementary z AEC. 

We shall shew hereafter, p. 149, how this definition may be 
extended, so as to embrace angles greater than two right 
tMiqles, 
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Proposition XVI. Theorem. 

If one dde of a triangle he produced, the exterior angle is 
greater than either of the interior opposite angles. 




Let the side BC of A ABC be produced to D. 
Then must lACDhe greater than either i CAB or L ABC 
Bisect ACmE, and join BE. I 10. 

Produce BE to jP, making EF=BE, and join FG. 
^ Then in as BE A, EEC, 
'.' BE=FE, and EA ^EC, and z BE A = z EEC, I. 15. 

.-. z ECF= L EAB, 1. 4. 

Now aACDis greater than z ECF ; Ax. 9. 

.'. z ACD is greater than z ^^JB, 
that is, z J.Oi> is greater than z O^B. 

Similarly, if J. be produced to G^ it may be shewn that 
z BCG is greater than z .45(7. 

and z BOG^= z ^OD ; I. 15. 

.'. z -40i> is greater than z -45(7. 

Q. E. D. 

Ex. 1. From the same point there cannot be drawn more 
than two equal straight lines to meet a given straight line. 

Ex. 2. If, from any point, a straight line be drawn to a 
given straight line making with it an acute and an obtuse 
angle, and if, from the same point, a perpendicular be drawn to 
the given line ; the perpendicular will fall on the sidA q1 \k^^ 
acute angle. 
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Proposition XVII. Theorem. 

Any two angles of a triangle a/re together less tJum two right 
angles. 




a a 

Let ABC be any a . 

Thefn, rrmst any tvx) of its is he together less (han two 

ri. IS. 

Produce BC to D, 

Then lACDya greater than i ABC. I. 16. 

/. z 8 ACDy ACB are together greater than z a ABC, ACB, 

But ibACD, ACB together=two rt z s. L 13. 

.'. z s ABC, ACB are together less than two rt. z s. 
Similarly it may be shewn that z s ABC, BAC and also 
that z s BAC, ACB are together less than two rt. z s. 

Q. E. D. 

Note 4. On the Sixth Postulaie, 
We learn from Prop. xvii. that if two straight lines BM 
and CN, Ttrhich meet in A, are met by another straight line 
DE in the points 0, P, 

2> 




the angles MOP and NPO are together less than two right 
angles. 

The Sixth Postulate asserts that if a line DE meeting two 
fttluup lim^ BM, CN makes MOP, NPO, the two interior 



Book I.] PROPOSITION XVIIL 31 

angles on the same side of it, together less than two right 
angles, BM and GN shall meet if produced on the same side 
of DE on which are the angles MOF and NPO. 



Proposition XVIIL Theorem. 

If one side of a triangle be greater than a second, the 
angle opposite the Jwst must he greater than that opposite the 
second. » 




In lABG, let side -4 (7 be greater than AB, 
Then must i ABC he greater than i AGB. 

From AC cut off AD=^AB, and join BD. I. 3. 

Then •.• AB^ADy 

/. I ADB^ L ABD, I. A. 

And *.* CD, a side of A BBC, is produced to A, 

:. I ABB is greater than z ACB ; I. 16. 

.*. also I ABB is greater than i ACB, 
Much more is i ABC greater than z ACB. 

Q. E. D. 

Ex. Shew that if two angles of a triangle be equal, the 
sides which subtend them are equal also (EucL I. 6). 



32 EUCLID'S ELEMENTS. [Bcxdc I. 



Proposition XIX. Theorem. 

If one angle of a triangle be greater than a second, the 
side opposite the f/rst must he greater than that opposite the 
second. 




In LABCy let i ABC be greater than i ACB, 
Then must AG he greater than AB, 

For if AG he not greater than ABy 

AG must either =-45, or be less than AB. 
Now AG cannot =i .. -»> ^or then I. a. 

lABG would = I AGB, which is not the case. 
And AG cannot be less than AB, for then 1. 18. 

z ABG would be less than z AGB, which is not the case ; 

.*. AG 13 greater than AB. 

Q. E. D. 

Ex. 1. In an obtuse-angled triangle, the greatest side is 
opposite the obtuse angle. 

Ex. 2. BG, the base of an isosceles triangle A G, is pro- 
duced to any point D ; shew that AD is greater than AB. 

Ex. 3. The perpendicular is the shortest straight line, which 
can be drawn from a given point to a given straight line ; and 
of others, that which is nearer to the perpendicular is less than 
the more remote. 
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Proposition XX. Theorem. 

Any two sides of a triangle are together greater than the 
third side. 




Let -450 be a A. 
Hien any tvH> of its sides must he together greater than 
the third side. 
Produce BA to D, making AD=^AC, and join DC, 

Then v AD=AC, 

,\ L AGp=- L ADC, that is, z BDC. I. a. 

Now z BCD is greater than z ACD ; 

.', L BCD is also greater than L BDC ; 

.'. BD is greater than BC, I. 19. 

But BD=BA and AD together ; 

that is, BD=BA and AC together ; 

.*. BA and AC together are greater than BC, 

Similarly it may be shewn that 

AB and BC together are greater than AC, 

sjidBCasidCA AB, 

Q. B. D. 

Ex. 1. Prove that any three sides of a quadrilateral figure 
are together greater than the fourth side. 

Ex. 2. Shew that any side of a triangle is greater than 
the difference between the othar two sides. 

Ex. 3. Prove that the sum of the distances of any point 
from the angular points of a quadrilateral is greater than 
half the perimeter of the quadrilateral 

Ex. 4. If one side of a triangle be bisected, t\i^«QXEL^1^'8k 
two other sides shall be more than dou\)\a oiVJ!aftVaia\«^sasv^ 

the vertex and the poiat of bisection. 
B, E, 3 
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Proposition XXI. Theorem. 

Jf, fr(ym the ends of the side of a triangle, (here hs 
drawn two straight lines to a point within the triangle; 
these will be together less than the other sides of the triangle, 
but will contain a greater angle. 




Let ABG be a A , and from D, a pt in the A , jdraw st. 
lines to B and C. 

Then will BD, DC together be less than BA, AC, 
hut L BDCwill be greater than l BAG, 

Produce BD to meet ACm E. 

Then BA, AE are together greater than BE. I. 20. 

Add to each EC. 
Then BA, ^(7 are together greater than BE, EC 

Again, DE, EC are together greater than DC I. 20. 

Add to each BD. 
Then BE, EC are together greater than BD, DC 

And it has been shewn that BA, AC axe together greater 
than BE, EC ; 

.•. BA, AC are together greater than BD, DC 
Next, *.• I BDC is greater than z DEC, I. 16. 

and z DEC la greater than z BAC, I. 16. 

.'. z BDC is greater than z BAC 

Q. E. D. 

Ex. 1. Upon the base AB of a triangle ABC is described 
a quadrilateral figure ADEB, which is entirely within the 
triangle. Shew that the sides AC, CB of the triangle are 
^j^eiher greater than the sides AD, DE, E£ oi \.Vi<^ c^odri- 
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Ex. 2. Shew that the sam of the straight lines, joining 
the angles of a triangle with a point within the triangle, is 
less than the perimeter of the triangle, and greater than half 
the perimeter. 

Propositiox XXIL Probleh. 
To make a triangle, of whidt ike sidee dusU be equal to 
three given etraigkt linee, cuiy two of wkick are together greater 
than the third. 




Let A, B, C he the three given lines, any two of which 
are together greater than the third. 

It is required to make a A having its sides =^ A, B, C 
respectively. 

Take a st. line DE of unlimited length. 
In DE make DF^A, FG=B, and GH=a L 3. 

With centre F and distance jF7>, describe ®DKL. 
With centre G and distance GH, describe HKL. 

Join FK and GFL 
Then A KFG has its sides =-4, B, G respectively. 

For FK=FD ; Bef. 13 

.-. FK=A ; 
SLndGK^GH; Def. 13. 

.-. GK=^C; 
KDdFG=B; 
.'. a A jEjPG^ has been described ^ATec^ c^i&.'t. 
Ex J. Draw an isosceles triangle bavixig eac^ ol V)ei^ «n^^ 
aides doable of the base. 
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Proposition XXIIL Problem. 

At a given point in a given straigM line, to make an 
angle equal to a given angle. 




Let A be the given pt., BC the given line, DBF the 
given I . 

It is reqd, to make at pt A an angle = z DBF, 
In BD, BF take any pts. D, F ; md join DF. 

In ABj produced if necessary, make AG=DB, 
In A Of produced if necessary, make AH—BF, 
In HG, produced if necessary, make HK^FD, 

With centre A, and distance AG, describe © GLM, 
With centre Jff, and distance JELK, describe © LKM, 
Join AL and HL. 
Then •.• LA^AG, .', LA^DE ; Ax. 1. 

and •.• HL^HKy ,\ HL=FD, Ax. 1. 

Then in as LAH, DBF, 

V LA=DB, and AH=BF, and HL^FD ; 

.'. aLAH=lDBF. Lc 

.*. an BJiglie LAH has been made at pt. A as was reqd. 

Q. B. F. 
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Note, — ^We here give the proof of a theorem, necessary to 
the proof of Prop. XXIV. and applicable to several proposi- 
tions in Book III. 



pRorosiTiON D. Theorem. 

Every straight liney drawn fr<ym the vertex of a triangle to 
the hase^ is less than the greaJter of the two sides, or than either, 
if they be equal. 




In the L ABC, let the side -40 be not less than AB. 
Take any pt. D in BG, and join AD, 

Then mud AD he less than AC, 



For ',' AG is not less than AB ; 

ft 

.'. I ABD is not less than z AGD, 
But L ADC is greater than i ABD ; 

.*. I ADC is greater than z AGD ; 
,\AG\& greater than AD, 



L A. and 18. 
I. 16. 



I. 19. 
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Proposition XXIV. Theorem. 

If two triangles have trvo sides of (he one equal to two 
sides of the other, each to each, but the angle contained by 
the two sides of one of them greater than the angle contained by 
the two sides equal to them of the other ; the base of thai which 
has the greater angle must be greater than (he base of the other. 





In the A s ABC, BEF, 

let AB=DE and AC=DF, 

and let i BAC be greater than i EDF. 

Then must BC be greater than EF. 

Of the two sides DE, DF let DE be not greater than BF,* 
At pt. B in St. line EB make z EBG-^ l BAG, L 2a 

and make BG^AG or BF, and join EG, GF, 

Then-.-^-B=JD^, and AC=BG, and z BAC= L EBG, 

,\ BG^EG, I. 4. 

Again, v BG^BF, 

.', aBFG^iBGF; La. 

.-. z EFG is greater than z BGF; 
much more then z EFG is greater than z EGF ; 

,'. EG is greater than EF, I. 19. 

But EG =BC; 

.'. BC is greater than EF, 

Q. E. D. 

*This line was added by Simson to obviate a defect in Euclid's 
proof. Without this condition, three distinct cases must be discussed. 
With the condition, we can prove that F must lie below EG. 

For since DF is not less than DE, and DG is drawn equal to DF, 
DO is not less than DE, 

Hence by Prop, d, any line drawn from D to meet EG is 
less than DG, and therefore DF, being equal to DO, must extend 
beyond EG, 

For another method of proving the PxopoaVtvoTi, ft«»^ ^. "W^» 
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Proposition XXV. Theorem. 

If two triangles have two sides of the ofie equal to two sules 
of the other, ect/ih to each, hut the base of the oiie greater than 
the hoM of the other ; the angle also, contained by the sides of 
that which has the greater base, must be greater than the angle 
contain^ by the sides equal to them of the other. 





V 



In the A B ABC, DEF, 

let AB^DE and AC^^DF, 

and let BC be greater than EF. 

Then must l BAC be greater than i EDF, 

For I BAOb greater than, equal to, or less than z EDF, 

Now ABAC cannot = z EDF, 

for then, by i. 4, BC would a^^ ; which is not the case. 
And z BAC cannot be less than i EDF, 
for then, by i. 24, BC would be less than EF ; which is 
not the case ; 

.*. I BAC must be greater than z EDF, 

Q. E. D. 

Note. — In Prop. xxvi. Euclid includes two cases, in which 
two triangles are equal in all respects ; viz., when the following 
parts are equal in the two triangles : 

1. Two angles and the side between them. 

2. Two angles and the side opposite one of them. 

Of these we have already proved the first case, in Prop, b, 
80 that we have only the second case loft, to form the subject 
of Prop. XXVI., which we shall pto^^ Vj VJCkfe xsNRjOaa^ ^'^ 
Bwporposition, 
For EacM*8 proof of Prop. xxYi., ae^ W- \W^^^• 
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Proposition XXVI. Theorem. 

If two tria/ngles have two angles of the one equal to two angles 
of ihe oiker, ea/ih to each, and one side equal to one side, those 
sides being opposite to equal angles in each; then must the 
triangles he equal in all respects. 





H' O 



In A s ABCy DEF, 
let z ABC= L DEF, and z ACB=-> l DFE, and AB=DE, 

Then must BC^EF, and AC-=DF, and l BAG^ l EDF. 
Suppose A DEF to be applied to A ABC, 

so that D coincides with A, and DE falls on AB, 

Then •.• DE=^AB, .\ JE^will coincide with B ; 
and ••• z DEF= l ABC, .'. EF will fall on BC. 

Then must F coincide with C : for, if not, 
let F fall between B and C, at the pt. H, Join AH, 
Then '.• z AHB^ z DFE, I. 4. 

.-. iAHB= lACB, 

the extr. z = the intr. and opposite z , which is impossible. 

.•. F does not fall between B and 0. 

Similarly, it may be shewn that F does not fall on BG 
produced. 

.*. F coincides with 0, and .*. BC=EF ; 

.-. AC=-DF, and z BAC^ z EDF, I. 4. 

and .*. the triangles are equal in all r^pects. 

Q. R. D. 
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Miscellaneous Exercises on Props. I. to XX VI. 

1. Af is the middle point of the base BC of an isosceles 
triangle ABQ^ and .AT is a point \n AG, Shew that the 
diiference between MB and MN is less than that between 
AB and AN. 

2. ABG is a triangle, and the angle at ^ is bisected by a 
straight line which meets BG at D \ shew that BA is greater 
than BDy and GA greater than GD, 

3. AB^ AG aie straight lines meeting in A, and D is 
a given point Draw through D a straight line cutting off 
equal parts from AB, AG. 

4. Draw a straight line through a given point, to make 
equal angles with two given straight lines which meet. 

5. A given angle B^Ois bisected ; if GA be produced to 
,0 and the angle BAG bisected, the two bisecting lines are at 
right angles. 

6. Two straight lines are drawn to the base of a triangle 
from the vertex, one bisecting the vertical angle, and the other 
bisecting the base. Prove that the latter is the greater of the 
two lines. 

7. Shew that Prop, xvil may be proved without pro- 
ducing a side of the triangle. 

8. Shew that Prop, xviii. may be proved by means of the 
following construction : cut ofif AD^AB, draw AE, bisecting 

z BAG and meeting BG in E, and join DE. 

9. Shew that Prop. xx. can be proved, without producing 
one of the sides of the triangle, by bisecting one of the angles. 

10. Given two angles of a triangle and the side adjacent 
to them, construct the triangle. 

11. Shew that the perpendiculars, let fall on two sides 
of a triangle from any point in the straight line bisecting the 
ang:e' contained by the two sides, are equal. 



42 EUCLID'S ELEMENTS, [Book I. 

We conclude Section I. with the proof (omitted by Euclid) 
of another case in which two triangles are equal in all 
respects. 

Proposition E. Theorem. 

If two triangles have cms angle of the one equal to one 
angle of the other, and the sides about a second angle in 
each equal: then, if the third angles in ea^h be both a^mte, 
both obtuse, or if one of them be a right angle, the triangles 
are equal in all respects. 





In the AS ABC, DBF, let iBAC= lEDF, AB^DE, 
BC=EF, and let z s ACB, DFE be both acute, both obtuse, 
or let one of them be a right angle. 

Then must A s ABC, DEF be equal in all respects. 

For if AC be not ^DF, make AG=DF ; and join BG. 

Then in Aa BAG, EDF, 

\' BA=EB, and AG^BF, and i BAG= l EDF, 

.-. BG=EF and z AGB^ l DFE. I. 4. 

But BG=EF, and .-. BG=BC ; 

/. iBCG-^^iBGC La. 

First, let lACB and i DFE be both acute, 

then iAGB\& acute, and .'. i BGC is obtuse ; I. 13. 
.'. z BCG is obtuse, which is contrary to the hypothesis. 
Next, let z ^0J5 and z DFE be both obtuse, 

then iAGB\a obtuse, and .-. z BGC is acute ; L 13. 
/. z BCG is acute, which is contrary to the hypothesis. 



Book I.] PROPOSITION E. 43 

Lastly, let one of the third angles ACB^ DFE be a right 
angle. 

If z ACB be a rt. z , 

then I BGC is also a rt z ; L ii. 

/. z 8 BCGy BOG together =■ two rt z s, which is im- 
possible. I. 17. 

Again, if z BFE be a rt z , 

then z AGB is a rt z , and .'. z BGG is a rt z . L 13. 

Hence z BGG is also a rt z . 

.'. z s BGG, BGG together » two rt z s, which is impossible. 

L17. 
Hence AG\& equal to DF, 
and the A s ABG, DBF are equal in all respects. 

Q. £. D. 

QoTL, From the first case of this proposition we 'deduce 
the following important theorem : 

If two right-angled trianglei heme the hypotentue cmd 
one side of the one equal regpedi/ody to the hypotenuse and 
one side of the other, the triangles are equal in all respects. 

Note. In the enunciation of Prop, e, if, instead of tiie 
words if one of them be a right angle, we put the words boih 
right angles, this case of the proposition would be identical 
with L 26. 
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SECTION II. 
The Theory of Parallel Lines, 

INTRODUCTION. 

We have detached the Propositions, in which Euclid treats 
of Parallel Lines, from those which precede and follow them in 
the First Book, in order that the student may hare a clearer 
notion of the difficulties attending this division of the subject, 
and of the way in which Euclid proposes to meet them. 

We must first explain some technical terms used in this 
Section. 

If a straight line E¥ cut two other straight lines AB, CD^ 
it makes with those lines eight angles, to which particular 
names are given. 




The angles numbered 1, 4, 6, 7 are called Interior angles. 

2,3,6,8 Exterior 

The angles marked 1 and 7 are called alternate angles. 

The angles marked 4 and 6 are also called alternate angles. 

The pairs' of angles 1 and 5, 2 and 6, 4 and 8, 3 and 7 are 
called corresponding angles. 

Note. From I. 13 it is clear that the angles 1, 4, 6, 7 are 
together equal to four right angles. 
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Proposition XXVII. Theorem. 

If a straight line, falling upon two other straight lines, make 
the alternate angles equal to one another; these two straight 
lines must he parallel. 




Let the st line EF, falliDg on the st. lines AB, CD, 
make tiie alternate z s AOH, GHD eqtuH. 

Then must AB he II to CD, 

For if not, AB and 02> will meet, if produced, either towards 
B, D, or towards A, C. 

Let them be produced and meet towards B,D'mK. 

Then QHK is a a ; 

and .-. I AGH is greater than z GHD. I. 16. 

But z AGH= L GED, Hyp. 

which is impossible. 

.*. AB, CD do not meet when produced towards B, D. 

In like manner it may be shewn that they do not meet 
when produced towards A, C. 

.*. .IjB and CD are parallel Bel 26. 
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Proposition XXVIII. Theorem. 

If a straight line, falling upon two other straight lines, make 
the exterior angle equal to the interior and opposite upon the 
same side of the line, or make the interior angles upon the sa/me 
side together equal to two right angles; the two straight lines 
are parallel to one another. 




Let the st. line EF, falling on st. lines AB, CD, make 
I. z j&G'^ = corresponding z GHD, op 
II. z s BGH, GHD togetlier=two rt. z s. 
2^71, m either case, AB must he II to CD, 

L •.• z EGB is given= z GHD, Hyp. 

a»d z EGB is known to be= z AGH, I. 15. 
.-. aAGH=lGHD; 
and these are alternate z s ; 

.-. AB is 11 to CD, I. 27. 

II. ••• z s BGH, GHD together=two rt. z s, Hyp. 

and z 8 BGH, AGH together=two rt. z s, I. 13. 
.-. z s BGH, AGH together= z s BGH, GHD together ; 

.-. iAGH=iGHD', 

,\ AB is II to CD, I. 27. 

Q. E. D. 
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Note 5. On the Sixth Postulate. 

In the place of Euclid's Sixth Postulate many modern 
writers on Geometry propose, as more evident to the senses, 
the following Postulate : — 

" Two straight lines which cut one another cannot both be 
parallel to the same straight line." 

If this be assumed, we can prove Post. 6, as a Theorem, 
thus : 

Let the line EF falling on the lines AB, CD make the z s 
BGHj GHD together less than two rt. z s. Then must AB, 
CD meet when produced towards B, D. 




-jD 



For if not, suppose AB and CD to be parallel. 
Then •.• z s AGH, BGH together=tw9 rt. z s, I. 13. 

and z s GHD, BGH are together less than two rt. z s, 
.*. z AGH is greater than z GHD, 
Make z MGH= z GHD, and produce MG to N. 
Then •.* the alternate z s MGH, GHD are equal, 

.-. MN is II to CD, I. 27. 

Thus two lines MN, AB which cut one another are both 
parallel to CD, which is impossible. 

.', AB and CD are not parallel. 
It is also clear that they meet towards B, D, because GB 
lies between GN and HD, 



i 
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Proposition XXIX. Theorem. 

If a straight line fall upon two parallel straight lines, it 
makes the two interior angles upon the same side together equal 
to two right angles, and also the alternate angles equal to one 
another, and also the exterior angle equal to the inlerior and 
opposite upon the same side. 




Let the st. line B¥ fall on the parallel st. lines AB, CD, 
Tfien must 

L z s BGH, QHD together = two rt z s. 
II. I ^Gf^= alternate i GHD. 
III. z j&GfJ5= corresponding z GBD, 

I. z s BGH, GHD cannot be together less than two rt. z s, 
for then AB and CD would meet if produced towards 
B and D, Post 6. 

which cannot be, for they are parallel. 
Nor can z s BGS, GHD be together greater than two 
rt. z s, 
for then z s AGH, GHC would be together less thaD 
two rt. Z's, I, 13. 

and AB, CD would meet if produced towards A and C 

Post. 6 
which cannot be, for they are parallel, 
.-. z s BGH, GHD together=two rt. z s. 

II. •.• z s BGH, GHD together=two rt. z s, 

and z s BGH, ^6?^ together = two rt z s, I. 13. 
.-. z s BGH, AGH together^ z s BGH, GHD together, 
and .-. z AGH=^ z GHD. Ax. 3. 

III. V iAGH=iGHD, 

and z AGH^ z EGB, 1. 15. 

,: iEGB= I GHD. A:su I. 
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Exercises. 

1. If through a point, equidistant from two parallel 
straight lines, two straight lines be drawn cutting the parallel 
straight lines ; they will intercept equal portions of those 
lines. 

2. If a straight line be drawn, bisecting one of the angles 
of a triangle, to meet the opposite side ; the straight lines 
drawn from the point of section, parallel to the other sides 
and terminated by those sides, will be equal 

3. If any straight line joining two parallel straight lines 
be bisected, any other straight line, drawn through the point of 
bisection to meet the two lines, will be bisected in that point. 

Note. One Theorem (A) is said to be the wiweru of another 
Theorem (£), when the hypothesis in (A) is the conclusion in 
(B), and the conclusion in (A) is the hypothesis in (B). 

For example, the Theorem L A. may be stated thus : 
Hypothesis, II two sides of a trian^e be equal 

Chnclv4iion> The angles opposite those sides must also be 
equal 

The converse of this is the Theorem L b. Cor. : 
Hypothesis, If two angles of a triangle be equal 

Conclusion, The sides opposite those angles must also be 
equfd. 

The following are other instances : 

Postulate Yi. is the converse of L 17» 
I. 29 is the converse of L 27 and 28. 



SL A 
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Proposition XXX. Theorem. 

Straight lines which are parallel to the same straight 
line are 'parallel to one another. 



A- 



£ 




M- ife -^ 



Let the st. lines AB^ CD be each |I to EF, 

Then must AB he \\ to CD, 

Draw the st. line GH, cutting AB, CD, EF in the pts. 

0, p, e. 

Then •/ GH cuts the || lines AB, EF, 

.'. L ^OP=altemate l FQF, I. 29. 

And •.• GH cuts the II lines CD, EF, 

,\ extr. z OPjD=intr. z FQF ; I. 29. 

.-. z AOF= L OFD ; 

and these are alternate angles ; 

.-. ^P is II to CD. I. 27. 

Q. B. D. 

The following Theorems are important They admit of 
easy proof, and are therefore left as Exercises for the 
student. 

1. If two straight lines be parallel to two other straight 
lines, each to each, the first pair make the same angles with 
one another as the second. 

2. If two straight lines be perpendicular to two other 
straight lines, each to each, the first pair make the same angles 
with one another as the second. 
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Proposition XXXI. Problem. 

To draw a straight line through a given point parallel 
to a given straight line. 




Let A be the given pt. and BG the given st. line. 
It is required to draw through A a gt. line || to BG. 

In BG take any pt. D, and join AB, 

Make z DAE= l ADG, I. 23. 

Produce EA to F, Then EF shall be 'J to BG. 

For '.' ADy meeting EF and BG, makes the alternate 
angles equal, that is, i EAD= l ADG, 

.\ EF IB \\ to BG, 1.27. 

.*. a St. line has been drawn through ^ || to BG. 

Q. E. p. 

Ex. 1. From a given point draw a straight line, to make 
an angle with a given straight line that shall be equal to 
a given angle. 

Ex. 2. Through a given point A draw a straight line 
ABG, meeting two parallel straight lines in B and C, so that 
BG may be equal to a given straight line. 



52 EUCLmS ELEMENTS, [Bo^k L 



Proposition XXXII. Theorem. 

If a side of any triangle he produced, the exterior angle 

is equal to the two interior and opposite angles, atid the 

three interior angles of every triangle a/re together equal to 
tvx) right angles. 




Let ABG be a A , and let one of its sides^ BC, be pro- 
duced to D. 

Then will 
L L ACD= L s ABG, BAG together, 
11. z 8 ABG, BAG, AGB together = two rt, i s. 

From G draw GE \\ to AB^ I. 31. 

Then I. •.• BB meets the ||s EG, AB, 

.-. extr. I EGD=mtT, l ABG. I. 29. 

And •.' ^0 meets the ||s EG, AB, 

.-. I -4C^=altemate z BAG, I. 29. 

.-. L s EGD, AGE together= z s ABG, BAG together ; 

.'. z AGD^ z s ABG, BAG together. 
And 11. ••• z 8 ABG, BAG together= z AGDy 
to each of these equals add i AGB ; 
then z 8 ABG, BAG, AGB together = i&AGD,AGB together, 
.-. z 8 ABG, BAG, AGB together=two rt. z s. I. la 

Q. E. D. 

Ex. 1. In an acute-angled triangle^ any two angles are 
greater than the third. 

-Ex; Z The sfera%ht line, wbich \)iaec\ft t\ift e^.^^raaJL-^^XMsal 
'n^le of an isoacelea triangle is paraUeV to t\ie\i«J&e. 
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Ex. 3. If the side BG of the triangle ABO be produced to 
Z>, and AE be drawn bisecting the angle BAG and meeting 
BG in B ; shew that the angles ABD, AGD aife together 
double of the angle AED. 

Ex. 4. If the straight lines bisecting the angles at the base 
of an isosceles triangle be produced to meet ; shew that they 
will contain an angle equal to an exterior angle at the base of 
the triangle. 

Ex. 5. If the straight line bisecting the external angle of a 
triangle be parallel to the base; prove that the triangle is 
isosceles. 

The following Corollaries to Prop. 32 were first given in 
Simson*s Edition of Euclid. 

Cor. 1. The «t*m of the interior angles of any rectilinear 
figure together withfowr right angles is equal to twice as many 
right angles as the figure has sides. 




Let ABODE be any rectilinear figure. 

Take any pt. F within the figure, and from F draw the 

St. lines FA, FB, FG, FD, FE to the angular pts. of the figure 
Then there are formed as many z s as the figure has 

sides. 

The three z s in each of these A s together=two rt. z s, 
.\aU the z s in these As together = twice as many right 

z s as there are A s, that is, twice as many right z s as the 

figure has sides. 
Now angles of all the As= z s at A, B, G, D, E and ^ s 

that is, <= z s of the figure and z s at ^, 
and .•. = z s of the figure and four it. L ^. \» Yb« ^otv'L. 

-•. z s of the %ure md four rt. z.a=W\c^ «& tbsck^^s?^ ^^ 
ss the Ggare has aides. 
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Cor. 2. The, exterior angles of any convex rectilinear figure, 
made by producing ea/:h of its sides in succession, a/re together 
equal to four right angles. 

Every interior angle, as ABCy and its adjacent exterior 
angle, as ABD, together are = two rt. z s. 




.'. all the intr. z s together with all the extr. z s 
= twice as many rt. z s as the figure has sides. 

Bat all the intr. z s together with four rt z s 
■= twice as many rt z s as the figure has sides. 

.'.. all the intr. z s together with all the extr. z s 
=all the intr. z s together with four rt z s. 

.'. all the extr. z s=four rt. z s. 
Note. The latter of these corollaries refers only to convex 
figures, that is, figures in which every interior angle is less 
than two right angles. When a figure contains an angle greater 




than two right angles, as the angle marked by the dotted line 
in the diagram, this is called a refiex angle. See p. 149. 

Ex. 1. The exterior angles of a quadrilateral made by pro- 
ducing the sides successively are together equal to the interior 
angles. 
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Ex. 2. Proye that the interior angles of a hexagon are equal 
to eight right angles. . 

Ex. 3. Shew that the angle of an equiangular pentagon is % 
of a right angle. 

Ex. 4, How many sides has the rectilinear figure, the sum 
of whose interior angles is double that of its exterior angles ? 

Ex. 5. How many sides has an equiangular polygon, four 
of whose angles are together equal to seven right angles ? 



Proposition XXXIII. Theorem. 

The straight lines which join the extremities of tvM) equal and 
parallel straight lines, tovxvrds the same parts, are also them- 
selves equal and pa/ralld. 




Let the equal and II st. lines AB, CD be joined towards the 
same parts by the st. lines AG, BD, 

Then must AC and BD he equal and ||. 

Join BC 
Then •.' AB is II to CD, 

.-. z ^1^(7= alternate / DCB, I. 29. 

Then in A s ABC, BCD, 
'/ AB=^CD, and BCis common, and z ABC= L DCB, 

,\ AC^BD, and i ACB=^ L DBC. I. 4. 

Then vBC, meeting AC and BD, 

makes the alternate z s ACB, DJBO equal, 
.'.AG is II to BD. 
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Miscdlom^mis Exercises on Sections I, cmd H, 

1. If two exterior angles of a triangle be bisected by 
straight lines which meet in ; prove that the perpendiculars 
from on the sides, or the sides produced, of the triangle are 
equa]. 

2. Trisect a right angle. 

3. The bisectors of the three angles of a triangle meet in 
one point. 

4. The perpendiculars to the three sides of a triangle drawn 
from the middle points of the sides meet in one point. 

5. The angle between the bisector of the angle BAO of the 
triangle ABC and the perpendicular from A on BC^ is equal 
to half the difference between the angles at B and €. 

6. If the straight line AD bisect the angle at A of the 
triangle ABC, and BDE be drawn perpendicular to AD, and 
meeting ^C7, or AC produced, in B\ shew that BD is equal 
toD^. 

7. Divide a right-angled triangle into two isosceles tri- 
angles. 

8. AB, CD are two given straight lines. Through a point 
E between them draw a straight line GEH, such that the in- 
tercepted portion GH shall be bisected in E, 

9. The vertical angle of a triangle OFQ is a right, acute, 
or obtuse angle, according as OR, the line bisecting FQ, is 
equal to, greater or less than the half of FQ. 

10. Shew by means of Ex. 9 how to draw a perpen- 
dicular to a given straight line from its extremity without pro- 
ducing it 
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SECTION III. 



On the Equality of Rectilinear Figures in respect of Area, 



The amoTmt of space enclosed by a Figure is called the 
Area of that figure. 

Euclid calls two figures tqwd when they enclose the same 
amount of space. They may be dissimilar in shape, but if the 
areas contained within the boundaries of the figures be the 
same, then he calls the figures eqyuoX, He regards a triangle, 
for example, as a figure having sides and angles and area, and 
he proves in this section that two triangles may have equality 
of area, though the sides and angles of each may be unequal 

Coincidence of their boundaries is a test of the equality of 
all geometrical magnitudes, as we explained in Note 1, 
page 14. 

In the case of lines and angles it is the only test : in the 
case of figv/res it is a iest^ hut not the only test ; as we shall 
shew in this Section. 

The sign », standing between the symbols denoting two 
figv/reSj must be read is equcd in area to. 

Before we proceed to prove the Propositions included in 
this Section, we must complete the list of Definitions required 
in Book I., continuing the numbers prefixed to the definitions 
in page 6. 
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Definitions. 

XXVII. A Parallelogram is a 
four-sided figure whose opposite 
sides are parallel. 



For brevity we often designate a parallelogram by two 
letters only, which mark opposite angles. Thus we call the 
figure in the margin the parallelogram AG, 

XXVIII. A Rectangle is a par- 
allelogram, having one of its angles 
a right angle. 

Hence by I. 29, all the angles of a rectangle are right 
angles. 




XXIX. A Rhombus is a par- 
allelogram, having its sides equal. 



XXX. A Square is a paral- 
lelogram, having its sides equal 
and one of its angles a right 
angle. 

Hence, by I. 29, all the angles of a square are right 
andes. 




XXXI. A Trapezium is a 
four-sided figure of which two 
sides only are parallel. 



XXXII. A Diagonal of a four-sided figure is the straight 
line joining two of the opposite angular points. 
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XXXIII. The Altitude of a Parallelogram is the perpen- 
dicular distance of one of its sides from the side opposite, 
regarded as the Ease. 

The altitude of a triangle is the perpendicular distance of 
one of its angular points from the side opposite, regarded as 
the base. 

Thus if ABCD be a parallelogram, and AE a perpendicular 
let fall from A to CD, AE is the altitude of the parallelogram, 
and also of the triangle ACD, 

A B 




If a perpendicular be let fall from B to DC produced, meet- 
ing DC in F, BF is the altitude of the parallelogram. 

Exercises. 
Prove the following theorems : 

1. The diagonals of a square make with each of the sides 
an angle equal to half a right angle. 

2. If two straight lines bisect each other, the lines joining 
their extremities will form a parallelogram. 

3. Straight lines bisecting two adjacent angles of a paral- 
lelogram intersect at right angles. 

4. If the straight lines joining two opposite angular points 
of a parallelogram bisect the angles, the parallelogram is a 
rhombus. 

5. If the opposite angles of a quadrilateral be equal, the 
quadrilateral is a parallelogram. 

6. If two opposite sides of a quadrilateral figure be equal to 
one another, and the two remaining sides be also equal to one 
another, the figure is a parallelogram. 

7. If one angle of a rhombus be equal to two-thirds of two 
right angles, the diagonal drawn from that angular point 
divides the rhombus into two equilateral triangles. 
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Proposition XXXTV. Throrem. 

The opposite sides and angles of a parallelogram are equal to 
one another, and the diagorud bisects it 




a J) 

Let ABDC be a O, and BC a diagonal of the O. 
Then must AB^BC and AC=DB, 
and L BAC= L CDB, and z ABD= l ACD 
and A ABC-= A DCB. 

For ••• AB is || to CD, and BC meets them, 

.-. I ^JBa=altemate l DCB ; I. 29. 

and '.• -4C is II to JBD, and BC meets them, 

.-. I ^CB=altemate z DBC I. 29. 

Then in A s ABC, DCB, 

••• z JLBO= z DOA and z ^05= z DBC, 

and BC is common, a side adjacent to the equal z s in each ; 
.-. AB^DC, and AC^DB, and z ^^C= z CDJB, 

and A ^5C= A DCB, I. R 

Also •/ z ^50= z DOB, and z i)BC= z ^CB, 

/. z 8 ^BC, DBC together = z s jDOB, ^CB together, 
that is, lABD^iACD. 

Q. £. D. 

Ex. 1. Shew that the diagonals of a parallelogram bisect 
each other. 

Ex. 2. Shew that the diagonals of a rectangle are equal. 



L] 
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Proposition XX XY. Theorem. 

ParalUlograms en the tanu hate and hetweem Ae tame 
faraUiUare equoL 




Let the Os ABCD, EBCF be on the sime 
and between the same |s AF, BC. 

Tktm mud EJ ABCD^EJ EBCF. 
Case I. If AD^ EF hare no point oamnurn to both. 
Then in the as FDCy EAB, 

\- extr. z J'DC^intr. z EAB^ 
and intr. z Dl'C^extr. z AEB, 
MkdDC==AB, 
/. £.FDC^ :^EAB. 



BC 



L29. 
I. 29. 
L34. 
L2a 



Now n7 ABCD with a FIK7=%aic ABCF; 
and O ITECF with A £JLB==figoie ABCF; 
.-. O ^LBCD with a FDC-^EJ EBCF with A IT^LB; 
.% O ABCD=-nJ EBCF, 

Case IL If the ades AD, f i' oredap one another. 




the same method of fxool «^^^&fi&- 
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Case III. If the sides opposite to BC be terminated in 
the same point D, 




the same method of proof is applicable, 
but it is easier to reason thus : 
Each of the Os is double of A BDG ; 

/. EJ ABCD^EJ DBCF, 



I. 3i. 



Q. B. D. 



Proposition XXXVI. Theorem. 

Parallelograms on equal ba^es, and between the same 
parallels, are equal to one another. 



jj fJ 




BO F a- 

Let the Os ABCD, EFGH be on equal bases BC, FG, 
and between the same ||s AH, BO, 

Then must EJ ABGB^CJ EFGH, 
Join BE, CH 
Then •/ BC=FG, 

and EH^FG ; 

.\BC=EH; 

and BC is || to EH. 

,', EB is II to CH ; 

,', EBCH is a parallelogram. 

Now O EBCH =nj ABCD, 

',' they are on the same base BC and between the same ||s ; 

and LJEBCH^ EJEFGH, I. 35. 

'.' thej are on the same base EH and between the same ||s ; 

.-. Z:7JJ?(72)=OEFGH. 

ex. 'E.* \>. 



Hyp. 
1.34. 

Hyp. 

1.33. 
1.35. 
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Proposition XXXVII. Theorem. 

Triangles upon the same base, and betioeen the same 
parallels, are equal to one another. 




Let A s ABCy BBC be on the same base EC and between 
the same Js AD, BC, 

Then must A ABC^ A DBG, 

From B draw BE j| to CA to meet DA produced in E, 
From C draw CF [ to BD to meet AD produced in F, 

Then EBCA and FCBD are parallelograms, 

and O jE^JBC^ =0 -FCBZ>, I. 35. 

'.' they are on the same base and between the same Ijs. 

Now A ABC is half of Z:7 EBCA, I. 34- 

and A DBC is half of ZI7 FCBD ; I. 34. 

.-. aABC=- a DBC, Ax. 7. 

Q. E. D. 

Ex. 1. If P be a point in a side AB of a parallelogram 
ABCD, and FC, PD be joined, the triangles PAD, PBC are 
together equal to the triangle PDC. 

Ex. 2. Two straight lines AB, CD intersect in E, and the 
triangle AEC is equal to the triangle BED, Shew that BC 
is parallel to AD. 

Ex. 3. If -4, ^ be points in one, and C^ D "^^ovsAa \xjt 
another of two parallel straight lines, and t\ie \\\i^ AD^'BC 
intersex in ^, then the triangles AEC, BED ai^ e«^aX. 
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Proposition XXXVIII. Theorem. 

Tfianghi upon tqwd hoses, and hetiveen the same pardUels, 
a/re equal to one another. 




Let AS ABC, DEF be on equal bases, BC^ EF, and 
between the same ||b BF, AD, 

Then must A ABC^ lBEF. 

From B draw BG || to OA to meet DA produced in G, 

From F draw FH || to ED to meet AD produced in B., 

Then CG and ES are parallelograms, and they are equal, 

*.* they are on equal bases BC, EF, and between the same 
tta BF, GJEL, L 36. 

Now A -4BC is half of oca, 

and AD^J'ishalfofO^^; 

.\ A ABC^ A DEF. Ax. 7. 

Q. B. D. 

Ex 1. Shew that a straight line, drawn from the vertex 
of a triangle to bisect the base, divides the triangle into two 
equal parts. 

Ex. 2. If the triangles in the Proposition are not towards 
the same parts, shew that the straight line, joining the vertices 
of the triangles, is bisected by the line containing the bases. 

Ex 3. In the equal sides AB, ^C of an isosceles triangle 
JtBC points D, E are taken such that BD^AE, Shew that 
the tnanglea CBD, ABE are equal. 



Bodk L] PROPOSITION XXXIX. 65 



Proposition XXXIX. Thborbm. 

Equal triangUs upon the same basef and upon the tame ride 
0/ it, are between the same paraUds, 




a 

Let the equal A s ABQ^ DBG be on the same base BC, and 
on the same. code of it 

Join AD. 

Then must AD heltoBC. 

For il not, throofirh A draw AG 11 to BG, so as to meet BDj 
or BD prodnoedy in G, and join 0(7. 

Then *.* ab ABG, GBG are on the same base and between 
the same Js, 

/. A ABG=^ A GBC. I. 37. 

But A ABG= A DBG ; Hyp. 

/. A OBG^ A DBG, 

the lessathe greater, which is impossible ; 

.'. AG is not n to BG, 

In the same way it may be shewn that no other line passing 
through A bat AJD is to BG ; 

.'. ^Z> is I to BG. 

Q. E. D. 

Ex. 1. AD is parallel to BG; AG, BD meet in ^; ^C is 
produced to P so that the triangle FEB is equal to the 
triangle ABG : shew that PD is parallel to AG. 

Ex. 2. If of the four triangles into which the diagpnalc 
divide a quadrilateral, two opposite onea axe ec^^tsSL, V^<^ o^ib&r 
rilateral haa two opposite sides paralleL 

8. JB. 
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Fboposition XL. Theorem. 

Equal triangles upon equal ha^es, in the same straiight line, 
and towards the same parts, are between Ihe same parallels. 




Let the equal As ABC, DBF be on equal bases BC, EF 
in the same st. line BF and towards the same parts. 

Join AD, 
Thm must AD he B to BF. 

For if not, through A draw J.0 | to BF, so as to meet ED, 
or ED produced, in 0, and join OF, 

Then L ABC^ A OEF, *.' they are on equal bases and 

between the same Us. L 38. 

But A ABC^ A DEF ; Hyp. 

.'. A OEF'^ A DEF, 
the less B the greater, which is impossible. 
.'. AO is not II to JB^. 

In the same way it may be shewn that no other line passing 
through ^ but ^D is B to BF, 

,', ^D is D to BI. 

Q. B. D. 

Ex. 1. If the triangles be not towards the same parts, shew 
that the straight line joining the vertices of the triangles is 
bisected by the line containing the bases. 

Ex. 2. The straight line, joining the points of bisection of 
two sides of a triangle, is parallel to the base. 

Ejc 3, The steaight lines, joining the middle points of the 
a'deer of a triangle, divide it into four equal tn&w^^a. 
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Profosition XLL Theorem. 

If a paraUdogrwm and a triangle he upon the same hose, and 
between the smue paaraUels, the parallelogram is double of the 
triangle. 




Let the O ABCD and the A EBC be on the same base BC 
and between the same ||s AE^ BC. 

Then must CJ ABCD he double of A EBC. 

Join A C, 

Then lABC= lEBC, v they are on the same base and 
.between the same Us ; I. 37. 

and O ABCD is double of A ABC, v ACis a diagonal of 
ABCD ; L 34. 

.-. O ABCD is double of A EBC. 

Q. E. D. 

Ex. 1. If from a point, without a parallelogram, there be 
drawn two straight lines to the extremities of the two opposite 
sides, between which, when produced, the point does not lie, 
the difference of the triangles thus formed is equal to half the 
parallelogram. 

Ex. 2. The two triangles, formed by drawing straight lines 
from any point within a parallelogram to the extremities of 
its opposite sides, are together half of the parallelogram. 
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Proposition XLII. Problem. 

To desmhe a pa/ralldogram thai shall be eqaal to a given 
IriangUy and ha/ve one of its angles equal to a given angle. 




Let ABC be the given A , and D the given z . 
It is required to describe a CJ eqtial to A ABC, ha/ving one 
of its IS" iD. 

Bisect BCiaE and join AE. I. 10. 

At E make i CEF^ l D, I. 23. 

Draw AFG \\ to BC, and from C draw CQ i| to EF. 
Then FECG is a parallelogram. 

"^ow L AEB= h AEC, 
'.' they are on eqnal bases and between the same Os. I. 38. 

.-. A ABC is double of a AEC. 
But £7 FECG is double of a AEC, 

V they are on same base and between same Us. I. 41. 

.-. O FECG= A ABC ; Ax. 6. 

and O FECG has one of its z s, CEF=^ l D. 
.'. O FECG has been described as was reqd. 

Q. B. F. 

Ex. 1. Describe a triangle, which shall be equal to a ^ven 
parallelogram, and have one of its angles equal to a given 
rectilineid angle. 

Ex. 2. Construct a parallelogram, equal to a given triangle, 
and such that the sum of its sides shall be equal to the sum 
of the sides of the triangle. 

Ex. 3. The perimeter of an isosceles triangle is greater than 
ilie perimeter of a rectangle, which is erf the same altitude 
jn'ili. And equal to, the given triangle. 
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Proposition XLIIL Theorem. 

The complements of the paraUdograms, which are ahout 
the diameter of any paraUelogram, are equal to one another. 




Let ABCD be a O, of which BD is a diagonal, and 
EGy HK the Os about BD, that is, through which BD 
passes, 

and AFj FC the other Os, which make up the whole 
figure ABCD, 

and which are /. called the Complements. 

Then must complement AF'= complement FC. 

For •.• ^D is a diagonal of O AC, 

.'. A ABD-= A CDB ; L 34. 

and V JBl^is a diagonal of CJ HK, 

.-. A E[BF=- lKFB ; L 34. 

and '.• FD is a diagonal of O EG, 

.\ A ^ZD= A GDF. L 34. 

Hence sum of A s HBF, EFD^snm of A s KFB, GDF, 

Take these equals from a s ABD, CDB respectively, 

then remaining O -4 J^= remaining O FC, Ax. 3. 

Q* B. D. 

Ex. 1. If through a point 0, within a parallelogram 
ABCD, two straight lines are drawn parallel to the sides, 
and the parallelograms OB, OD are equal ; the point is 
in the diagonal AC, 

Ex. 2. ABCD IB a parallelogram, AMN a straight line 
meeting the sides BC CD (one of them beiiL^ y^c^nxs:^ \^ 
M, N. Shew that the triangle MBB la ec\vva\. \.o >3si«k XjcssfiELS^'?* 

Mi>a 
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Proposition XLIV. Problem. 

To a given straight line to apply a parallelogram, which 
shall he equal to a given triangle, a/nd have one of its a/ngles 
equal to a given angle. 




Let AB be the given st. line, C the given A, D the 
given A , 

It is required to apply to AB a EJ = A (7 ar^ having one 
of its z«= iD, 

Make a 0= A C, and having one of its angles = z D, I. 42. 

and suppose it to be removed to such a position that one of 
the sides containing this angle is in the same st. line with AB, 
and let the CJ be denoted by BEFO. 

Produce FG to H, draw AH If to BG or EF, and join BH, 

Then •.' FH meets the ||s AH, EF, 

.\ sum of z s AHF, HFE^ two rt. z s ; I. 29. 

/. sum of z s BHG, HFE is less than two rt. z s ; 

/. HB, FE will meet if produced towards B, E, Post. 6. 

Let them meet in K, 

Through K draw KL^\oEA or FH, 

and produce HA, GB to meet KL in the pts. L, M, 

Then H^FKL is a CJ, and HK is its diagonal ; 

and AG, ME are ZI7s about HK, 

,', complement 5i= complement BF, I. 43. 

.-. O BL== A 0. 

Also iibe n? BL has one of its z s, ABM— z EBG, and 
: equal to z D. 
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PaoposiTioN XLV. Problem. 

To deicribe a pa/ralldoqram^ which shall be equal to a 
given rectilinear figure, arid have one of its angles equal to a 
given angle, 

Ij 




Let ABCB be the giyen rectil. fignre, and E the p;iven i . 

It is required to describe a £7 = lo ABCD, having one 

of its is= lE. 

Join AC. 

Describe a O FGHK^ A ABC, having z FKII'=' l E. 

L42. 
To OH apply a O GHML=' a CDA, having z G//M= z ^. 

L 44. 
Then FKML ia the O reqd. 
For •/ z Gf^Mand z JPXH are each=» z E ; 

.-. iGHM^iFKH, 
.-. sum of z s GfHM, G^iC=8um of z s FKH, GHK 

«two rt. z 8 ; L 29. 

.'. KHM is a st. line. I. 14. 

Again, •.• HG meets the ||8 FG, KM, 

z -FfifJff =- z GHM, 
.\ sum of z s ^(?H, LGH^mm of z s G^HM, iOH 

=two rt. z s ; I. 29. 

.'. 1^6ri is a St. line. I. 14. 

Then •.' jO'is to HG, and HG is II to LM 

.-. KFm\iUy LM ; I. 30. 

and KM has been shewn to be || to FL, 

,\ FKML is a parallelogram, 
and •/ FH=- A ABC, and 6?Af= A CDA, 

.-. £7 -PM= whole rectil. fig. ABCD, 
and £7 FM has one of its z s, FKM= z -&. 
In the same way a HJ may be constructed eo^'&l^j^ ^ 5^^s^ 
rectiL %. of adj number of sides, and. Wra^ orckft ^1\\a ^ass^-^^ 
equal to a given angle. ^^^^* 



74 



EUCLms ELEMENTS, 



BockL 



Proposition XLVII. Theorem. 

In any rightrangUd triangle the square which is described on 
the side subtending the right angle is equal to the squares 
described on the sides which contain the right angle* 




Let ABC be a rightrangled A , having the rt. z BAG. 
Then must sq, on BC= sum of sqq, <m BA, AC. 
On BC, CA, AB descr. the sqq. BDEC, CKHA, AQFB. 
Through A draw AL \\ to BD or CE, and join AD, FC. 
Then *.• z BAC and z BAG are both rt. z s, 

/. CAG is a St line ; I. 14 

and •/ z BAC and z CAH are both rt z s ; 

/. BAH is a st. line. I. 14. 

Now •.• z DBC^ z FBAy each being a rt z , 
adding to each z ABC, we have 

z ABD= z FBC. Ax. 2. 

Then in A s ABD, FBC, 

V AB=FB, and BD^BC, and z ABD= z J^BO, 

.-. lABD^lFBC, L4. 

Now O -BZ is double of A ABD, on same base BD and 

between same |1 s AL, BD, I. 41. 

and sq. BG is double of A FBC, on same base FB and be- 

tireea Btme \\b FB, GC ; I. 41. 

.-. O BL=8q. BO. 
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Similarly, by joining AE^ BK it may be shewn that 

O aL=8q. AK. 

Now sq. on £Oa>sam of O BL and O CJt, 

B^som of sq. BG and sq. ^£, 
Bssam of sqq. on BA and AC, 

Q.X.D. 

Ex. 1. Proye that the square, described upon the diagonal 
of any given square, is equal to twice the given square. 

Ex. 2. Find a line, the square on which shall be equal to 
the sum of the squares on three given straight lines. 

Ex. 3. If one angle of a triangle be equal to the sum of 
the other two, and one of the sides containing this angle being 
divided into four equal parts, the other contains three of those 
parts ; the remaining side of the triangle contains five such 
parts. 

Ex. 4. The triangles ABGy DBF, having the angles AGB^ 
DFE right angles, have also the sides AB, AC equal to DE, 
DF, each to each ; shew that the triangles are equal in every 
respect. 

Note. This Theorem has been already deduced as a Co- 
rollary from Prop. E, page 43. 

Ex. 5. Divide a given straight line into two parts, so that 
the square on one part shall be double of the square on the 
other. 

Ex. 6. If from one of the acute angles of a right-angled 
triangle a line be drawn to the opposite side, the squares on 
that side and on the line so drawn are together equal to the 
sum of the squares on the segment adjacent to the right angle 
and on the hypotenuse. 

Ex. 7. In any triangle, if a line be drawn from the vertex at 
right angles to the base, the difference between tb^ «a^\as^i ^'\i 
the sides is equal to the difference between \Ai<& ^c^^dx^K^ ^x^'sks!^ 
eegmenta of the base. 
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Proposition XLVIIL Theorem. 

If the squa/re described upon one of ihe sides of a triangle be 
equal to the squa/res described upon the other two sides of itythe 
cmgle eontamed by those sides is a right angle. 




£ a 

Let the sq. on BC, a side of A ABC, be equal to the sum of 
the sqq. on AB, AC. 

Then must L BAC be a rt, angle* 
From pt. A draw -4Dx to AC. 1. 11. 

Make AD=AB, and join DC. 
Then vAD=AB, 

,\ sq. on AD=aq. on AB ; I. 46, Ex. 2. 
add to each sq. on AC. 
then sum of sqq. on AD, -40= sum of sqq. on AB, AC. 
But *.' I DAC is a rt. angle, 

/. sq. on 1)0= sum of sqq. on AD, AC \ I. 47. 

and, by hypothesis, 

sq. on J?(/=sum of sqq. on AB, AC ; 
.'. sq. on D(/=sq. on BC\ 

.\DO=BC. I. 46, Ex. 3. 

Then in l^ ABC, ADC, 

': ABwmAD, and AC is common, and BC=DC, 

/. iBAC'miDAC; I. c. 

and i DAC is a rt. angle, by constraction ; 
.'. I BAC is a rt. ang\e. 
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INTRODUCTORY REMARKvS. 

The geometrical figure with which we are chiefly concerned 
in this book is the Rectangle. A rectangle is said to be con- 
tamed by any two of its adjacent sides. 

Thns if ABCD be a rectangle, it is said to be contained by 
AB^ AD, or by any other pair of ac^acent sides. 

41. ^ 




We shall use the abbreviation red, AB, AD to express the 
words " the rectangle contained by AB^ AD.^* 

We shall make frequent use of a Theorem (employed, but not 
demonstrated, by Euclid) which may be thus stated and proved : 

Proposition A. Theorem. 
If ihe adjacent sides of ons rectangle he equal to the adjacent 
sides of another rectangle, ea/ih to each, the rectangles a/re equal 
in area. 
Let ABCD, EFGH be two rectangles : 

and let AB^EF and BC='FG. 
4 D E B 




B c V a 

lHhm must red. ABCD'^rect, EFOH. 

For if the rect. EFGH be applied to the rect. ABCD, so 
that EF coincides with AB, 

then FG will fall on BC, v l EFG=^ l ABC, 

and G will coincide with C, v BC-=FG. 

Similarly it may be shewn that H will coincide with D, 

.*. rect EFGH coincides with and i& tYiet^iort^ ^n^osS^ V^ ^c&^* 
ABCD. c^"«^Ti. 
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Proposition I. Theorem. 

If there he two straight lines, one of which is divided into 
any nrnnber of parts, the rectangle contained by the two straight 
lines is equal to the rectangles conta/ined by the tmdimded line 
and (he several parts of the divided line. 



a » J 


ff» J) 


ff 
^ 










J 


^ L m: 



Let AB and CD "be two given st. lines, 
and let CD be divided into any parts in B, F. 

Then must red, AB, CD = sum of rect, AB, CB and rect 
AB, EF and rect. AB, FD. 

From C draw OG^ x to CD, and in CQ make CH=^AB. 
Through H draw HM || to CD. I. 31. 

Through F, F, and D draw FK, FL, DM \\ to CH. 
Then FK and FL, being each =CHi are each =-4 J?. 

Now CM =sum of CK and FL and FM. 
And CM=rect. AB, CD, •.• CH=AB, 

CX=rect. AB, CE, v CH=AB, 

FL^rect. AB, FF, \' FK=AB, 

JPAf =rect. AB, FD, v FL=AB ; 

.*. rect. AB, CD = sum of rect. AB, CE and rect. AB, EF 
and rect. AB, FD. 

Q. E. D. 

Ex. If two straight lines be each divided into any number 
of parts, the rectangle contained by the two lines is equal to 
^e reetanglea contained by all the parts of the one taken 
separately with all the parts of the other. 
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Proposition IL Theorem. 



Ij a straight line be dimded into any two parts, the rectangles 
contained by the whole and each of the p<xrts are together equal 
to the squoflre on the whdU Une. 




Let the si. line AB be divided into any two parts in (X 

Then must 

sq, on AB^svm of red, AB, AC and recU AB, CR 

On AB describe the sq. ADEB 
Through C draw CF li to AD. 
Then ^jS=sum of AF and CE. 
Now AE is the sq. on AB, 

^^=rect AB, AG, \' AD=AB, 
OT=rect AB, CB, \' BE=AB, 
,'. sq. on ^.B»Bum cf rect. AB, AC and rect AB, CB. 



L46. 
L 31. 



Q. E. D. 



Ex. The square on a straight line is equal to four times the 
square on half the lina* 



So 
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Proposition III. Theorem. 

If a stradght Un^ he dvoided into any two parts, ike rectangle 
contamed by the whole and one of the parts is equal to the rect- 
angle contoMied by the two pa/rts together wUh the squa^re on the 
aforesaid pa/rt. 




Let the st. line AB be divided into any two parts in 0. 

Then must 

rect, AB, CB=8um ofrect AG, CB and sq, on CB, 

On CB describe the sq. CDEA I. 46. 

From A draw AF \\ to CD, meeting ED produced in F. 

Then ^^=8um of AD and CE. 
Now ^^=«rect. AB, CB, v BE^CB, 
AD=Tect. AC, CB, v CD^CB, 
CE=^sq, on CB. 
/. rect. ABf CB=sum of rect. AC, CB and sq. on CB. 

Q. E. D. 

Note. When a straight line is cut in a pointy the distances 
of the point of section from the ends of the line are called the 
segments of the line. 

If a line AB be divided in C, 
AC and CB are called the internal segments of AB. 

If a line AC ho produced to B, 
•ABand CB are called the external segiaeiAft ol AC. 
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Proposition IV. Theoreil 

If a straight line be divided into any two partSj the square 
anr the whole line is equal to the squares on the two parts together 
with twice the rectangle contained by the parts. 

A a B 



2> as 

Let the st. line AB be divided into any two parts in C. 
Then must 
«2. on AB^tum ofsqq, on AC, CB and twice recL AC, CB, 

On AB describe the sq. ADEB, I. 46. 

From AD cut off AH-=CB, Then HD=Aa 

Draw CG II to AD, and HK || to AB, meeting CQ in F. 

Then •.• BK=^A U, /. BK^ CBy Ax. i. 

.-. BK, KF, FC, CB are all equal ; and KBC\b& rt. z ; 

.'. CK is^he sq. on CB, Def. xxx. 

Also JT(?=sq. on AC, \' HF and ED each=-40. 

Now ^^«=sum of EG, C:i^, AF, FF, 

^J?=8q. on AB, 



and 



J5r(r=sq. on AC, 
CK^=sq. on CB, 
AF^rect AC, CB, 
FF^rect AC, CB, 



vCF=CB, 

V FG== AC And FK=CB, 



.•. sq. on AB='Bxim of sqq. on AC, CB and twice rect. AC, CB. 

Q. E. D. 

Ex. In a triangle, whose vertical angle is a right angle, a 
straight line is drawn from the vertex perpendicular to the 
base. Shew that the rectangle, coivt&med. \i^ >i)£ife ^^^caftTsX^^^^ 
the base, is equal to the square on t\ift pex^eu^vsv^'t. 

S.R 6 
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Proposition V. Theorem. 

If a straight line he divided into two equal parts and also 
into two unequal parts, the rectangle contained by the unequal 
parts, together with the squa/re on Ike line between the points of 
section, is equal to the squa/re on half the line. 



a 



1> :b 



m 



(? J* 



Let the st. line AB be divided equally in C and unequally 
inD. 

Thefumud 

rect, AD, DB together wiOi sq. on CD—sq, on CB. 



On CB describe the sq. CEFB, 
Draw DG || to CE, and from it cut off DH=DB. 
Draw HLK || to AD, and ^Z || to DH. 



146. 
L31. 
1.31. 



Then rect. 2>J^=rect. AL, 
Also 2^=sq. on CD, 



vBF=AC, and BD==CL. 
V LH=CD, and HQ=CD. 



Then rect AD, DB together with sq. on CD 
^AH together with LO 
s=sum of AL and CH and LG 
= sum of DF and CH and LG 
^CF 
sssq. on CB, 



Q. E. D. 
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Proposition VI. Theorem. 

If a straight line be bisected and produced to any point, the 
rectangle covUained by the whole line thtbs produced and the part 
of it produced^ together with the squa^re on hcHf the line bisected, 
is equal to the square on the straight line which is made up of 
the half and the part produced. 



a 



Tj 



■9 J? 



M. 



w 



Q :f 



U 



Let the st. line AB be bisected in C and produced to D, 

Then must 

rect, AD, DB together with sq, on CB=8q. on CD. 



On CD describe the sq. CEFD. 


1.46. 


Draw BG to CE, and cut off BH=BD. 


1.31. 


Through JET draw XLM to JD 


1.31. 


Through A draw AK to CE. 




Now ••• BG= CD and BH^BD ; 




.\HG=CB; 


Ax. 3. 


.'. rect. MG=Tect AL. 


II. A. 



Then rect AD, DB together with sq. on CB 
= sum of AM and LG 
= sum of AL and CM and LG 
«=sum of MG and CM and LG 
= CF 
«=sq. on CD, 



s^. ^. \i. 
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Note. We here give the proof of an important theorem, 
which is usually placed as a corollary to Proposition V. 

Proposition B. Theorem. 

Thz difference between the squares on any two straight lines 
IS equal to the rectangle contained by (he sum and difference of 
those lines. 



K 



■2> -B 



M 



^ a JS' 

Let -4(7, CD be two st. lines, of which AGi& the greater, 
and let them be placed so as to form one st. line AD, 

Produce AD to jB, making CB=AC. 
Then AD ^ihe sum of the lines AC, CD, 
and 2)5= the difference of the lines AC, CD, 
Then must difference between sqq. on AC, CD=^rect AD, DB. 
On OB describe the sq. CEFB, I. 46. 

Draw DG \\ to C^, and from it cut off DH=DB. I. 31. 

Draw HLK || to AD, and AK \\ to DH, I. 31. 

Then rect. DjF^=rect. AL, ,'BF=AC, and BD^CL, 
Also L6?=sq. on C]\ •/ iH= CD, and HG-= CD, 
Then d'fference between sqq. on AC, CD 

= difference between sqq. on CB, CD 

=sum of CH and DF 

=sum of CH and AL 

=AH 

=rect. AD, DH 

=rect. AD, DB. 

Q. £. D. 

Mx, Shew that Propositions V. and YI. ml^ht be deduced 
from this PropoBitioB, 
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Proposition VII. Theorem. 

If a straight line he divided into any two parts, the 
squares on the whole line and on one of the parts are equal 
to twice the rectangle contained by the whole and ihaJt part 
together with the square on the other paH. 



M 



Let AB be divided into tiny two parts in C 
Then must 
sqq. on AB, BC=tvnce rect AB, BC together with sq, on AG. 
On AB describe the sq. ADEB, I. 46, 

From AD cut off AH= CB, 

Draw CF \\ to AD and HGK il to AB, I. 31. 

Then JffjF'^sq. on AC, and OX=sq. on CB. 

Then sqq. on AB, 50= sum of AE and CK 

=sum of AK, HF, GE and CK 
=sum of iK, HF and CE, 

Now ^E'=rect. AB, BC, •-• BK=BC ; 
0^=rect. AB, BC, V BE=AB ; 
HF=sq. on AC. 

m 

.'. sqq. on AB, BC= twice rect. AB, BC together with sq. on ^ G 

Q. E. Dr 

Ex. If straight lines be drawn itom G \.^ "B wA \x.wfi^^ 
to D, shew that BGD is a stralglit Ime. 
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Proposition VIII. Thborem. 
If a, sliraight line be divided into any tmi ports, four 
tima the rectangle contained by the whoU liae and one of the 
parts, together with the iquare on the o&er part, i$ equal to 
the square on the itraight line kAmA u made «p of the whole 
and the first part. 





A fi . 










, 





































Let the at. line AB be divided into any two parts in C. 

Produce ABtoD,!M that BD^BC. 
Then, muti fowr (mjim red. AB, BC together wiSt tq. on 
Aa=>q.onAD. 

On AD describe the sq. AEFD. L 46. 

From^^cutoff .iM and MX each = CB. 
Through C, B draw GH, BL \\ to AE. I. 31. 

Throufth M, X draw 'M&EIf, XPBO || to AD. I. 31. 
Now -.- XE=AC, and XP'^AC, .: XIf=iKi. on AC. 

Also AO=MP=PL=RF, II- a. 

and CK=GB-BN=EO ; II. A. 

.'. Bom of these eight rectangles 

BfoQX times the sum of AG, CK 
•3 four times AK 
—four timea rect AB, BC. 
Then four times reot. -IB, BCandsq.^n^C 
•■sum of the eight rectangles and XH 
=AEFD 
=aq. on AD. >4.t. o. 
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Proposition IX. Theorem. 

If a straight line be dvoided into tioo equal, and also into 
two unequal partSy ihe squares on the two unequal parts are 
together double of Ihe square on half ihe line and 0/ the 
square on the line between the points of section. 




1.32. 
I. A. 



Let AB be divided equally in C and unequally in D. 

Thenm/ttst 
sum of sqq, on AD, DB^twice sum of sqq, on AC, CD. 

Draw CE^-AC at rt z 8 to AB, and join EA, EB, 
Draw DJ^ at rt. z 8 to AB, meeting EB in F. 
Draw FG at rt z 8 to EC, and join AF. 

Then •.• z ACE is a rt. z , 
.*. sum of z 8 AEC, EAC^^a. rt z ; 
and •.• z AEC= z EAC, 
.'. z -4J^C=lialf a rt. z. 
So also z BEC and z EBC are each=half a rt. Z . 

Hence z AEF is a rt z . 
Also, •/ z GEF is half a rt. z , and z EGF is a rt z ; 
.-. z EFG is half a rt. z ; 
.-. z EFG^ z GEF, and .'. EG^GF. 
So also z BFD is half a rt. z , and BD=DF. 

Now sum of sqq. on AD, DB 

«=sq. on AD together with sq. on DF 

»8q. on AF 

=sq. on AE together with sq. on EF 

=sqq. on AC, EC together with sqq. on EG, GF I. 47. 

= twice sq. on AC together with twice sq. on GF 

«= twice sq. on AC together with twicib bic\, qtl Cil>» 



I. B. Cor. 



1.47. 
1.47. 



88 



EUCLIiyS ELEMENTS, 



[Book n« 



Proposition X. Theorem. 

If a straight line he bisected and produced to any point, 
the square on the whole line thus produced and iJie square on 
the part of it produced are together double of (he square on 
half the line bisected and of the square on ihe line made up 
of the half and the part produced. 




I. A. 



Let the st. line AB be bisected in G and produced to D, 

Then must 

suTfu ofsqq, on AD, BD^Uoice sum ofsqq, on AC, CD, 

Draw CE± to AB, and make CE^AC 
Join EA, EB and draw EE \\ to AD and DF fl to CE, 

Then •/ z s FEB, EFD are together less than two rt. z s, 
/. EB and FD will meet if produced towards B, D 
in some pt. O, 

Join AG, 

Then •/ z ACE is a rt z , 
/. z s EAG, AEG together = a rt. z , 
and •/ z EAG= z AEG, 
,\ z -4^0= half art. z. 
So also z s BEG, EBG each=half a rt. z • 
.-. z AEB is a rt. z . 

Also z DBG, which« z EBG, is half a rt. z , 
and .*. z BOD is half a rt. z ; 

.-. BD^DG. I. B. Cor. 

Again, •.' z FGE^h^M a rt. z , and z EFG is art z , I. 34. 
.-. z FEG=-hsi]i a rt. z , and EF^FG. I. a Cor. 

Then sum of sqq. on AD, DB 
=sum of sqq. on AD, DG 
=sq. on AG 

=sq. on AE together with sq. on EG 
=sqq. on AC, EG together with sqq. on EF, FG I. 47. 
= twice sq. on AC together with twice sq. on EF 
'^^ twice sq, on u4 (7 together with twice &q. on CB. ^^-a,-^. 



1.47. 
1.47. 
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Proposition XI, Problem. 

To divide a given straight line into two parts, so (hat the rect- 
angle contained by the whole and one of the parts shall be equal 
to (he square on (he other part, 

J8! (r 




1.46. 
I. 10. 

1.46. 



Let AB be the given si line. 

On AB descr. the sq. ADCB. 

Bisect AD in E and join EB, 
Produce DA to F, making EF^EB. 

On AF descr. the sq. AFOH, 

Then AB is divided in H so thai rect. AB, BH=^sq, on AH. 

Produce GH to K, 

. Then *.• DA is bisected in E and produced to F, 
,\ rect. DF, FA together with sq. on AE 
=sq. on EF 

=sq. on EB, V EB=EF, 
=sum of sqq. on AB, AE, 

Take from each the square on AE, 

Then rect. DF, FA=sq, on AB, 

Now FK=Tect. DF, FA, v FO=FA. 

.-. FK^AC, 

Take from each the common part AK, 

Then FH-=HC; 
that is, sq. on Jff=rect. AB, BH, v BC^AB, 

Thus AB is divided in ^ as was reqd. 

Q. E. F. 

Ex. Shew that the squares on the ^\io\^ Yml^ «sA ^\i^ ^\K^^ 
parts are equal to three times the Bquaxe on V\i<b Q>(X\&'t ^«:(^« 



II. 6. 

1.47. 

Ax. 3. 
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Proposition XTT. Theorem. 

In obtvM-angled triangles, if a perpendicular he drawn from 
either oflheacuie angles to the opposite side produced, (he square 
on the side subtending the obtuse angle is greater than the squares 
on the sides containing the obtuse angle, by twice the rectangle 
contained by the side, upon which, when produced, the perpendi- 
cular falls, and the straight line intercepted without the triangle 
between the perpendicular and the obtuse angle. 




Let ABC be an obtase-axiglecl A, haTing i ACB obtase. 

From A draw AD ± to BC produced. 
Then fMJUt sq, on AB be greaJUr than svm, of sqq, on BC, 
CA by twice red, BC, CD, 

For ednce BD is divided into two parts in (7, 
sq. on BD^sum of sqq. on BC, CD, and twice rect BC, CD, 

IL4. 
Add to each sq. on DA : then 

som of sqq. on BD, DA ^sam of sqq. on BC, CD, DA and 
twice rect. BC, CD, 

Now sqq. on BD, D^^sq. on AB, L 47. 

and sqq. on CD, DA^sBq, on CA ; I. 47. 

.*. sq. on AB^BXVoa. of sqq. on BC, CA and twice lect BC, CD, 
.'. sq. on AB is greater than sum of sqq. on BC, CA by 
twice rect. BC, CD, 

Q. E. D. 

Ex. The squares on the diagonals of a trapezium are 
together equal to the squares on its two sides, which are not 
paJMel, and twice the rectangle contained by the sides, which 
aii0 parallel 
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Proposition XIII. Theorem. 

In every triangle^ the square on the side subtending any of 
the acute angles is less than the squares on the sides containing 
tha^ angle^ by twice the rectangle contained by either of these sides 
and the stradght line intercepted betvoeen the perpendictUar, let 
faU upon it from the opposite angle, and the acute angle, 

F10.S. 





C B c 

Let ABC be any a , having the i ABC acute. 
From A draw AD x to BC or BC produced. 
Then must sq. on AC be less than the swm of sqq, on AB, 
BC, by twice rect. BC, BD. 

For in Fig. 1 BC is divided into two parts in D, 

and in Fig. 2 BD is divided into two parts in C; 

.*. in both cases 

sum of sqq. on BC, BD =Bum of twice rect BC, BD and 

sq. on CD, II. 7. 

Add to each the sq. on DA, then 

sum of sqq. on BC, BD, DA^eum of twice rect. BC, BD 
and sqq. on CD, DA ; 

.*. sum of sqq. on BC, AB=B\im of twice rect BC, BD and 
sq. on AC; I. 47. 

.'. sq. onACia less than sum of sqq. on AB, BC by twice 
rect BC, BD. 

The case, in which the perpendicular AD coincides with AC, 
needs no proot 

Q. E. D. 

Ex. Prove that the sum of the squares on any two sides of 
a triangle is equal to twice the sum of the squares on half the 
base and on the line joining the veiticaY «ci^<^ -^o^Cs^.V^^tss^^S^ 
point of the base. 
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Proposition XIV. Problem. 

To describe a square that shall be equal to a given, rectilinear 
figure. 





Let A be the given rectiL figure. 
It is reqd, to describe a sqaa/re thai, shall— A, 

Describe the rectangular ZZ7 BGDE—A. I. 45. 
Then if BE^ED the O BCDE is a square, 
and what was reqd. is done. 

But if BE be not=^D, produce BE to F, so that EF=ED, 
Bisect BF in G ; and with centre G and distance GB, 
describe the semicircle BHF, 
Produce DE to H and join GH, 

Then, *.• BF is divided equally in G and unequally in E^ 
.'. rect. BE, EF together with sq. on GE 

=sq. on GF II. 5. 

=sq. on GH 

=sum of sqq. on EH, GE, I. 47. 
Take from each the square on GE, 

Then rect. BE, ^^=sq. on EH, 
But rect. BE, EF^BD, v EF=ED ; 
.'. sq. on EH— BD ; 
,\ sq. on ^ir=rectil. figure A, 

Q. E. P. 

Ex. Shew how to describe a rectangle equal to a given 
square, and having one of its sides equd to a given straight 

I/net, 
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Miscellaneous Exercises on Booh IL 

1. In a triangle, whose yertical angle is a right angle, a 
straiglit line is drawn from the yertex perpendicular to the 
base ; shew that the square on either of the sides adjacent to 
the right angle is equal to the rectangle contained by the 
base and the s^rment of it adjacent to that side. 

2. The squares on the diagonals of a parallelogram are to- 
gether equal to the squares on the four sides. 

3. If ABCD be any rectangle, and any point either 
within or without the rectangle, shew that the sum of the 
squares on OA^ OC is equal to the sum of the squares on OB^ 
OD. 

4. If either diagonal of a parallelogram be equal to one of 
the sides about the opposite angle of the figure, the square on 
it shall be less than the square on the other diameter, by twice 
the square on the other side about that opposite angle. 

5. Produce a given straight line AB to (7, so that the rect- 
angle, contained by the sum and difference of AB and AC, may 
De equal to a given square. 

6. Shew that the sum of the squares on the diagonals of any 
quadrilateral is less than the sum of the squares on the four 
sides, by four times the square on the line joining the middle 
points of the diagonals. 

7. If the square on one perpendicular from the vertex of a 
triangle is equal to the rectangle, contained by the segments 
of the base, the vertical angle is a right angle. 

8. Produce a given straight line so that the rectangle con- 
tained by the whole line thus produced and another given 
straight line may be equal to the square on the produced 
part 

9. ABO is a triangle right-angled at ^ ; in the hypote- 
nuse two points D, E SLre taken such that BD^^BA and 
CE^CA ; shew that the square on DE \& ^n^fvsiX. \f^ W\s^^^s^ 
rectangle contained by BE^ CD. 
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10. In any quadrilateral the squares on the diagonals are 
together equal to twice the sum of the squares on the straight 
lines joining the middle points of opposite sides. 

11. If straight lines be drawn from each angle of a triangle 
to bisect the opposite sides, four times the sum of the squares 
on these lines is equal to three times the sum of the squares on 
the sides of the triangle. 

12. CD is drawn perpendicular to AB^ a side of the triangle 
ABQ^ in which AC=AB, Shew that the square on CD la 
equal to the square on BD together with twice the rectangle 
ADy DB. 

13. If in any triangle BAG a, line AD be drawn bisecting 
BC in D, shew that the sum of the squares on AB, AC \a 
equal to twice the sum of the squares on AD, BD. 

14. If ABC be an equilateral triangle, and AD, BE be 
perpendiculars to the opposite sides intersecting in F ; shew 
that the square on AB is equal to three times the square on 
AF. 

15. Divide a given straight line into two parts, so that 
the rectangle contained by them shall be equal to the square 
described upon a straight line, which is less than half the line 
divided. 
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NoTB 6. — On the Measurenufiit of Areca, 

To measwre a Magnitude, we fix upon some magnitude of the 
same kind to serve as a standard or unit; and then any 
magnitude of that kind is measured bj the number of times it 
contains this unit, and this number is called the Msasubb of 
the quantity. 

Suppose^ for instance, we wish to measure a straight line 
AB, We take another straight line EF for our standard. 



A B (J DBF 

and then we say 

if AB contain EF three times^ the measure of AB is 3, 

if four 4, 

if X X, 

Next suppose we wish to measure two straight lines AB^ 
CD by the same standard EF, 

11 AB contain EF m times 
and CD n times, 

where m and n stand for numbers, whole or fractional, we say 
that AB and CD are commensfwrahU. 

But it may happen that we may be able to find a standard 
line EF, such that it is contained an exact number of times in 
AB ; and yet there is no number, whole or fractional, which 
will express the number of times EF is contained in CD, 

In such a case, where no unit>line can be found, such that it 
is contained an exact number of times in eoLch of two lines 
ABy ODy these two lines are called mcommienswrabU, 

In the processes of Geometry we constantly meet with 
incommensurable magnitudes. Thus the side and diagonal of 
a square are inconmiensurables ; and ao &t^ \Xi^ Qc^\si&\&^ «s^.^ 
circnrnferenoe of a circle. 
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Next, nippose two lines AB, AG to be at right angles to 
each other and to be oommensorable, bo that AB contains foar 
times a cert^o tmit of linear measuremeiit, which, is contaiaed 
by AO three times. 



Divide AB, AC ioto four and three equal parte reapectivelj, 
and draw lines throngh the points of division parallel to AC, 
AB respectively ; then the rectangle ACDB is divided into a 
number of equal squares, each constmcted oa a line equal to 
the unit of linear measorement. 

If one of these squares be taken as the unit of area, the 
meaxwe of the area of the rectangle ACDB will be the number 
of these squares. 

Now this nnmbei will evidentl; be the same as that obtained 
by multiplying the measure of AB by the measure of AC ; 
that is, the measure of AB being 4 and the measure of AG 3, 
themeasureof ^aD£is4X3or 12. (Algebra, Art 38.) 

And generally, if the meaBures of two adjacent sides of a 
rectangle, supposed to be commensurable, be a and b, then the 
measure of the rectangle will be oi. (Algebra, Art 3.1.) 

If all lines were commensurable, then, whatever might be the 
length of two adjacent sides of a rectangle, we might select the 
unit of length, so that the measures of the two sides should be 
whole numbers ; and then we might apply the processes of 
Algebra to establish many Propositions in Geometry by simpler 
methods than those adopted by Euclid. 

Take, for example, the theorem in Book ii. Prop. iv. 

If all lines were commensurable we might proceed thus ;— 
Let the measure of AC be x, 

of CB ...y, 

Then the measure of JB is x+g. 
Now (a;+y)==a;' + l^ + 2a!y. 

wbiob prorea tb» theorem. 
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But, inasmuch as all lines are not commensurable, we have 
in Greometry to treat of mohgnitudM and not of measures: 
that is, when we use the symbol A to represent a line (as 
in I. 22), A stands for the line itself and not, as in Algebra, 
for the number of units of length contained by the line. 

The method, adopted by Euclid in Book II. to explain the 
relations between the rectangles contained by certain lines, is 
more exact than any method founded upon Algebraical prin- 
dples can be ; because his method applies not merely to the 
case in which the sides of a rectangle are commensurable, but 
also to the case in which they are incommensurable. 

The student is now in a position to understand the practical 
application of the theory of Equiyalence of Areas, of which 
the foundation is the 35th Proposition of Book L .We shall 
give a few examples of the use made of this theory in Men- 
suration. 



Area of a Pa/rallelogram. 

The area of a parallelogram ABCB is equal to the area 
of the rectangle ABEF on the same base AB and between 
the same parallels AB, FC. 




Now BE 18 the altitude of the parallelogram ABCD if 
AB be taken as the base. 
Hence area of CJ ABCD^^recb. AB, BE. 
If then the measure of the base be denoted by b, 

and altitude h, 

the measure of the area of the O will be denoted by hh 
That is, when the base and altitude axe ooicacifiiQaiviXA^^^ 
measure ofarea^meaavue of baae into ixifiASox^ q*^ ^^^N^^^. 
& B. T 
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Area of a Triangle, 

If from one of the angular points ^ of a triangle ABC, a 
perpendicular AD be drawn to BC, Fig. 1, or to BC produced, 
Fig. 2, 

FiQ. 1. Pio. 2. 





jB J) cf :b a 

and if, in both cases, a parallelogram ABCE be completed 
of which ABy BC are adjacent sides, 

Area of A ABC^haM of area of CJ ABCE. 
Now if the measure of BC be 6, 

and AD... h, 

measure of area oiCJ ABCE is hh ; 

/. measure of area of A ABC is — - 

Area of a Rhombus, 

Let ABCD be the given rhombus. 

Draw the diagonals AC and BD, cutting one another in 0. 




It is easy to prove that AC and BD bisect each other at 
right angles. 
Then if the measure of -40 be x, 

and BD ... y, 

measure of area of rhombus = twice measure of A ACD, 

s= twice ^ 
4 

2- 
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Area of a Trapezium. 

Let ABCD be the given trapezium, having the eides AB, 
CD paralleL 

Draw AE at right angles to CD, 




J> JS 



Produce DC to F, making CF=AB. 

Join AF, cutting BC in 0. 

Then in ab AOB, COF, 

•/ I BAO= L CFO, and i AOB= i FOC, and AB=CF; 

/. lCOF^lAOB. 1.26. 

Hence trapezium ABCD— aADF, 

Now suppose the measures of ^^, CD, AE to be m, 7k, p 
respectively ; 

,•. measure o{DF=m+ny v CF—AB, 

Then measure of area of trapezium 

=} (measure of DF X measure of AE) 

That is, the measure of the area of a trapezium is found by 
multiplying half the measure of the sum of l\i^^«a»^<^^s^^<^ 
by the measure of the perpeudiculax d\&ta.ii<c^ \»Vw^«cl ^^ 
jkaJlel sidea. 
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Are,(i of an Irregular Polygon, 

There are three methods of finding the area of an irregular 
polygon, which we shall here briefly notice. 

I. The polygon may he divided into triangles, and the 
area of each of these triangles be found separately. 




Thus the area of the irregular polygon ABODE is equal 
to the sum of the areas of the triangles ABE, EBD, DBG, 

II. The polygon may he converted into a single triangle 
of equal a/rea. 

If ABODE be a pentagon, we can convert it into an 
equivalent quadrilateral by the following process : 




Join BD and draw OF parallel to BD, meeting ED pro- 
duced in Fy and join BF, 

Then will quadrilateral ABFE^^ntagon ABODE, 
For A BDF= a BOD, on same base BD and between 
same parallels. 

If, then, from the pentagon we remove A BOD, and add 
^ BI?^ to the remainder, we obtain a (\v\JBydrilateral ABFE 
equivalent to the pentagon A BODE, 
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The quadrilateral may then, hy a similar process, be con- 
verted into an equivalent triangle, and thus a polygon of any 
number of sides may be gradually converted into an equiva- 
lent triangle. 

The area of this triangle may then be found. 

m. The third method is chiefly employed in practice by 
Surveyors. 




Let ABCDEFG be an irregular polygon. 

Draw AE, the longest diagonal, and drop perpendiculars 
on AE from the other angular points of the polygon. 

The polygon is thus divided into figures which are either 
right-angled triangles, rectangles, or trapeziums ; and the areas 
of each of these figures may be readily calculated. 
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Note 7. 0» Prqjaticn*, 



The prqjectum of a point B^ on a strai^t line of unlimited 
length AE, is the point M at the foot of the perpendicular 
dn^pped from B on AE, 

The projection of a straight line BC, on a straight line of 
unlimited length AEy is MN, — the part oi AE intercepted 
between perpendiculars drawn from B and O. 

When two lines, as AB and AE, form an angle, the pro- 
jection of AB on AE is AM, 




We might employ the term projection with advantage to 
shorten and make clearer the enunciations of Props, xn. and 
XUL of Book IL 

Thus the enunciation of Prop. xii. might be : — 

'' In oblique-angled triangles, the square on the side sub- 
tending the obtuse angle is greater than the squares on the 
sides containing that angle, by twice the rectangle contained 
by one of these sides and the projection of the other on it.** 

The enunciation of Prop. xiii. might be altered in a similar 
manner. 
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Note 8. On Loci. 

Suppose we have to determine the position of a point, 
which is equidistant from the extremities of a given straight 
line^a 

There is an infinite number of points satisfying this con- 
dition, for the vertex of any isosceles triangle, described on 
BC as its base, is equidistant from B and (7. 




Let ABC be one of the isosceles triangles described on 
BC. 

If BC be bisected in JD, MN, a perpendicular to BC 
drawn through D, will pass through A. 

It is easy to shew that any point in MN, or MN produced 
in either direction, is equidistant from B and C. 

It may also be proved that no point out of MN is equi- 
distant from B and C. 

The line MN is called the Locus of all the points, infinite 
in number, which are equidistant from B and C. 

Def. In plane Geometry Locus is the name given to a 
line, straight or curved, all of whose points satisfy a certain, 
geometrical condition (or have a commoio. \ftQ^«vNi^'^> ^^ *^^ 
exclusion of all other points. 
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Next, suppose we have to detenDine the position of a point, 
which is equidistant £rom three given points Ay B, C, not in 
the same straight line. 




If we join A and B, we know that all points equidistant 
from A and £ lie in the line FD, which bisects AB at right 
angles. 

If we join B and C, we know that all points equidistant 
from B and C lie in the line QE, which bisects BC at right 
angles. 

Hence 0, the point of intersection of PD and QE, is the 
only point equidistant from A, B and C. 

PD is the Locus of points equidistant from A and B, 
QE £andO, 

and the Intersection of these Loci determines the point, 

which is equidistant from A, B and G. 

Examples of LocL 
Find the loci of 

(1) Points at a given distance from a given point. 

(2) Points at a given distance from a given straight line. 

(3) The middle points of straight lines drawn from a 
given point to a given straight line. 

(4) Points equidistant from the arms of an angle. 

(5) Points equidistant from a given circle. 

fiO Points equally distant from two straight lines which 
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NoTB 9. On t^ i&f6t^(2« tmvpUyijtA in t^ woiMivm of 

Problems, 

In the Bolation of Geometrical Exercises, certain methods 
maybe applied with saccess to particular classes of questions. 

We propose to make a few remarks on these methods, so far 
as they are applicable to the first two books of Euclid's 
Elements. 

The Meihod of Synthesis. 

In the Exercises, attached to the Propositions in the pre- 
ceding pages, the construction of the diagram, necessaiy for the 
solution of each question, has usually been fiilly described, or 
sufficiently suggested. 

The student has in most cases been required simply to 
apply the geometrical fact, proyed in th^ Proposition preceding 
the exercise, in order to arrive at the conclusion demanded in 
the question. 

This way of proceeding is called Synthesis (crvv^co-iffB com- 
position), because in it we proceed by a regular chain of reason- 
ing firom what is given to what is soTight This being the 
method employed by Euclid throughout the Elements, we have 
no need to exemplify it here. 

The Method of Analysis, 

The solution of many Problems is rendered more easy by 
supposing (he problem solved and the dia>gram constructed. 
It is then often possible to observe relations between lines, 
angles and figures in the diagram, which are suggestive of the 
steps by which the necessary construction might have been 
effected. 

This is called the Method of Analysis (ai^aXvo-iffB resolution). 
It is a method of discovering truth by reasoning concerning 
things unknown or propositions merely supposed, as if the one 
were given or the other were really true. The process can 
best be explained by the following examples. 

Our first example of the Analytical i^io<^^%'& ^osiSW^^^^^.^ 
Propoeition o/Each'd's First Book, 
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Ex. 1. To draw a strmght line through a given point parallel 
to a given straight line. 

Let A be the given point, and BG be the given straight line. 

Suppose the problem to be efifected, and EF to be the 
straight line required. 



JE7 y4 j^ 




U 

Now we know that any straight lii^e AD drawn from A to 
meet BC makes equal angles with EF and BC, (i. 29.) 

This is a fact from which we can work backward, and arrive 
at the steps necessary for the solution of the problem ; thus : 

Take any point D in JB(7, join ADy make z EAD== l ADC, 
and produce EA to F : then EF must be parallel to BG, 

Ex. 2. To inscribe in a triangle a rhombus, ha/oing one of its 
angles coincident wiih an angle of the tria/ngle. 

Let ABC be the given triangle. 

Suppose the problem to be efifected, and DBFE to be *^e 
rhombus. 




Then if EB be joined, z DBE= z FBE, 

This is a fact from which we can work backward, and deduce 
the necessary construction ; thus : 

Bisect z ABC by the straight line BE, meeting -40 in ^. 
Vraw j^D axid EF parallel to BC and AB respectively. 
Then jDBF£! is the rhombus required. (,^ee "Eisl. 4, ^. ^'^^ 
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Ex. 3. To determine the point in a given straight line, at 
vMck gb-aight lines, drawn from two given points, on ihs sarnie 
Me of the given line, make equal angles with it. 

Let CD be the given line, and A and B the given points. 

Suppose the problem to be efifected, and P to be the point 
required. 




We then reason thus : 

K BP were produced to some point A\ 

I CPA', being= z BPD, will be= z APG. 
Again, if PA^ be made equal to PA, 

A A' will be bisected by CP at right angles. 

This is a fact from which we can work backward, and find 
the steps necessary for the solution of the problem j thus : 

From A draw AG ± to CD. 
Produce -40 to -4', making OA^=OA, 
Join BA\ cutting CD in P. 
Then P is the point required. 

Note 10. On Symmetry, 

The problem, which we have just been considering, suggests 
the following remarks : 

If two points, A and A\ be so situated with respect to a 
straight line CD, that CD bisects at right angles the straight 
line joiniog A and A', then A and A^ are said to be sym/metrical 
with regard to CD, 

The importance of symmetrical Te\a.\A.ciTia, ^a ^xij^g^v?^ ^ 
metboda for the solution of problems, cwkuoX* "Nift Ss^^ ^^ 
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to a learner, who is nnacqnainted with the properties of the 
circle. The following example, however, will iHnstrate this 
part of the subject sufficiently for our purpose at present. 

Vvnd a, point in a given gtradgJU line, 9ueh Hhai ihe mm of its 
distances from two fixed points on the same side of His line is a 
mMwm/wm, that is, less than the swn of the distances of any other 
point in the Knefrom the faced points. 

Taking the diagram of the last example, suppose CD to be 
the given line, and A^ B the given points. 

Now if A and A' be symmetrical with respect to CD, we 
know that every point in CD la equally distant from A and A\ 
(See Note 8, p. 103.) 

Hence the sum of the distances of any point in CD from A 
and B is equal to the sum of the distances of that point from 
A' and B. 

But the sum of the distances of a point in CD from A' and 
B IB the least possible when it lies in the straight line joining 
A' and B. 

Hence the point P, determined as in the last example^ is the 
point required. 

Note. Propositions ix., x., xi., xil of Book L give good 
examples of symmetrical constructions. 



Note 11, Euclid! s Proof of L 6. 

The angles ait the base of a/n isosceles triangle aire equal to one 
another ; a/nd if the equal sides he produced^ ihe angles upon the 
other side of the base shall be equal. 

Let ABC be an isosceles A, having AB= 4 O 

Produce AB, -40 to D and J^. 

Thm must L ABC^ L ACB, 

and I DBC=- 1 ECB. 
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In BD take any pt. J^. 

From AE cut off AG^AF. 
Join F'Q and GK 




Thenin AS JIJ^O, ^G5, 

%• FA=GA, and AC^AB, and iFAC= i GAB, 

/. FC=GB, and z ^J^0= z ^6?^, and z J aF= z u4i?G. 

1.4. 

Again, •/ AF^AG, 

of which the parts AB, ACaie equal, 

.'. remainder £^= remainder CG, 



Then in ah BFG, CGB, 
V BF=^CG, and FG^GB, and z £J^0= z GGB, 
.-. z ^£0= z GGB, and z 50jP= z CBG, 

Now it has been proved that z AGF== z -45G, 
of which the parts z JBOjP and z CjB(3^ are equal ; 

.*. remaining z -4 05= remaining z J.£(7. 

Also it has been proved that z FBC^ z G^CB, 
that is, z DBO= z ECB. 



Ax 3. 



1.4. 



Ax. 8. 



^jx.'^*^' 
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Note 12. Eudidts Proof of I. 6. 

If two angles of a triangle he equal to one another, the 
iides also, which inhtend the equal angles, shall be equal to 
one another. 




In A ABC let lACB^iABa 
Then must AB^^AC. 
For if not, AB is either greater or less than AO 
Suppose AB to be greater than AC, 
From AB cut ofif BD^ACy and join hC. 
Then m AsDBCyACB, 
\' DB^AC, and BC is common, and i DBC= L ACB, 

.\ aDBC=«aACB; I. 4. 

that is, the less = the greater ; which is absurd. 
•*• AB is not greater than AC. 
Similarly it may be shewn that AB is not less than AC; 

.\ AB-^AC. 

Q. B. D. 

Note 13. BucMs Proof of I. 7. 

Upon ths same base and on the same side of it, there 
cannot be two triangles that ha/oe their sides which are ter- 
nUncUed in one extremity of the base equal to one another, 
and their sides which a/re terminated in the other extremity 
of the ba>se equal also. 

If it be possible, on the same base AB, and on the same 
side of it, let there be two A s ACB, ADB, such that AC=AD, 
and also JBC^'BD. 
Join CD. 
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Fiist^ when the vertex of each of the as is outside the 
other A (Fig. 1.) ; 

Fig 1. Fio. 2. 

a 2) 





••. z ACD^ L ADC. I. 5. 

But / ACD is greater than l BCD ; 

.*. z ADC is greater than z BCD ; 

much more is z BDC greater than z £CD. 

Again, •/ BC^BD, 

.', L BDC= L BCD, 

that is, z BDC is both equal to and greater than z BCD ; 
which is absurd. 

Secondly, when the vertex D of one of the A s falls icithin 
the other A (Fig. 2) ; 

Produce AC and AD to ^ and J^ 

Then •.• AC^AD. 

.-. z ^aD= z J^DO. I. 6. 

But z ^OD is greater than z ^CD ; 

.-. z FDC is greater than z BCD ; 

ipuch more is z 5Z)0 greater than z BCD. 

Again, •/ BC=BD, 

.'. z JBi)0= z ^OD ; 

that is, z 5D0 is both equal to and greater than z BCD ; 
which is absurd. 

Lastly, when the vertex D of one of the As falls on a 
side BC of the other, it is plain tlaaX. BC «sA "KD ^assss^O^ 
be equal ^^^^* 
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KoTE 14 EmliSt Proof of I. 8. 
If iiro triaiigUt have tieo eidei of Ihe one equal to tw 
si'Ien of the (Ahtr, each to each, and have Itkewue (ftetr boM 
eqiuii, tin angle which i» contained by the two eideg of th 
oiu mMit be eqwU to the atigU contained by th* two tide» o, 
the Q^ier, 




^ 



Let the aidea of the in ABC, DEF be equal, each to caci 

that is, AB" DE, AC-DF and BC~EF. 

Then muMl l BAC= l EDF. 

Apply the LABCta the liDEF. 

BO that pt £ ia on pi E, and BC on EF. 
Then •.■ BC—EF, 

.: G will coindde with F, 
and BC will coincide with EF. 
Then AB and JO'must coincide with DE and DF. 
For if AB and AC hare a different position, as QE, Oi 
then ttpon the same base and upon the same side of it ther 
OQQ be two AB, which hare their sides which are terminated ii 
one oztMmitj of the base equal, and their udes which too tei 
minated in the other extramity of the baae also equal : whicl 
IB impOBSible. I. 7 

.'. einoe base BO coincides with base BF, 
AB must coincide with DE, Mid AC with DP ; 
; ^ £j4 C ooincidei with and is eiqual to i EDF. 
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Note 15. Arioilwr Proof of I, 24. 

In the AS ABC, DBF, let AB=DB and AC^DF, and 
let L BAG he greater than z BDF, 
Then must BC he greater than EF. 





Apply the a BEF to the A ^JBO 
so that BE coincides with AB, 

Then •.• i EDF is less than i BAG, 
DF will fall between BA and AG, 

and ^ will fall on, or a&ot;e, or bdaw, BG, 
I. If J^ faU on 5(7, 

J5^ is less than 5C7 ; 

/. EF is less than BG, 

II. If J?^ faU ahove BG, 

BF, FA together are less than 

BG, GA, 
and FA = GA ; 

.-. £jP is less than J5C; 

.-. EF is less than BG. 




III. liFMl hdow BG, 
letJJ'cut J5C7in 0. 



Then BO, OF together are greater than BF, I. 20. 

and Oa AO AG\ I. 20. 

.\BG,AF. J5^, uiC together, 

and AF^AGy 
.'. BC is greater than BP •, 
and .-. EF is less than BC. '^ ^^' 
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Note 16. Eudid's Proof of L 26. 

If two triangles ha/ve two angles of the one equal to two angles 
of the other, each to each, and one side equal to one side, 
viz,, either the sides adjacent to the equal angles, or the sides 
opposite to equal angles in each ; then shall the other sides he 
equal, each to each ; and also the third angle of the one to (he 
third angle of the other. 





In A s ABC, DEF, 
Let z ABC = z DEF, and z ACB = z DFE; 
and fi/rst, 
Let the sides adjacent to the equal z s in each be eqnal, 

that is, let BC^EF. 
Then must AB=BE, and AG=^DF, and z BAC = z EDF. 

For if ^J5 be not=i>^, one of them must be the greater. 
Let AB be the greater, and make GB=DE, and join OC, 

Then in i^s GBC, DEF, 
V GB=DE, and BC=EF, and z GBC = z DEF, 

.'. L GGB^ L. DFE. I. 4. 

But iACB= L DFE by hypothesis ; 

.-. iGCB^iACB', 
that is, the less = the greater, which is impossible. 
.'. AB is not greater than DE, 

In the same way it may be shewn that AB is not less than 

DE', 

.-. AB=DE. 

Then in A s ABC, DEF, 

'.'AB^BE, and BC=EF, and z ABC^' z DEF, 

. '. AC=^DF, and z BAC^ l EDF. 1. 4. 
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Nesd^ let the sides which are opposite to equal angles in each 
triangle be equal, viz., AB=DK 

Then must AC==DF, and BC=EF, and l BAC = l EDF. 




h: o 




For if BC be not=^l^, let BC be the greater, and make 
BH^EF, and join AH. 

Then in A s ABE, DBF, 

v AB=-DF, and BH=FF, and z ABH= l DBF, 

.'. L AHB= L DFE, I. 4. 

But z ^(75 = z DFE, by hypothesis, 

.-. L ABB = z ACB ; 
that is, the exterior z of A ^HC is equal to the interior and 
opposite z ACB, which is impossible. 

/. BC is not greater than EF, 

In the same way it may be shewn that BG is not less than 

EF\ 

/. BG=-EF. 

Then in A s ABC, BEF, 

V AB=DEy and BC^EF, and z ^JBO= z 1>^JP, 

.'. AC=DF, and z -B^0= z ^DJ?*. I 4. 



Q. E. D. 
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MiicdXaiitonu Exercises on Books J. and JT. 

1. AB and CD are equal straight lines, bisecting one another 
at right angles. Shew that ACBD is a square. 

2. From a point in the side of a parallelogram draw a line 
dividing the parallelogram into two equal parts. 

3. Draw through a pointy lying between two lines that 
intersect, a line terminated by the given lines, and bisected in 
the given point. 

4. The square on the hypotenuse of an isosceles right-angled 
triangle is equal to four times the square on the perpendicular 
from the right angle on the hypotenuse. 

6. Describe a rhombus, which shall be equal to a given 
triangle, and have each of its sides equal to one side of tiie 
triangle. 

6. Shew how to describe a square, when the difference 
between the lengths of a diagonal and a side is given. 

7. Two rings slide on two straight lines, which intersect at 
right angles in a point 0, and are connected by an inextensible 
string passing round a peg fixed at that point. Shew that the 
rings will be nearest to each other when they are equidistant 
from 0. 

8. ABCD is a parallelogram, whose diagonals AC, BD in- 
tersect in ; shew that if the parallelograms AOBPy DOCQ 
be completed, the straight line joining P and Q passes through 

a 

9. ABCD, EBCF are two parallelograms on the same base 
BC, and so situated that CF passes through A. Join DF, 
and produce it to meet BE produced in K ; join FB, and 
prove that the triangle FAB equals the triangle FEK. 

10. The alternate sides of a polygon are produced to meet ; 
shew that all the angles''at their points of intersection together 
with four right angles are equal to all the interior angles of 
the polygon. 

11. Shew that the perimeter of a rectangle is always greater 
iAan that of the square equal to the rectangle. 
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12. Shew that the opposite sides of an equiangular hexagon 
are parallel, though they be not equal ; and that any two sides 
that are adjacent are together equal to the two which are 
parallel 

13. If two equal straight lines intersect each other anywhere 
at right angles, shew that the area of the quadrilateral formed 
by joining their extremities is inyariable, and equal to one-half 
the square on either line. 

14. Two triangles AQB^ ADB are constructed on the same 
side of the same base AB, Shew that if AC'^BD and 
AD^BG, then CD is paraUel to AB ; bat if AC'^BCwA 
AD^BDy then CD is perpendicular to AB. 

15. AB is the hypotenuse of a right-angled triangle ABO: 
find a point D in AB, such that DB may be equal to the per- 
pendicular from D on A0» 

16. Find the locus of the yertices of triangles of equal area 
on the same base. 

17. Shew that the perimeter of an isosceles triangle is less 
than that of any triangle of equal area on the same base. 

18. If each of the equal angles of an isosceles triangle be 
equal to one-fourth the yertical angle, and from one of them a 
perpendicular be drawn to the base, meeting the opposite side 
produced, then wiU the part produced, the perpendicular, and 
the remaining sidcj form an equilateral triangle. 

19. If a straight line terminated by the sides of a triangle 
be bisected, shew that no other line terminated by the same 
two sides can be bisected in the same point. 

20. From a given point draw to two parallel straight lines 
two equal straight lines at right angles to each other. 

21. Given the lengths of the two diagonals of a rhombus, con- 
struct it. 

22. ABGD is a quadrilateral figure : construct a triangle 
whose base shall be in the line AB, such that its altitude shall 
be equal to a given line, and its area equal to that of the 
quadrilateral 

23. If ABO be a triangle in which (7 is a right angle, 
shew how to draw a straight line parallel to a given straight 
line, so as to be terminated by CA and CB «3A \^S)»:^i^>s% 
AB. 
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24. K ABC be a triangle, in which is a right angle, and 
BE be drawn from a point D in AC at right angles to AB, 
prove that the rectangles AB, AE and AC, AD are equaL 

25. A line is drawn bisecting parallelogram ABCD, and 
meeting ^JD, JSC in ^ and Jj?* : shew that the triangles EBF, 
CEB are equal 

26. Upon the hypotenuse BC and the sides CA^ AB of a 
right-angled triangle ABC^ squares BDEO, AF and AG are 
described : shew that the squares on DO and EF are together 
equal to five timea the square on BO, 

27. If from the vertical angle of a triangle three straight 
lines be drawn, one bisecting the angle, the second bisecting 
the base, and the third perpendicular to the base, shew that 
the first lies, both in position and magnitude, between the 
other two. 

28. If ABC be a triangle, whose angle ^ is a right angle, 
and BEy CF be drawn bisecting the opposite sides respectively, 
shew that four times the sum of the squares on BE and CF is 
equal to five times the square on BC, 

29. Let ACBf ADB be two right-angled triangles having 
a common hypotenuse AB, Join CD and on CD produced 
both ways draw perpendiculars AE, BF, Shew that the sum 
of the squares on CE and CF is equal to the sum of the squares 
on DE and DF. 

30. In the base ^0 of a triangle take any point D : bisect 
AD, DC, AB, BC at the points E, F, Q, H respectively. 
Shew that EG is equal and parallel to FH, 

31. If AD be drawn from the vertex of an isosceles triangle 
ABC to a point D in the base, shew that the rectangle BD, DC 
is equal to the difference between the squares on AB and AD, 

32. If in the sides of a square four points be taken at equal 
distances from the four angular points taken in order, the 
figure contained by the straight lines, which join them, shall 
also be a square. 

33. If perpendiculars AF, BQ, CB be drawn from the 
angular poiDta of a triangle ABC upon the sides, shew that 

^ejr will bisect the angles of the trianglLe PQK 
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34. If of the four triaDgles, into which the diagonals divide 
a quadrilateral, any two opposite ones are equal, the quadrila- 
teral is a trapezium. 

35. ABCD, AECF are two parallelograms, EAy AD being 
in a straight line. Let FG, drawn parallel to ^C, meet BA 
produced in Q, Then the triangle AJBE equals t^e triangle 
ABQ. 

36. From AO^ the diagonal of a square ABCD, cut off AE 
equal to one-fourth of ACy and join BE^ DE. Shew that the 
figure BADE is equal to twice the square on AE, 

37. If ABO be a triangle, with the angles at B and each 
double of the angle at A, prove that the square on AB is 
equal to the square on BC together with the rectangle AB, 
BO. 

38. If two sides of a quadrilateral be parallel, the triangle 
contained by either of the other sides and the two straight 
lines drawn from its extremities to the middle point of the 
opposite side is half the quadnlateraL 

39. If two opposite angles of a quadrilateral be right angles, 
the angles subtended by either side at the two opposite angular 
points will be equaL 

40. If the sides of a triangle taken in order be produced to 
twice their original lengths, and the outer extremities be 
joined, the triangle so formed will be seven times the original 
triangle. 

41. If one of the acute angles of a right-angled isosceles 
triangle be bisected, the opposite side will be divided by the 
bisecting line into two parts, such that the square on one will 
be double of the square on the other. 

42. ABO is a triangle, right-angled at B, and BD is drawn 
perpendicular to the base, and is produced to E until EOB is 
a right angle ; prove that the square on BC is equal to the sum 
of the rectangles AD, DC and BD, DE. 

43. Shew that the sum of the squares on two lines is greater 
than twice the rectangle contained by the lines. 

44. In any triangle the sum of the sqaax^ csii ^^ ^^3CK^sg(& 
linefi^ drawn from the angles to tho m\A^"^ \w«sX& ^V HSi^a 
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opposite sides, is equal to three-fourths of the sum of the 
squares on the sides of the triangle. 

45. If any number of parallelograms be constructed having 
their sides of giyen length, shew that the sum of the squares 
on the diagonals of each will be the same. 

46. ABCD is a right-angled parallelogram, and AB is double 
of BC ; on AB an equilateral triangle is constructed : shew 
that its area will be less than that of the parallelogram. 

47. A point is taken within a triangle ABC, such that the 
angles BOC, COA, AOB are equal ; prove that the squares on 
BC, CA, AB are together equal to the rectangles contained by 
OB, OC; OGy OA ; OA, OB; and twice the sum of the 
squares on OA, OB, OC. 

48. In any quadrilateral the squares on the diagonals to- 
gether equal four times the sum of the squares on the lines 
joining the middle points of opposite sides. 

49. If a straight line be divided into three parts^ the square 
on the whole line is equal to the sum of the squares on the parts 
together with twice the rectangle contained by each two of the 
parts. 

60. Given one side of a rectangle which is equal in area to a 
given square, find the other side. 

51. ABy AC axe the two equal sides of an isosceles triangle ; 
from B, BD is drawn perpendicular to ^C, meeting it in JD ; 
shew that the square on BD is greater than the square on CD 
by twice the rectangle AD, CD, 

52. Assuming that in any triangle ABC, the lines drawn 
from the angular points, to the middle points of the opposite 
sides meet in a point G, shew that three times the sum of the 
squares on AG, BG, CG is equal to the sum of the squares 
on BC, CA, AB, 
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Postulate. 

A POINT is within, or without, a circle, according as its 
distance from the centre is less, or greater than, the radius of 
the circle. 

Def. I. A straight line, as PQ, drawn so as to cut a circle 
ABCDy is called a Secant. 




That such a line can only meet the circumference in two 
points may be shewn thus : 

Some point within the circle is the centre ; let this be 0. 
Join OA, Then (Ex. 1, i. 16) we can draw one, and only one, 
straight line from 0, to meet the straight line PQ, such that 
it shall be equal to OA, Let this line be 00. Then A and 
C are the only points in PQ, which aie ou >iJcva cvt^xxxs&a^'e?^^^ 
of the circle, 

8. B. If. 
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Def. II. The portion AC oi the secant FQy intercepted by 
the circle, is called a Chord. 

Def. III. The two portions, into which a chord divides 
the xjircumference, as ABC and ABC, are called Arcs. 




Def. IV. The two figures into which a chord divides the circle, 
as ABC and ADC, that is, the figures, of which the boun- 
daries are respectively the arc ABC and the chord AC, and 
the arc ADC and the chord AC, are called Segments of the 
circle. 

Def. V. The figure AOCD, whose boundaries are two radii 
and the arc intercepted by them, is called a Sector. 

Def. VI. A circle is said to be described about a rectilinear 
figure, when the circumference passes through each of the 
angular points of the figure. 




An^ 



*ibe £gure ia said to be -inscribed m V\xfi ^aide. 
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Proposition I. Theorem. 

Th^ li/ne, which bisects a chord of a circle at right angles, 
rrmst conta/in the centre. 




Let ABC be the given © . 
Let the st. line CM bisect the chord AB at rt. angles in D. 

Then the centre of the © mtbst lie in CE. 

For if not, let 0, a pt. oat of CE, be the centre ; 
and join OA, OD, OB, 

Then, in A s ODAy ODB, 
v AD = BD, and DO is common, and OA = OB ; 

.-. I ODA = z ODB ; I. 0. 

and .-. z ODB is a right z . L Def. 9 

But z CDB is a right z , by construction ; 

.'. z ODB = z CDB, which is impossible ; 

.*. is not the centre. 

Thus it may be shewn that no point, out of CE, can be the 
centre, and .*. the centre must lie in CE. 

Cob. If the chord CE be bisected va E^IIrau "B ^a^(5w^ ^k^*v^' 
o/the circle. 
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Proposition IL Thborkm. 

If any t\co points be taken in the circumference of a circle^ 
the gtraight line, vkitk joins theniy must fall within the 
circle, 

C 




Let A and B be any two pts. in the Oce of the ABC, 

Then must the st. line AB fall toiihin (he . 

Take any pt. I> in the line AB. 

Find the centre of the © . III. 1, Cor. 

Join OA, OBy OB. 
Then / z OAB = z OBA, I. a. 

and L ODB is greater than z OABy I. 16. 

.-. z ODB is greater ihan z OBA ; 
and .*. OB is greater than OD. I. 19. 

.'. the distance of D from is less than the radius of the , 

and .'. D lies within the 0. Post. 

And the same may be shewn of any other pt. in AB. 
.*. AB lies entirely within the 0. 

Q. E. D. 
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Proposition III. Theorem. 

If a straight line, drawn through the centre of a ci/rde, hieed 
a chord of the drchy which does not pojts through the centre, it 
must cut it aX right angles : and conversely, if it cut it at right 
angles, it m/ust bisect it. 




In the ABC, let the chord AB, which does not pass 
through the centre 0, be bisected vnEhj the diameter CD. 

Then m^ CD be ± to AB. 

• Join OA, OB. 
Then in a s AEO, BEO, 
V AE=BE, and EO is common, and OA^OB, 

.'. L OEA^ L OEB. I. c. 

Hence 0^ is ± to AB, I. Def. 9. 

that is, 0£> is ± to AB. 

Next let CD be ± to AB. 

Then must CD bisect AB. 

For •.• OA=OB, and OE is common, 
in the right-angled A s AEO, BEO, 

.'. AE=-BE, 
that is, CD bisects AB. 

Ex. 1. Shew that, if CD does not cat AB at right angles, 
it cannot bisect it 

Ex. 2. A line, which bisects two parallel chords in a circle^ 
is also perpendicular to them. 

Ex. 3. Through a given point mtYoii & cyc^'&^'^\s!l^''«» ^^ 
the centre, draw a chord which 8\iaXi\>e \w&^Ci\fi^ m^ODss^^"^ 



I. E. Cor. p. 43. 

Q. E. D. 
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Proposition IV. Theorem. 

If in a cvrde two chords, which do not both pass 1hr<y\igh the 
centre, cut one another, they do not bisect each other. 




Let the chords AB, CD, which do not both pass through the 
centre, cut one another, in the pt. E, in the ACBD. 

Then AB, CD do not bisect each other. 

If one of them pass through the centre, it is plainly not 
bisected by the other, which does not pass through the centre. 

But if neither pass through the centre, let, if it be possible, 
AE^EB and CE^ED ; find the centre 0, and join OE. 

Then •/ OE, passing through the centre, bisects AB, 

.', L OEA is a rt. z . III. 3. 

And *.' OE, passing through the centre, bisects CD, 

,', I OEC is a rt z ; III. 3. 

/. z OEA^i 0^0, which is impossible ; 
.*. AB, CD do not bisect each other. q. e. d. 

Ex. 1. Shew that the locus of the points of bisection of all 
parallel chords of a circle is a straight line. 

Ex. 2. Shew that no parallelogram, except those which are 
rectangular, can he inscribed in a circle. 
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Proposition V. Theorem. 
If two cvrdes cut one (mother^ they cannot ham the same centre. 




If it be possible, let be the common centre of the 08 
ABCy ADCy which cut one another in the pts. A and (7. 

Join OAf and draw OEF meeting the ©s in J^ and F, 
• Then •.• is the centre of © ABG, 

.\OE=OA; I.Def. 13. 

and •/ is the centre of © ADC, 

,\OF^OA; LDef. 13. 

/. 0E=^ OF, which is impossible ; 
.*. is not the common centre. 

Q. K D. 

Ex. Two circles, whose centres are A and B, intersect in 
C ; through C two chords DCE, FCG are drawn equally in- 
clined to AB and terminated by the circles : prove that DE 
and FG are equal. 

Note. Circles which have the same centre are called Covr 
centric. 
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Note 1, On the Contact of Circles, 

Def. VII. Circles are said to touch each other, which meet 
bat do not cut each other. 

One circle is said to touch another internally^ when one 
point of the circumference of the former lies on, and no point 
vnthout, the circumference of the other. 

Hence for internal contact cue circle must be smaller than 
the other. 

Two circles are said to touch externally^ when one point of 
the circumference of the one lies on, and no point wiihin the 
circumference of the other. 

N,B, No restriction is placed by these definitions on the 
number of points of contact, and it is not till we reach Prop. 
xiiL that we prove that there can be hut one 'point of conta>ct. 



•^ \ 
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Proposition VI. Theorem. 

If one circle Umch another internally^ they cannot have the 
same centre. 




Let © ADE touch © -450 internally, 

and let J. be a point of contact 
Then some point E in the Oce ADE lies within ® ABC, 

Def. 7. 
If it be possible, let be the common centre of the two © s. 
Join OA, and draw DEC, meeting the Oces in J^ and 0. 
Then •/ is the the centre of © ABG, 

,\OA-=-OG; I. Def. 13. 

and '.• is the centre of © ADE, 

.\OA = OE, I. Def. 13. 

Hence OE=OC, which is impossible ; 

.'. O is Hot th^ common centre of the two ©s. 

Q. £. D» 



1^ 
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Proposition VII. Theorem. 

If from any point within a circle, which is not (he centre, 
straight lines be drawn to the drcumference, the greatest of these 
lines is that which passes through the centre. 




Let ABC be a ©, of which is the centre. 

From P, any pt. within the © , draw the st. line PA, pass- 
ing through and meeting the Oce in ^. 

Then must PA he greater than any other st line, 
drawn from P to the Oce. 

For let PB be any other st line, drawn from P to meet the 
Oce in 5, and join BO, 

Then •/ AO=BO, 

. .\ AP=8woa. of BO and OP. 

But the sum of BO and OP is greater than BP, I. 20. 

and .'. AP is greater than BP. q. e. d. 

Ex. 1. If AP be produced to meet the circumference in 
D, shew that PD is less than any other straight line that can 
be drawn from P to the circumference. 

Ex. 2. Shew that PB continually decreases, as B passes 
from A to X). 

JSx: 3, Shew th&t two straight lines, but not tbree, that shall 
^ egua^ can be drawn from P to tbe cixcumiei^iLCfe, 
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Proposition VIIL Thborem. 

If from any point tdthout a circle straight lines be drawn to 
the circumference, the least of these lines is (hat which, when pro- 
duced, passes through the centre, and the greatesi is (hat which 
passes th/roibgh the centre. 




Let ABC be a © , of which is the centre. 
From P any pt. outside the 0, draw the st. line PAOC, 
meeting the Oce in J. and C. 

Then must PA be less, and PC greater, than any other st line 

drawn from P to the Oce, 

For let PB be any other st. line drawn from P to meet the 
Oce in 5, and join BO, 
Then •.' sum of PB and BO is greater than OP, I. 20. 

.*. sum of PB and BO is greater than sum of AP and AO. 

But BO==AO; 

.'. PB is greater than AP. 
Again '.' PB is less than the sum of PO, OB, 
.*. PB is less than the sum of PO, OC ; 
.-. PB is less than PC. 

Ex. 1. Shew that PB continually increases as B passes 
from A to C, 

Ex. 2. Shew that from P two straight lines, but not three, 
that shall be equal, can be drawn to the circumference. 

Note. From Props, vii. and viii. we deduce the following 
Corollary, which we shall use in the proof olPxo^'^.'xx. ^ssl^-xx^. 
Cob. 1/ c point be taken, mtlviu or miTfiout a c/vrr ^, «S o^ 
straight lines dratonfrom it to tTie circwiaf eTe.uce.,l>\A ^tw>X/»^ 
that which meets the circumference after paABvag.OvrQUcjW* VX\a c« 



L20. 



Q. £. D. 
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Proposition IX Theorem. 

If a point he taken within a circle, from which there fall more 
than two equal straight lines to the circumference^ that point is 
the centre of the cvrde. 




Let be a pt. in the © ABC from which more than two st. 
lines OA, OB, OC, drawn to the Oce, are equal. 

Then must he the centre of the © . 

Join AB, BC, and draw OD, OE ± to AB, BC. 

Then •." OA=OB, and OD is common, 

in the right-angled A s AOD, BOD, 

/. AD=DB ; I. E. Cor. p. 43. 

.*. the centre of the © is in DO, III. 1. 

Similarly it may be shown that 

the centre of the © is EG ; 

.*. is the centre of the ©. 

Q. B. D. 
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Proposition X. Theorem. 

Two circles cannot ha/oe more than two points common to 
both, without coinciding entirely. 




If it be possible, let ABC and JLD^ be two ©s which have 
more than two pts. in common, as A, B, C. 

Join AB, BG. 

Then *.• AB is a chord of each circle, 

.*. the centre of each circle lies in the straight line, which 
bisects AB at right angles ; III. 1. 

and *.* BG is a chord of each circle, 

.*. the centre of each circle lies in the straight line, which 
bisects BG at right angles. III. 1. 

.'. the centre of each circle is the point, in which the two 
straight lines, which bisect AB and BG at right angles, meet. 

.*. the ©8 ABGy ADE have a common centre, which is 
impossible ; III. 5 and 6. 

•'. two © s cannot have more than two pts. common to both. 

Q. E. D. 

Note. We here insert two Propositions, EucL iii. 25 and 
IV. 5, which are closely connected with Theorems 1. w2L<i'SL.<jil 
this hook. The Jeamer should comp^^ m^JCi XJtfifi* ^<3^«5s^ ^"^ 
the subject the note on Loci, p. 103. 
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Proposition A. Problem. (EucL hi. 25.) 

An aire of a circle being given, to complete the circle of which 
it 18 a jpa/rt. 




Let ABC be the given arc. 

It M reqiii/red to complete the © of which ABC is a pa/rt. 

Take B, any pt. in arc ABC, and join AB, BC. 

From D and E, the middle pts. of AB and BC, 

draw DO, EO, ± s to AB, BC, meeting in O. 

Then •.* AJB is to be a chord of the © , 

.'. centre of the © lies in DO ; III. 1. 

and •.* BC is to be a chord of the © , 

.'. centre of the © lies in EO, III. 1. 

Hence is the centre of the © of which ABC is an arc, 
and if a © be described, with centre and radius OA, this 
will be the © required. 

Q. E. F. 
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Proposition B. Problem. (Eud. rv. 5.) 
To describe a cirde about a given triangle. 




Let ABC be the given A . 

It is required to describe a © about (hs A . 

From D and E, the middle pts. of AB and AC, draw DO, 
EO, ± s to AB, AC, and let them meet in 0, 

Then *.• AB is to be a chord of the 0, 

.'. centre of the © lies in DO. III. 1. 

And '.* AC is to be a chord of the © , 

.*. centre of the © lies in EO, III. 1. 

Hence is the centre of the © which can be described 
about the A , and if a © be described with centre and radius 
OA, this will be the © required. 

Q. E. F. 

Ex. 1. If BAChe a right angle, shew that will coincide 
with the middle point of BC 

Ex. 2. If BAG be an obtuse an^e, ^Vi^ ^SoaX* O -^r^ VSS 
on the aide of BG remote from A. 
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Proposition XI. Thborem. 

If one circle touch another internally at any pointy the 
centre of the interior circle must lie in that radius of the 
other circle which passes through that point of contact 




Let the ADE touch the © ABG intemally, and let A be 
a pt. of contact. 

Find the centre of © ABG, and join OA, 

Then must the centre of © ADE lie in the radius OA, 

For if not, let P be the centre of © AJDE. 

Join OFy and produce it to meet the Oces in Z> and B. 

Then *.• P is the centre of © ADE, and from are drawn 
to the Oce of ADE the st. lines OA, OD, of which OD passes 
through P, 

.'. OD is greater than OA, III. 8, Cor. 

But 0-4= OB; 

.*. OD is greater than OB, 

which is impossible. 

.*. the centre pf © ADE is not out of the radius OA, 

.'. it lies in OA, 

<^. ^ \i. 
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Proposition XII. Theorem. 

If two circles toudi one another externally at any pointy the 
straight line joining the centre of one with that point of contact 
must when prodiLced pass through the centre of the other. 




Let © ABG touch © ADE externally at the pt A. 
Let be the centre of © ABG. 
Join OA, and produce it to E. 

Then must the centre of © ADE lie in AE. 

For if not, let P be the centre of © ADE. 

Join OP meeting the © s in 5, D ; and join AP. 
Then •.' 0B= OA, 
and PD=AP, 

.'. OB and PD together = 0-4. and AP together ; 
,*. OP is not less than OA and AP together. 
But OP is less than OA and AP together, I. 20. 

which is impossible ; 

.*. the centre of © ADE cannot lie out of AE. 

Q. E. D. 

Ex. Three circles touch one another externally, whose 
centres are -4, B, 0. Shew that the d\fi«twicfe \i^\?N'i^"^ -^^ 
and AC 18 half as great as the diffexenc© 'HieJt^^eQ^ ^^ ^^jassiSivRr 
of the circles, whose centres are B and C. 
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Proposition XIII. Theorem. 

ChA circle cannot touch another at more points than one, 
whether it touch it internally or exterwxLly, 

First let the © j4 DE touch the ® ABO intemaUy at pt. A, 
Then there can he no other point of contact. 




Take the centre of © ABC 
Then P, the centre of © ADE, Ues in OA. III. 11. 

Take any pt. ^ in the Qce of the © ADE, and join OE, 

Then *.• from 0, a pt. within or without the © ADE, two 
lines OAf OE are drawn to the Qce, of which OA passes 
through the centre F, 

.'. OA is greater than OE,' III. 8, Cor. 

and .*. E is & point within the © ABC. Post. 

Similarly it may be shewn that every pt. of the Qce of the 
© ADE, except A, lies within the © ABC ; 

,\ A IB the only point at which the ©s meet. 
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Next, let the s ABQ^ ADE touch externally at the pt. A. 
Then there can be no other point of contotct. 




Take the centre of the ABC, 

Then P, the centre of the ADE^ lies in OA produced. 

III. 12. 

Take any pt. D m the Qce of the ADE, and join OD, 

Then '.' from 0, a pt. without the © ADE, two lines OA, 

OD are drawn to the Qce, of which OA when produced passes 

through the centre P, 

.*. OD is greater than OA ; III. 8. 

.'. D is a point without the ABC, Post. 

Similarly, it may be shewn that every pt. of the Qc© of 
ADE, except A, lies without the ABC ; 

,\ A ja the Only point at which the 0s meet. 

0* E. D. 

Def. VIII. The DISTANCE of a chord from the centre is 
measured by the length of the perpendicular drawn from the 
centre to the chord. 
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Proposition XIV. Theoreic. 

Eqiud chords in a circle are equally distant from the centre ; 
and conversely, those which are eguaily distant from the centre, 
are equal to one another. 




Let the chords AB, CD in the © ABDC be equal 

Then must AB and CD he equally distant from the centre 0, 

Draw OP and OQ ± to AB and CD', and join AO, CO, 
Then P and ^ are the middle pts. of AB and CD : III. 3. 

and •.• AB=CD, .'. AP^CQ. 
Then •.• AP^CQ, and AO=CO, 
in the right-angled as AOP, COQ, 

.'. 0P=^ OQ; I. B. Cor. p. 43. 

and ,'. AB and CD are equally distant from 0. Del 8. 

Next, let AB and CD be equally distant from 0. 

Then must AB= CD, 

For •/ OP=^OQ, and AO^CO, 
in the right-angled as AOP, COQ, 

,\AP=^CQ, I.E. Cor. 

a,nd.\AB=CD, 

Q. E. D. 

Ex. In a circle, whose diameter is 10 inches, a chord is 
drawn, which is 8 inches long. If another chord be drawn, at 
a diatance of 3 inches from the centre, aV^ev "whether it is equal 
or not to the former. 



PROPOSITION XV. 



PflorosiTioN XV. Theorem. 



Thi, (iiameter is {A« grmXeai chord in a circle, and of alt othen 
that which M nearer to the centre is alwaya grealer (Aan otw 
more remote ; and the greaier it -marer to t^ t^emire (Aoji the 




Let AB be a diameter of tbe © ABDC, whose centre is 0, 

and let CD be any other chord, not a diameter, in the Q, 

nearer to the centre than the chord EF. 

Then must AB be greater than CD, and CD greats than EF. 

Draw OP, OQ A. to CD and EF ; and join OC, OD, OE. 

Then ■-■ AO=CO, aad OB~OD, I. Def. 13. 
.-. AB-&\aa of CO and OD, 
and .-. AB is greater than CD. I. 20. 

Afpun, '.• CD is nearer to the centre than EF, 

.: OP is less than OQ. Def. 8. 

Now •.■ sq. on 0C=8q. on OE, 

.■.BOmof8qq.onOP,PC=BumofBqq 0D0Q,<iE. 1.47. 

But aq. on OP is less than sq. on OQ ; 

. ■. aq. on PC is greater than sq. on QE ; 

.: PC is greater than QE ; 

and .'. CD is greater than EF. 

Next, let CD he greater than EF. 

Then mu»t CD be nearer to the ceiUre ttuwv EB. 

Tor'-.- CD is gteatftt ttum. EE, 

.-. PC is greater tiia.'ft QE. 
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Now the sum of sqq. on OF^ PC=8iim of sqq. on OQ, QE. 
But sq. on PC is greater than sq. on QE ; 
/. sq. on OT is less than sq. on OQ ; 
.'. OF is less than CNg ; * 
and .*. CD is nearer to the centre than EF, 

Q. E. D. 

Ex. 1. Draw a chord of given length in a given circle, which 
shall be bisected by a given chord. 

Ex. 2. If two isosceles triangles be of equal altitude, and 
the sides of one be equal to the sides of the other, shew that 
their bases must be equal 

Ex. 3. Any two chords of a circle, which cut a diameter in 
the same point and at equal angles, are equal to one another. 

Def. IX. A straight line is said to he a Tangent to, or to 
touchy a cvrdey when it meets and, being produced, does not cut 
the circle. 

From this definition it follows that the tangent meets the 
circle in one point only, for if it met the circle in two points 
it would cut the circle, since the line joining two points in the 
circumference is, being produced, a secant. (IIL 2.) 

Def. X. If from any point in a circle a line be drawn at 
right angles to the tangent at that point, the line is called a 
Normal to the circle at that point. 

Def. XL A rectilinear figure is said to be described about a 
circle, when each side of the figure touches the circle. 




And the circle is said to be inscribed Vn Oaa ^^ai^. 
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Proposition XVI. Theorem. 

The stradght line drawn at right angles to the diameter of a 
circle, from the extremity of it, is a tangent to the circle. 




Let ABC be a , of which the centre is 0, and the diameter 
A OB. 

Through B draw DE at right angles to A OB. I. 11. 

Then must DE he a tangent to the © . 

Take any point P in DE, and join OP. 

Then, •.• z OBP is a right angle, 

,*. z OPB is less than a right angle, I. 17. 

and .'. OP is greater than OB. I. 19. 

Hence P is a point without the © ABC. Post. 

In the same way it may be shewn that every point in DE, 
or DE produced in either direction, except the point B, lies 
without the © ; 



.*. DE is a tangent to the © . 



Def. 9. 



^..'S*.'^, 
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Proposition XVII. Problem. 

To draw a straight line from a given pointy either without 
or ON the circv/mferencey which shall touch a given circle. 




Let A be the given pt., without the © BCD, 
Take the centre of © BCD, and join OA, 
Bisect OA in E, and with centre E and radius EO describe 
© ABOD, cutting the given © in 5 and D, 

Join ABy AD, These are tangents to the © J5CD. 

Join BOy BE. 

Then •/ OE^BEy .'. i OBE= i BOE ; I. a. 

/. z ^^B=twice z QBE ; I. 32. 

and •.• AE=BEy ,', l ABE= l BAE ; I. a. 

.-. L OEB=- twice l ABE \ I. 32. 

.-. sum ofzs AEBy OEB^ twice sum ofzs QBE, ABE, 

that is, two right angles = twice z DBA ; 

,', L OB A is a right angle, 
and .*. AB is a tangent to the © BCD, III. 16. 
Similariy it may be shewn that AD is a tangent to © BCD, 
Next, let the given pt. be (wi the Qc/eoi the ©, as £. 
Then, if BA be drawn x to the radius OB, 

BA is a tangent to the © at B, III. 16. 

Q. £. D. 

Ex. 1. Shew that the two tangents, drawn from a point with- 
out the circumference to a circle, are equal. 

Ex. 2, If a Quadrilateral ABCD be described about a circle, 
sAew that the sum of AB and CD \a eq)ia\ \« \^ift «vMa. ^i AC 
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Proposition XVIII. Theorem. 

If a straight line touch a cirde, the straight line d/ravm fi 
the centre to the point of contact must he perpendicular to 
line touching the circle. 




Let the st. line DE touch the © ABC in the pt. C, 
Find the centre, and join DC. 

Then must OGhe±to BE, 

For if it be not, draw DBF A. to DE, meeting the Oce ii: 

Then •.* z OFG is a rt. angle, 

.'. I OCF is less than a rt. angle, I. 

and /. DC is greater than OF. I, 

But 0(7= OB, 

.'. OB is greater than OF, which is impossible ; 

.'. OF is not ± to DEy and in the same way it may 
shewn that no other line drawn from 0, but 0(7, is j. to J 

/. OOisxtoDE. 

Q. E. I 

Ex. If two straight lines intersect, the centres of all cir 
touched by both lines lie in two lines at right angles to e 
other. 

Note. Prop, xviii. might be stated tVvxxa \ — AU toAKK. 
cvrde are normals to the circle at tlie poiuta ijohAxe ^^-'vj "w 
circtmiference. 
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Proposition XIX. Theorem. 

If a straight line touch a circle, and from the point of con- 
tact a straight line he drawn ai right angles to the touching line, 
the cerUre of the circle must be in thai line. 




Let the st. line DE touch the © ABC at the pt. Q and 
from C let CA be drawn ± to DE. 

Then must the centre of ike Q) he in CA. 

For if not, let J'' be the centre, and join FC. 

Then •.* DCE touches the ©, and FC is drawn from centre 
to pt of contact, 

.'. I FCE is a rt. angle. III. 18. 

But L ACE is a rt angle. 

.-. I FCE =iACE, which is impossible. 

In the same way it may be shewn that no pt. out of CA 
can be the centre of the © ; 

.'. the centre of the © lies in CA. 

Q. E. D. 

Ex. Two concentric circles being described, if a chord of 
the greater touch the less, the parts of the chord, intercepted 
between the two circles, are equal 

Note. Prop. xix. might be stated thus i^Every nomud to 
a ctrc^ passes thr(yagh the centre. 
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Proposition XX. Theorem. 

The angle at the centre of a circle is double of the angle ai the 
circumference^ subtended by the same arc. 

Let ABC be a © , the centre, 
BCanj arc, A any pt. in the Oce. 

Then must l BOC = turice l BAG. 

First, suppose to be in one of the lines containing the 
lBAG. 




Then \- OA = 0(7, 

,\lOCA=^lOAG^ 

:. sum of z s OCA, OAC = twice z OAC 

But z BOC = sum of z s OCA, OAC, 

.-. z 50a = twice z OAC. 

that is, z BOC = twice z 5^C. 



I. A. 



1.32. 
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Next, suppose to be within (fig 1), or without (fig. 2) the 
lBAQ. 

Pig. 1. Fig. 2. 




Join AOy and produce it to meet the Oce in 2>. 

Then, as in the first case, 

L COD =» twice z CAD, 

and z JBOjD - twice z JBJIjD ; 

/., fig. 1, sum of z s COD, BOD = twice sum of z s CAD, 
BAD, 

that is, z BOC = twice z BAC. 

And, ^, 2, difference of z s COD, BOD = twice difference 
of z s CAD, BAD, that is, z BOC = twice z BAC. 

Q* E. D. 

Ex. 1. The centre of the circle CBED is on the circum- 
ference of ABD. If from any point A the lines ABC and 
AED be drawn to cut the circles, the chord BE is parallel to 
CD. 

Ex. 2. From any point in a straight line, touching a circle, 
a straight line is drawn through the centre, and is terminated 
by the circumference ; the angle between these two straight 
lines is bisected by a straight line, which intersects the straight 
/iae joining their extremities. Shew th&t the angle between 
f Ia0t two linea ia half a right a.ng\ei. 
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Note % On Flat and Beflex Angles, 

We have already explained (Note 3, Book L, p. 28) how 
Euclid's definition of an angle may be extended with advan- 
tage, so as to include the conception of an angle equal to two 
right angles : and we now proceed to shew how the Definition 
given in that Note may be extended, so as to embrace angles 
greater than two right angles. 




Let WQ be a straight line, and QE its continuation. 

Then, by the Definition, the angle made by WQ and QE, 
which we propose to call a Flat Angle, is equal to two right 
angles. 

Now suppose QP to be a straight line, which revolves about 
the fixed point Q, and which at first coincides with QE, 

When QPf revolving from right to left, coincides with QW, 
it has described an angle equal to two right angles. 

When QP has continued its revolution, so as to come into 
the position indicated in the diagram, it has described an 
angle EQP, indicated by the dotted line, greater than two 
right angles, and this we call a Reflex Angle. 

To assist the learner, we shall mark these angles with dotted 
lines in the diagrams. 

Admitting the existence of angles, equal to and greater than 
two right angles, the Proposition last proved may be extended, 
as we now proceed to shew. 
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Proposition C. Theorem. 

The, angUj not less Hum two right angles, at the centre of a 
circle is dovhle of the angle at the circumferencey subtended by 
the same arc. 



Fig.1. 



Rg.2. 





In the © ACBDy let the angles AOB (not less than two 
right angles) at the centre, and ADB at the circumference, be 
subtended by the same arc ACB, 

Then must i AOB = twice l ADB, 
Join DOf and produce it to meet the arc ACB in C, 

Then *.• z ^00= twice z ADO, III. 20. 

and I BOC= twice z BDO, III. 20. 

.'. sum of z s AOCy -BOC= twice sum of z s ADO, BDO, 

that is, z AOB=twice z ADB. 

Q. E. D. 

Note. In fig. 1, z AOB is drawn a flat angle, 
and in fig. 2, z AOB is drawn a reflex angle. 

Bep. XII. The angle in a segment is the angle contained by 
^iro straight lines drawn from any point m t\i"B otc \/ci \Jafe exr 
ti^mitiea of the chord. 
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Proposition XXL Theorem. 

Ths angles in the same segment of a circle a/re equal to one 
another. 




Let BACy BDC be angles in the same segment BADC, 

Then must iBAC= i BDC. 
First, when segment BADC is greater than a semicircle, 

From 0, the centre, draw 0-B, OC. (Fig. 1.) 

Then, •/ z BOC==twice l BAC, III. 20. 

and L BOC^twice i BDC, III. 20^ 

.'.lBAC= a BDC. 
Next, when segment BADC is less than a semicircle, 

Let E be the pt. of intersection of AC, DB. (Fig. 2.) 
Then •. • i ABE= l DGE, by the first case, 

and L BEA== l CED, I. 15. 

.-. z EAB=^ L EDC, L 32. 

that is, L BAC= l BDC q. e. d. 

Ex. 1. Shew that, by assuming the possibility of an angle 
being greater than two right angles, both the cases of this 
proposition may be included in one. 

Ex. 2. AB, -4(7 are chords of a circle, D, E the middle 
points of their arcs. If DE be joined, shew that it will cut 
off equal parts from AB, AC 

Ex. 3. If two straight lines, -wlioa^ %r!L\,'^««i\\Kssi wv^ xsv *^^^ 
circumference of a circle, cut one aiioV\i'OT,V)cL^\»T^a!5i^^'s3^ \ssccissj 
byjoimng their extremities axe eqoMOv^yiXssx ^ '^'^^^ ^*Owst. 
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Proposition XXII. Theorem. 

The, opposite angles of any quadrilateral figure, inscribed in 
a circle, are together equal to two right angles, I 




Let ABCD be a quadrilateral fig. inscribed in a . 

Then must each pair of its opposite as he together equal to 
two rt. L s. 

Draw the diagonals AC, BD. 

Then '.• z ADB= l ACB, in the same segment, III. 21. 

and z BDC= l BAG, in the same segment ; III. 21. 

.-. sum of z s ADB, 5DC=sum of z s ACB, BAC ; 

that is, z ^DC=sum of z s ACB, BAC, 

Add to each z ABC, 

Then z 8 ADC, ABC together=sum ofzs ACB, BAO, 
ABC; 

and .'. z s ADC, ABC together=»two right z s. I. 32. 

Similarly, it may be shewn, 

that z s BAD, BCD together = two right z s. 

Q. E. D. 

Note. — ADotber method of proving this pioi^odtvoti Aa ^ven 
pag-e 177. 
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Ex. 1. If one side of a quadrilateral figure inseribed in a 
circle be produced^ the exterior angle is equal to the opposite 
angle of the qnadrilateraL 

Ex 2. If the sides AB^ DG of a quadrilateral inscribed in 
a circle be produced to meet in E, then the triangles EBC^ 
BAD will be equiangular. 

Ex. 3. Shew that a circle cannot be described about a 
rhombus. 

Ex. 4. The lines, bisecting any angle of a quadrilateral figure 
inscribed in a circle and the opposite exterior angle, meet in 
the circumference of the circle. 

Ex. 5. AB, a chord of a circle, is the base of an isosceles 
triangle, whose vertex C is without the circle, and whose 
equal sides meet the circle in D, ^ : shew that CD is equal 
toG^. 

Ex. 6. If in any quadrilateral the opposite angles be to- 
gether equal to two right angles, a circle may be described 
about that qnadrilateraL 

Propositions xxin. and xxiv., not being required in the 
method adopted for proving the subsequent Propositions in 
this book, are removed to the Appendix. Proposition zxv. 
has been already proved. 



Note 3. On the Method of SuperposiHon, as applied 

to Circles, 

In Props, xxvi. xxvii. xxviii. xxix. we prove certain 
relations existing between chords, arcs, and angles in equal 
circles. As we shall employ the Method of Superposition, we 
must state the principles which render this method a^^lL- 
cable, as a test of equality, in the caae ol ^.^gos^s^ ^^rv^ cKrrc^iVait 
boundaries. 
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Def. XIII. Equal circles are those, of wh/ich the radii aire 
eqiiaL 





For suppose ABC, A'BC to be circles, of which the radii 
are equal. 

Then if © A'B'CT be applied to © ABC, so that (7, the 
centre of A'B!C, coincides with 0, the centre of ABC, it ia 
evident that saij particuh/r point A^ in the Qce of the former 
must coincide with some point ,4 in Qce of the latter, because 
of the equality of the radii O'JL' and OA4 

Hence Qce A'BIC must coincide with Qce ABC, 
that is, © A'B'C-=®ABC. 

Further, when we have applied the circle A'B!C to the 
circle ABC, so that the centres coincide, we may imagine ABC 
to remain fixed, while A'B!C revolves round the common 
centre. Hence we may suppose any particular point B! in the 
circumference of A'B'U to be made to coincide with any par- 
ticular point B in the circumference of ABC 

Again, any radius C^A' of the ciicle A'B'Cf may be made to 
coincide with any radius OA of the circle ABC. 

Also, if A'B' and AB be equal arcs, they may be made to 
coincide. 

Again, every diameter of a circle divides the circle into 
equsd segments. 

For let AOB be a diameter of the 
circle ACBD, of which is the centre. 
Suppose the segment ACBlo be ap- 
plied to the segment ADB, so as to 
keep AB a common boundary : then 
the arc ACB must coincide with the 
arc ADB, because every point in 
eacli js equally distent from 0. 
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Proposition XXVI. Theorem. 

In eqrml circles^ the arcs, which subtend equal angles^ whether 
they he aJt the centres or at the circumferences, must he equal. 





Let ABCy BEF be equal circles, and let z s BGG, EHF at 
their centres, and i s BAG, EDF at their Qces, be equal. 

Then must a/rc BKG=^a/rc ELF. 

For, if © J 50 be applied to © BEF, 

so that G coincides with H, and GB falls on HE, 

then, -.' GB=HE, .*. B will coincide with E, 
And •/ I BGG= l EHF, .-. GG will fall on HF ; 

and •.• GG==HF, .*. Owill coincide with J^. 
Then •.* B coincides with E and with F, 
,\ arc BKG will coincide with and be equal to arc ELF. 

Q. E. D. 

Cor. Sector BGGK is equal to sector EHFL. 

Note. This and the three following Propositions are, and 
will hereafter be assumed to be, true foi tKe satM. wtc\i«i. ^^^'^ 
as for egtud circles. 
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Proposition XXVII. Theorem. 

In equal circles, the angles, which are subtended by equal arcs, 
whether they a/re at the centres or at the cvrcumferences, must be 
equal. 





Let ABC, DEF be equal circles, and let z s BGC, EHF at 
their centres, and z s BAC, EDF at their Qces, be subtended 
by equal arcs BKC, ELF, 

Then must l BGC^ l EHF, and lBAC= l EDF, 

For, if © ABC be applied to © DEF, 
so that G coincides with H, and GB falls on HE, 
then •.• GB^HE, .'. B will coincide with E ; 
and *.• arc jBJ5^0=arc ELF, .*. C will coincide with F, 
Hence, GC will coincide with HF. 
Then *.• BG coincides with EH, and GC with HF, 

,\ L BGC wiU coincide with and be equal to L EHF, 
Again, •.• z JB^O=half of z BGC, III. 20. 

and z ^DJ^=half of z EHF, III. 20. 

.-. z BAC-^ z EDF, I. Ax. 7. 

Q. E. D. 

Ex. 1. If, in a circle, AB, CD be two arcs of given magni- 
tude, and AC, BD be joined to meet in E, shew that the angle 
AEB is invariable. 

Ex. 2. The straight lines joining the extremities of the 
chords of two equal arcs of the same circle, towards the same 
parts, are parallel to each other. 

Ex. 3, If two equal chords, in a given circle, cut one an- 
oeiier, the segments of the one BbaW \)e eqvi«\ \a ^i)ci& ^\gEa«v!L^ 
ytAer, each to each. 
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Proposition XXVIII. Theorem. 

In equal circles, the arcs, which are subtended by equal 
chords, must he equal, the greater to the greater, and the less to 
the less. 





Let ABC, DEF be equal circles, and BC, EF equal chords, 
subtending the major arcs BAG, EDF, 

and the minor arcs BGG, EHF, 

Then must arc BAG = arc EDF, and arc BGG = a/rc EHF. 

Take the cejptres K, L, and join KB, KG, LE, LF. 
Then •.• KB^LE, and KC^LF, and BG=^EF, 

.-. I BKG = I ELF, I. c. 

Hence, if © ABG be applied to © BEF, 
so that K coincides with L, and KB falls on LE, 
then •.• L BKG = i ELF, .'. KG will faU on LF ; 
and •.• KG = LF, .\ G will coincide with J^. 
Then *.• B coincides with E, and G with F, 
.', arc BAG will coincide with and be equal to arc EDF, 
and arc -BOO EHF. 

Q. E. D. 

Ex. 1. If, in a circle ABGD, the arc AB be equal to the 
arc DG, AD must be parallel to BG, 

Ex. 2. If a straight line, drawn from A the middle point 
of an arc BG, touch the circle, shew that it is parallel to the 
chord BG, 

Ex. 3. If two chords of a circle intersect at t\^&& ^xvs^s^^ 
the portions of the circumference taVen ^X^eroaX.^ «sfe Xsi^^'st 
equal to half the circumference. 
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Proposition XXIX. Theorem. 

In equal circles, the chords, which subtend equal arcs, must 
he equal. 





Let ABC, DEF be equal circles, and let BC, EF be chords 
subtending the equal arcs BGG, EHF. 

Then must chord BC = chord EF, 

Take the centres K, L. 

Then, if ABC be applied to © DEF, 

so that K coincides with L, and B with E, 

and arc BGC falls on arc EEF, 

V arc BGC=&TC EHF, .*. C will coincide with F. 

Then \' B coincides with E and C with F, 

.'. chord BC must coincide with and be equal to chord EF, 

Q. E. D. 

Ex. 1. The two straight lines in a circle, which join the 
Extremities of two parallel chords, are equal to one another. 

Ejc 2, If three equal chords of a circle, cut one another in 
the same point, within the circle, that point \s t\i^ ^i«vi\?c^. 
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KoTE ^ Oniht Syvwrnetrical properties of the Cirde with 

rega/rd to its diameter. 

The brief remarks on Symmetry in pp. 107, 108 may now 
be extended in the following way : 

A figwre is said to be symmetrical with regard to a line, 
when every perpendicular to the line meets the figure at 
points which are equidistant from the line. 

Hence a Circle is Synmietrical with regard to its Diameter, 
because the diameter bisects every chord, to which it is per- 
pendicular. 




Further, suppose AB to be a diameter of the circle 
AGBBy of which is the centre, and GB to be a chord 
perpendicular to AB. 

Then, if lines be drawn as in the diagram, we know that 
AB bisects 

(1.) The chord CD, III. 1. 

(2.) The arcs GAB and CBD, III. 26. 

(3.) The angles GAB, GOB, GBB, and the reflex 
;mglo BOG. . I. 4. 

Also, chord OB = chord BB, I. 4. 

and chord -4 C= chord AB. I. 4. 

These Symmetrical relations should be carefully obs«c^^^ 
because they are often suggestive oi tdl^\)cio^^ lot 'Oofc ^^«&ms^ 
of problems. 



i6o EUCLID'S ELEMENTS. [Book m 



Proposition XXX. Problem. 
To bisect a given arc 




Let ABC be the given arc. 

It 18 required to bisect the cure ABC, 

Join ACy and bisect the chord AC in D. I. 10. 
From D draw DB± to AC. 1. 11. 

Then will the cure ABC be bisected in B. 

Join BA, BC. 

Then, in A s ADB, CDB, 

V AD'^ CDf and DB is common, and i ABB — z CDi^, 

.-. BA-^BC. I. 4. 

But, in the same circle, the arcs, which are subtended by 
equal chords, are equal, the greater to the greater and the 
less to the less ; III. 28. 

and '.* BDy if produced, is a diameter, 

•*• each of the arcs BA, BC, is less than a semicircle^ 

and .*. arc JB^=arc BC, 

Thus the arc ABC is bisected in B, 

• Q. R. p. 

Ex If, from any point in the diameter of a semicircle, 

there be drawn two straight lines to the circumference, one 

to the bisection of the circumference, and the other at right 

angles to the diameter, the squares ou t^hese two lines are 

^getter double of the square on the radius 
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Proposition XXXI. Theorem. 

In a circle^ the angle in a semicircle is a right angle ; and 
the angle in a segment grecUer than a semicircle is less than a 
right angle ; and the angle in a segment less than a semicircle 
is greater than a right angle. 




Let -4JB(7 be a 0, its centre, and BC a diameter. 

Draw AC, dividing the © into the segments ABC, ADC. 

Join BA, AD, DC, AG. 
Then rrmst the L in the semicircle BAC he a rt. ^ , and i in 
segment ABC, greater than a semici/rcle, less than art. i , and l 
in segment ADC, less than a semicircle, greater than art. i . 
First, •.• BO=AO, .'. L BAO= l ABO \ I. a. 
.-. L 00^ = twice L BAG ; I. 32. 

and •.• CO=AO, .'. l CA0= l ACO ; I. a. 

.'. L 50^=twice L CAO ; I. 32. 

.*. sum of z s CO A, jBO^= twice sum of z s BAO, CAO, that 
is, two right angles = twice i BAC. 

.'. I BA is a right angle. 
Next, *.• L BAC is a rt. z , 
.*. I ABC is less than a rt. z . I. 17. 

Lastly, •." sum of z s ABC, ADC = two rt. z s, IIL 22. 
and z ABC is less than a rt. z , 
/. z ADC is greater tlaaxi «k t\>. l • ^. -«». ^. 
JSIoTJs, — For a simpler proof eee pagja VI ^. 

12 



i62 EUCLIJDtS ELEMENTS. [Book m. 

Ez« 1. If a circle be described on the radius of another circle 
as diameter, any straight line, drawn from the pointy where 
they meet^ to the outer circumference, is bisected by the in- 
terior one. 

Ez« 2. If a straight line be drawn to touch a circle, and be 
parallel to a chord, the point of contact will be the middle 
point of the arc cut off by the chord. 

Ex. 3. If, from any point without a circle, lines be drawn 
touching it, the angles contained by the tangents is double of 
the angle contained by the line joining the points of contact, 
and the diameter drawn through one of them. 

Ex. 4. The vertical angle of any oblique-angled triangle 
mscribed in a circle is greater or less than a right angle, by the 
ingle contained by the base and the diameter drawn from the 
extremity of the base. 

Ex. 5. If, from the extremities of any diameter of a given 
circle, perpendiculars be drawn to any chord of the circle that 
is not parallel to the diameter, the less perpendicular shall be 
equal to that segment of the greater, which is contained between 
the circumference and the chord. 

Ex. 6. If two circles cut one another, and from either point 
3f intersection diameters be drawn, the extremities of these 
diameters and the other point of intersection lie in the same 
straight line. 

Ex. 7. Draw a straight line cutting two concentric circles, 
so that the part of it which is intercepted by the circumference 
of the greater may be twice the part intercepted by the circum- 
ference of the less. 

Ex. 8. Describe a square equal to the difference of two given 
squares. 

Ex. 9. If from the point in which a number of circles touch 
each other, a straight line be drawn cutting all the circles, shew 
that the linea, which join the points of inter&ecuon in each 
circle with its centre, will all be paraWeV. 
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Proposition XXXII. Theorem. 

If a st/rodght line touch a circle, and from the point of ccmtaet 
a straight line he drawn cutting the circle, the angles made by 
this line with the line Uyuching the circle must he equal to the 
angles, which a/re in the alternate segments of the circle. 




Let the st. line AB touch the © CDEF in F, 
Draw the chord FD, dividing the ©into segments FCD, FEB, 
Then must l DFB= l in segment FCD, 
and L BFA= i in segment FED. 
From F draw the chord FGi. to AB. 

Then ^0 is a diameter of the © . III. 19. 

Take any pt. E in the arc FEB, and join FE, EB, BG. 
Then '.• FBC is a semicircle, .'. z FBC is a rt. z ; III. 31. 
.-. sum of z s FOB, CFB=a, rt. z . I. 32. 

Also, sum of z s BFB, GFB=b, rt. z . 
.-. sum of z s BFB, CFD=sum of z s FCB, CFB, 
and .-. z BFB=^ z FCB, 
that is, z BFB= z in segment FCB. 

Again, •.* CBEF is a quadrilateral fig. inscribed in a © , 

.-. sum of z s FEB, FCB^two rt. z s. III. 22. 

Also, sum of z s BFA, BFB^Wo rt. z s. I. 13. 

.-. sum of z s BFA, BFB^mm of z s FEB, FCB ; 
and z BFB has been proved = z FCB ; 

.\ I BFA-^ I FEB, 
that is, z BFA= l in segment FEB, 

Ex. The chord joining the pomtB oi oicsofewiX* ^^ ^«ci^^ ^ 
genta is a diameter. 
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Proposition XXXIII. Problem. 
On a gi/oen straight line to describe a segment of a circle 
capable of containing an angle equal to a given angle. 





Let AB be the given st. line, and C the given z . 
It is required to describe on AB a segment of a Q) which 
shall contain an i = i C. 

At pt. A in St. line AB make i BAD= l C. I. 23. 

Draw AEi. to AD, and bisect AB in F, 

From F draw FGi. to AB, meeting AE in Q, 

Then in AS AOF^BOF; 

V AF^BFy and FG is common, and i AFQ= L BFQ ; 

/. OA = GB. I. 4. 

With G as centre and GA as radius describe a ABH, 

Then will AHB be the segment reqd. 
For *.• AD is± to ^^, a line passing through the centre, 

.-. AD is a tangent to the © ABH, III. 16. 

And •,• the chord AB is drawn from the pt. of contact A, 
.*. z BAD= z in segment AHB, III. 32. 

that is, the segment AHB contains an z = z 0, 
and it is described on AB, as was reqd. 

Q. E. F. 

Ex. 1. Two circles intersect in A, and through A is drawn 
a straight line meeting the circles again in P, Q, Prove that 
the angle betwe'en the tangents at P and Q is equal to the 
angle between the tangents at A, 

Ex. 2. From two given points on the same side of a straight 
}jne, f^ren in position, draw two straight lines which shall con- 
'^ a given angle, and be terminated in Wvb ^'venViiift. 
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Proposition XXXIV. Problem. 

To cut off a segrnent from a given circle, capahle of con- 
taining an angle equal to a gi/ven angle. 




/ 



Let ABG be the given , and D the given z . 

It is required to cut off from © ABG a segment capable of 
containing an i =^ i D, 

Draw the st. line EBF to touch the circle at B, 

At B make z FBC = iB, 

Then *.* the chord BG is drawn from the pt. of contact B, 

.•.zZBO=z in segment 5-40, 111.32. 

that is, the segment BAG contains an z » z D ; 
and .*. a segment has been cut off from the ©, as was reqd. 

Q. B. F. 

Ex. 1. If two circles touch internally at a point, any straight 
line passing through the point will divide the circles into seg- 
ments, capable of containing equal angles. 

Ex. 2. Given a side of a triangle, its vertical angle, and the 
radius of the circumscribing circle : construct the triangle. 

Ex. 3. Given the base, vertical angle, and the perpendicular 
from the extremity of the base on the opposite side : conatcui:;^ 
the triangle. 
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Proposition XXXV. Theorem. 

If i/mo chords in a circle cut one another, the rectangle con- 
tained by the segments of one of them, is equal to the rectangle 
contained by the segments of the other. 




Let the chords AC, BD in the © ABCD intersect in the pt. P. 

Thm must red, AT, PG=^rect. BP, PD. 

From 0, the centre, draw OM, ON ±s to AC, BD, 

and join OA, OB, OP. 

Then •/ ^C is divided equally in Af and unequally in P, 

.'. rect. AP, PC with sq. on MP=sq. on AM. II. 5. 

Adding to each the sq. on MO, 

rect. AP, PC with sqq. on MP, JlfO=sqq. on AM, MO ; 

.'. rect. AP, PC with sq. on OP =sq. on OA. I. 47. 

In the same way it may be shewn that 

rect. BP, PD with sq. on OP =sq. on OB. 

Then *.• sq. on 0-4 =sq. on OB, 

.'. rect. AP, PC with sq. on OP=rect. BP, PD with sq. 

on OP; 

.-. rect. AP. PO=rect. BP, PD. q. b. d. 

Ex. 1. A and B are fixed points, and two circles are 
described passing through them ; PCQ, P'CQ; are chords of 
these circles intersecting in 0, a point in AB ; shew that the 
rectangle CP, CQ is equal to the rectangle CP\ C(/. 

Ex. 2. If through any point in the common chord of two 
circles, which intersect one another, there be drawn any two 
o^er chords, one in each circle, their toui e^iem\\A!e» ^\ffli\ ^l 
'•-^lo the circamference of a drcle. 
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Proposition XXXVI. Theorem. 

jy, from, any 'point without a circle, tvx) straight lines 
he dravm, one of which cuts the circle^ and the other touches 
it ; the rectangle contained by the whole line which cuts the 
circUf and the part of it without the evrcle, m/ust he equal to 
the square on the line which tov,ches it 




Let D be any pt. without the © ABC, 

and let the st. lines DBA, DC be drawn to cut and touch the © . 

Then must rect, AD, DB^sq. on DC. 

From 0, the centre, draw DM bisecting AB in M, 

and join OB, OC, OD. 
Then *.• AJEI is bisected in M and produced to D, 
.'. rect. AD, DB with sq. on MB=sq. on MD, II. 6. 
Adding to each the sq. on MO, 
rect. AD, DB with sqq. on MB, M0=8qq. on MD, MO. 
Now the angles at M and G are rt. z s ; III. 3 and 18. 
.*. rect. AD, DB with sq. on 05=sq. on OD ; 
.'. rect. AD, DB with sq. on 05=sqq. on OC, DC. I. 47. 
And sq. on OB—sq. on 00 ; 
.'. rect. AD, DB=8q. on DC. q. e. d. 

Ex. 1. Two circles intersect in A and B ; shew that AB 
produced bisects their common tangent. 

Ex. 2. If the circle, inscribed in atciaw^^ ABC^\»w^^^^>3 
J?, the circles described about ABB, ACT) N«i\S5i\»>a.^^'^^'^ 
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Proposition XXXVII. Theorem. 

jy, fronn, a 'point without a circle^ there he drawn two straight 
lines, one of which cats the circle, and the other meets it ; if 
the rectangle contained by the whole line which cuts the circle, 
and the part of it without the circle, be eqtud to the square on 
the line which meets it, the line which m^eets must touch the circU. 




Let ^ be a pt. without the © BCD, of which is the centre. 
From A let two st. lines ACD, AB be drawn, of which 
ACD cuts the and AB meets it. 

Then if rect. DA, AQ^sg, on AB, AB must touch the ©. 

Draw -4jK touching the © in ^, and join 0J5, OA, OE, 

Then '/ACD cuts the © , and AE touches it, 

.'. rect. DA, ^0=sq. onAE. III. 36. 

But rect. DA, AC =aq, on AB ; Hyp« 

.*. sq. on AB=sq, on AE ; 
.-. AB=AE. 
Then in the A s OAB, OAE, 
V OB=^OE, and OA is common, and AB=iAEy 



.-. I ABO = I AEO. 
But I AEO is a rt. z ; 
.'. z ABO is a rt. z . 
Now BO, if produced, is a diameter of the © ; 

.*. AB touches the © . 



I. c. 

IIL 18. 



III. 16. 

Q. E. D. 

Ex. If two circles cut each other, and from any point in the 
straight line produced, which joins their intersections, two 
t&DgentB he dravm, one to eacli circle, tViey &\vs2il\M qc^qaI. 
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Jlft8ceZZan€otM Exercises on Book III, 

1. The segments, into which a circle is cut by any straight 
line, contain angles, whose difference is equal to the inclination 
to each other of the straight lines touching the circle at the ex- 
tremities of the straight line which divides the circle. 

2. If from the point in which a number of circles touch each 
other, a straight line be drawn cutting all the circles, shew 
that the lines which join the points of intersection in each circle 
with its centre will be all parallel 

3. From a point Q in a circle, QN is drawn perpendicular to 
a chord FP', and QM perpendicular to the tangent at P : shew 
that the triangles NQP', QPM are equiangular. 

4. If a circle be described round the triangle ABG, and a 
straight line be drawn bisecting the angle BAG and cutting 
the circle in D, shew that the angle DCB will equal half the 
angle BAG. 

5. One angle of a quadrilateral figure inscribed in a circle is 
a right angle, and from the centre of the circle perpendiculars 
are drawn to the sides, shew that the sum of their squares is 
equal to twice the square of the radius. 

6. AB is the diameter of a semicircle, D and E any two 
points on its circumference. Shew that if the chords joining 
A and B with D and E, either way, intersect in F and G, the 
tangents at D and E meet in the middle point of the line FG^ 
and that FO produced is at right angles to AB, 

7. If a straight line in a circle not passing through the centre 
be bisected by another and this by a third and so on, prove that 
the points of bisection continually approach the centre of the 
circle. 

8. If a circle be described passing through the opposite 
angles of a parallelogram, and cutting the four sides, and the 
points of intersection be joined so as to lorm a hexagon, the 
straight lines thus drawn shall be parallel to each other. 

9. If two circles touch each otliieT «x\Axiisi2^^ «sA «ss?j *^issss$ 
drde touch boibf prove that the diSereiLee ol VSaa ^as^as^s*** 
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the centre of the third circle from the centres of the other two 
is invariable. 

10. Draw two concentric circles, sach that those chords of 
the outer circle, which touch the inner, may equal its diameter. 

11. If the sides of a quadrilateral inscribed in a circle be 
bisected and the middle points of adjacent sides joined, the 
circles described about the triangles thus formed are all equal 
and all touch the original circle. 

12. Draw a tangent to a circle which shall be parallel to a 
given finite straight line. 

13. Describe a circle, which shall have a given radius, and 
its centre in a given straight line, and shall sJso touch another 
straight line, inclined at a given angle to the former. 

14. Find a point in the diameter produced of a given circle, 
from which, if a tangent be drawn to the circle, it shall be 
equal to a given straight line. 

15. Two equal circles intersect in the points A, B, and 
through B a straight line CBM is drawn cutting them again in 
0, M, Shew that if with centre G and radius BM a circle be 
described, it will cut the circle ABCia a point L such that arc 
J.L=arc AB. 

Shew also that LB is the tangent at B, 

16. AB is any chord and AGsk tangent to a circle at A ; 
GDE a line cutting the circle in D and E and parallel to AB, 
Shew that the triangle AGD is equiangular to the triangle 
BAB. 

17. Two equal circles cut one another in the points A^ B ; 
BG is a chord equal to AB ; shew that ^0 is a tangent to the 
other circle. 

18. In any two circles, which cut one another, the straight . 
line joining the extremities of any two parallel radii cuts the 
line joining the centres in the same point. 

J A A, B sue two points ; with centre B describe a circle, 
sueli that its tangent from A shall \)© eqosX ^ a ^NeiiYcasi, 
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). If perpendiculars be dropped from the angular points of 
iangle on the opposite sides, shew that the sum of the 
ires on the sides of the triangle is equal to twice the sum of 
rectangles, contained by the perpendiculars and that part of 
\ intercepted between the angles of the triangles and the 
it of intersection of the perpendiculars. 

1. When two circles intersect, their common chord bisects 
r common tangent. 

2. Two circles intersect in A and B, Two points C and D 
taken on one of the circles ; (LI, CB meet the other circle 
% F, and DA, DB meet it in fit, J3": shew that FG is 
dlel to EH, and FH to EG. 

3. A and B are fixed points, and two circles are described 
ling through them ; CP, CP* are drawn from a point C on 

produced, to touch the circles in P, P' ; shew that 
=0P'. 

4. From each angular point of a triangle a perpendicular is 
Eiedl upon the opposite side ; prove that the rectangles con- 
ed by the segments, into which each perpendicular is divided 
;he point of intersection of the three, are equal to each other. 

5. If from a point without a circle two equal straight lines 
Irawn to the circumference and produced, shew that they 

be at the same distance from the centre. 

6. Let 0, (y be the centres of two circles which cut each 
3r in A, A', Let B, B! be two points, taken one on each 
umference. Let 0, C be the centres of the circles BAB^^ 
'JB'. Then prove that the angle OBO is equal to the angle 

'a. 

7. The common chord of two circles is produced to any 
it P ; FA touches one of the circles in A ; FBG is any 
rd of the other : shew that the circle which passes through 
B, G touches the circle to which FA is a tangent. 

8. Given the base of a triangle, the vertical ang^le^ a33L<i t3a& 
jth of the line drawn from the ^eilex. \ic> \5DA\ssv\$\<6i V^'o^is. ^ 
haae : construct the triangle. 
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29. If a circle be described about the triangle ABCy and a 
straight line be drawn bisecting the angle BAG and cutting 
the circle in D, shew that the angle DCB will be equal to half 
the angle BAG, 

30. If the line AD bisect the angle A in the triangle ABG^ 
and BD be drawn without the triangle making an angle with 
BG equal to half the angle BAG, shew that a circle may be 
described about ABGD, 

31. Two equal circles intersect in A,B: PQT perpendicular 
to AB meets it in 7 and the circles in P, Q, AP, BQ meet in 
E; AQf BP in 8 ; prove that the angle BT8 is bisected by 
TP. 

32. If the angle, contained by any side of a quadrilateral and 
the adjacent side produced, be equal to the opposite angle of 
the quadrilateral, prove that any side of the quadrilateral will 
subtend equal angles at the opposite angles of the quadrilateral 

33. If DE be drawn parallel to the base BG of a triangle 
ABG, prove that the cirdes described about the triangles ABG 
and ADE have a common tangent at A, 

34. Describe a square equal to the difference of two given 
squares. 

35. If tangents be drawn to a circle from any point without 
it, and a third line be drawn between the point and the centre 
of the circle, touching the circle, the perimeter of the triangle 
formed by the three tangents will be the same for all positions 
of the third point of contact. 

36. If on the sides of any triangle as chords, circles be de- 
scribed, of which the segments external to the triangle contain 
angles respectively equal to the angles of a given triangle, those 
circles will intersect in a point. 

37. Prove that if ABG be a triangle inscribed in a circle, 
such that BA=BGf and AA'hedmwn parallel to BG, meeting 
the circle again in A', and -4'B be joined cutting -40 in E, BA 
touches the circle described about the triangle AEA\ 

38. Describe a circle, cutting the sides of a given square, so 
that its circumference may be divided ait the ^inta of inter- 

section into eight equal arcs. 
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39. A is the extremity of the diameter of a circle, any 
point in the diameter. The chord which is bisected at sub- 
tends a greater or less angle at ^ than any other chord through 
0, according as and A are on the same or opposite sides of 
the centre. 

40. Shew that the square on the tangent dra¥m from any 
point in the outer of two concentric circles to the inner equals 
the difference of the squares on the tangents, drawn from any 
point, without both circles, to the circles. 

41. If from a point without a circle, two tangents TT^ FT, 
at right angles to one another, be drawn to touch the circle, 
and if from T any chord TQ be drawn, and from T a perpen- 
dicular TM be dropped on TQ, then TM^QM. 

42. Find the loci : 

(1.) Of the centres of circles passing through two given points. 

(2.) Of the middle points of a system of parallel chords in a 
circle. 

(3.) Of points such that the difference of the distances of each 
from two given straight lines is equal to a given straight line. 

(4.) Of the centres of circles touching a given line in a given 
point. 

(5.) Of the middle points of chords in a circle that pass 
through a given point. 

(6.) Of the centres of circles of given radius which touch a 
given circle. 

(7.) Of the middle points of chords of equal length in a circle. 

(8.) Of the middle points of the straight lines drawn from a 
given point to meet the circumference of a given circle. 

43. If the base and vertical angle of a triangle be given, find 
the locus of the vertex. 

44. A straight line remains parallel to itself while otv^ ot \^ 
extremities describes a circle. 'Wlttft\. Va V3ti«> Vi^soa ^^H ^^ ^*^^!2t 

extremity ? 
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45. A ladder slips down between a vertical wall and a 
horizontal plane : what is the locus of its middle point ? 

46. AB is the diameter of a circle ; ACD is a chord pro- 
duced to D, so that AC=CD. Find the locus of the point in 
which BC and the line joining D to the centre intersect. 

47. ABC is a line drawn from a point A, without a circle, 
to meet the circumference in B and C. Tangents are drawn 
to the circle at B and C which meet in D, What is the locus 
ofD? 

48. Two circles intersect in the points A, B ; any straight 
line CDEF is drawn cutting the circles in. C, D, E, F ; prove 

.that AG intersects BD and AE intersects BF in points, which 
lie on a circle passing through A and B, 

49. The angular points A, Oof a parallelogram ABCD move 
on two fixed straight lines OAy OC, whose inclination is equal 
to the angle BCD ; shew that the points B, D will move on 
two fixed straight lines passing through 0. 

50. On the line AB is described the segment of a circle, in 
the circumference of which any point is taken. If J. (7, BC 
be joined, and a point P taken in J[C7 so that CF is equal to 
CBy find the locus of P. 

51. Find the locus of the centre of the circles circumscribing 
two trapeziums, into which a parallelogram is divided by any 
line equal to one of its shorter sides. 

52. If a parallelogram be described having the diameter of 
a given circle for one of its sides, and the intersection of its 
diagonals on the circumference, shew that the extremity of 
each of the diagonals moves on the circumference of another 
circle of double the diameter of the first. 

53. One diagonal of a quadrilateral inscribed in a circle is 
fixed, and the other of constant length. Shew that the sides 
will meet, if produced, on the circumference of a fixed circle. 
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We here insert Eaclid's proofe of Props. 23, 24 of Book IIL 
first obsenring that he gives the following definition of similar 
segments : — 

Def. Similar segments of wrdss are thou in which the angles 
are equaly or which contadn equal angles. 



Proposition XXIIL Theorem. 

Upon the same straight UnCf and upon (he same side of if, 
there cannot he two simiUw segments of circles, not coinciding 
with each other. 




If it be possible, on the same base AB, and on the same side 
of it, let there be two similar segments of s, ABC, ABD, 
which do not coincide. 

Becanse © ADB cuts ACB in pts. A and B, they cannot 
cat one another in any other pt., and .'. one of the segments 
most fidl within the other. 

Let ADB fall within ACB. 

Draw the £ft. line BDC and join CA, DA, 

Then *.' segment ADB is similar to segment ACB, 

/. z ADB= L ACB, 

Or the extr. z of aAsthe intr. and opposite/, which is 
impossible ; 

.*. the segments caxiiiol\raL\» QekVEL<(sA«k 
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Proposition XXIV. Theorem. 

SimiUur segments of cvrdes, upon equal gtraight UneSy are 
equal to one another. 





B J> 



Let ABGy DBF be siinilar segments of 08 on equal st lines 
AB, BE. 

Then m/ust segment ABG= segment DEF. 

For if segment ABG be applied to segment DEF, so that 
A may be on and AB on DE^ then B will coincide with E^ 
and AB with DE ; 

.*. segment ABC must also coincide with segment DEF ; 

III. 23. 

/. segment ^50= segment DEF, Ax. 8. 

Q. E. D. 



We gave one Proposition, 0, page 150, as an example of the 
way in which the conceptions of Flat and Reflex Angles may 
be employed to extend and simplify Euclid's proofs. We here 
give the proofs, based on the same conceptions, of the impor- 
tant propositions xxii. and xxxi. 
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Proposition XXII. Theorem. 

Ths opposite angles of any quadrilateral figure, inscribed in 
a circle, are together equal to two right angles. 




Let ABCD be a quadrilateral fig. inscribed in a ® . 

Then must each pair of its opposite i s he together equal to 
two rt. L s. 

From 0, the centre, draw OB, CD. 

Then •/ i BOD=iwice l BAD, III. 20. 

and the reflex z D05= twice z BCD, III. C. p. 150. 

.'. sum of z s at 0= twice sum of z s BAD, BCD* 
But sum of z s at 0=4 right z s ; I. 15, Cor. 2. 

.*. twice sum of z s BAD, BCD =4 right z s ; 
.'. sum of z s BAD, BCD = two right z s. 
Similarly, it may be shewn that 

sum of z s ABC, -42)0= two right z s. 

Q. E. D. 
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Proposition XXXL Theorem. 

In a circle, the angle in a semicircle is a right angle; and the 
angle in a segment greater than a semicircle is less than a right 
angle ; and the angle in a segment less thdn a semicircle is 
greater tlian a right angle. 




Let ABC be a ©, of which is the centre and BC a 
diameter. 

Draw AC, dividing the © into the segments ABC^ ADO, 

Join BA, AD, DC, 

Then must the i in the semicircle BAC be a rt,i, and l in 
segment ABC, greater than a semicircle, less than art, i , and L 
in segment ADC, less than a semicircle, gi'eater than art, i • 

First, •.• the flat angle B00= twice i BAC, III. C. p. 150. 

.*. iBAC k art. z . 

Next, •.' z BAC is a rt. z , 

.*. I ABC is less than a rt z . 1. 17. 

Lastly, •.• sum of z s ABC, ADC=two rt. z s, III. 22. 

and z ABC is less than a rt. z , 

.*. z ADC is greater than a rt z . 

Q. E. D. 
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INTRODUCTORY REMARKS- 

Euclid gives in this Book of the Elements a series of 
Problems relating to cases in which circles may be described 
in or about triangles, squares, and regolar polygons, and of the 
last-mentioned he treats of three only : 

the Pentagon, or figure of 5 sides, 

„ Hexagon, „ 6 „ 

„ Quindecagon, j, 15 „ . 

The Student will find it useful to remember the following 
Theorems, which are established and applied in the proo& of 
the Propositions in this Book. 

L The bisectors of the angles of a triangle, square, or 
regular polygon meet in a point, which is the centre of the 
inscribed circle. 

n. The perpendiculars drawn from the middle points of the 
sides of if triangle, square, or regular polygon meet in a point, 
which is the centre of the circumscribed drde. 

IIL In the case of a square, or regular polygon the inscribed 
and circumscribed circles have a common centre. 

lY. If the circumference of a circle be divided into any 
number of equal parts, the chords joining each pair of consecu- 
tive points form a regular figure inscribed in the circle, and the 
tangents drawn through the points form a regular figure de- 
scribed about the circle. 



\x^ 
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pROPOsiTioy I. Pboblek. 

Jn a given circle to draw a chord eqaal to a given straight 
line, which ii not greater than the diameter of the circle. 




Let ABC be the given , and D the given line, not greater 
than the diameter of the . 

It is required to draw in the ® ABC a chords D, 

Draw EC, a diameter of ABC, 

Then if EC=D, what was required is done. 

But if not, EC is greater than D, From EC cut oflf EF^D, 
and with centre E and radius EF describe a AFB, cuttiog 
the ABC in A and B ; and join AE. 

Then, •/ E is the centre of AFB^ 

/,EA=:^EF, 

md ,\ EA^^D. 

Thus a chord EA equal to jD has been drawn in ABC, 

Q. E. F. 

Ex, Draw the diameter of a circle, which shall pass at a 
giren distance from a given point. 
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Proposition II. Problem. 

In a given circle to inscribe a triangle, equiangular to a given 
triangle. 




Let ABC be the given © , and DEF the given A . 

It is required to inscribe in © ABC a A , equiangular 
to A DEF. 

Draw GAH touching the © ABC at the pt. A. III. 17. 

Make z GAB=:^ l DFE, and lHAC= i DEF. I. 23. 

Join BC. Then will A ABC be the required A . 

For *.' GAH is a tangent, and AB a chord of the ©, 

.-. lACB^^iGAB, III. 32. 

that is, I ACB=^ l DFE. 

So also, z ABC= l HAC, III. 32. 

that is, z ABC= L DEF ; 

.*. remaining l £J[0=remainini:j l EDF; 

.*. A ABC is equiangular to A DEF, and it is inscribed in 
the © ABC. 

Q. E. F. 

Ex. If an equilateral triangle be inscribed m^ ^Vsdka^^^s^^ 
that ibe radiiy drawn to the ang\ibx po\iv\a»\kSa^^\» ^^ «m^s»» ^ 
the triangle. 
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Proposition III. Probleh. 

Aimii a given circle to descrihe a triangle, equiaiiguUvr to a 
given triangle. 





jr q- :e 



Let ABC be the given © , and BEF the given A . 

It is required to describe about the ® a A equiangular 
to A EDF. 

From Of the centre of the © , draw any radius OC, 

Produce EF to the pts. (?, H. 
Make z COA= l BEG, and L COB^ l DFH. I. 23. 
Through A,B,G draw tangents to the © , meeting in i, M, N, 
Then will LMN be the A required. 
For •.• ML, LNf NM are tangents to the ©, 
.'. the iB&t A, B, C are rt. z s. III. 18. 

Now z s of quadrilateral AOCM together = four rt z s. ; 
and of these z 0AM and z OCM are rt. z s ; 

.". sum of z s CO A, AMC=two rt. z s. 
But sum of z s DEGf DEF= two rt. z s ; I. 32. 

/. sum of z s CO A, AMC=Biim of z s DEC, DEF, 
and z CO A = z DEG, by construction ; 
.-. z AMC=^ L DEF ; 
that is z jDM2V= z DEF, 
Similarly, it may be shewn that z LNM— z DFE ; 
.-. also z MLN^ z JE^Dl^. 
Thus ft A , equiangular to A DEF, is described about the ® . 
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Proposition IY. Problem. 
To imcribe a cvrcle in a given triangle, 

A. 




B IS c 

Let ABC be the given A . 

It is required to inscribe a Q) vnUie L, ABC, 

Bisect I s ABC, ACB by the st. lines BO, CO, meetJhg 

in 0. I. 9. 

From draw OD, OE, 0^, ± s to AB, BC, CA. 1. 12. 

Then, in a s EBO, DBO, 

V L EBO= L DBO, and z BEO= l BDO, and OB is common, 

.-. OE=OD, I. 26. 

Similarly it may be shewn that OE=^OF. 
If then a © be described, with centre 0, and radius OD, 
this will pass through the pts. D, E, F ; 

and •.• the z s at D, ^ and F are rt. z s, 
.". AB, BC, CA are tangents to the © ; III. 16. 

and thus a © DEF may be inscribed in the A ABC. 

Q. E. F. 

Ex. 1. Shew that, if OA be drawn, it will bisect the angle 
BAC. 

Ex. 2, If a circle be inscribed in a right-angled triangle, the 
difference between the hypotenuse and the sum of the other 
sides is equal to the diameter of the circle. 

Ex. 3. Shew that, in an equilateral triangle, the centre of 
the inscribed circle is equidistant from the three angular points. 

Ex. 4. Describe a circle, touching one side of ^ ^T\askS^'ji> "«»Ss. 
the other two produced. (Note, 1Vv\a Sa ^saS^'b^ «a. «a«nfe«A. 
circle,) 
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Note. Euclid's fifth Proposition of this Book has been 
already given on page 135. 



Peoposition VI. Probleic. 
To inscribe a squa/re in a given circle. 




Let ABCD be the given ©. 

It is required to inscribe a squcvre in the Q. 

Through 0, the centre, draw the diameters AC, BD, ± to 
each other. 

Join AB, BC, CD, DA. 
Then •.• the z s at are all equal, being rt. z s, I. Post. 4. 
.'. the arcs AB, BC, CD, DA are all equal. III. 26. 

and .'. the chords AB, BC, CD, DA are all equal ; III. 29. 
and z ABC, being the z in a semicircle, is a rt. z . III. 31. 
So also the z 8 BCD, CDA, DAB are rt. z s ; 
.'. ABCD is a square, 

uDd it 18 inscribed in the aa was required. 
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Proposition VIL Problem. 
To describe a square about a given circle. 




Let ABCD be the given ©, of which is the centre. 
It is required to describe a square about (he . 

Draw the diameters AC, BD, ± to each other. 

Through A, B, C, D di-aw EF, FG, GH, HE 
touching the 0. IIL 1*;^. 

Then the z s at J., B, C, D are rt. / s. IIL 16. 

Now •.* the z s at JL, 0, are all rt. z s, 

.-. FE, BD, and GH are all |1 ; I. 27. 

and *.' the z s at £, 0, D are all rt. z s, 

.-. FG, AC, and EH are all || ; 

.-. FE aud GH each = BD, L 34. 

and FG and EH each = AC. I. 34. 

And \'BD = AC, 

/. FE, GH, FG, EH, are all equal 

Again, •.* FO is a O, 

.-. I AFB = z AOB, L 34. 

and .'. z AFB is a rt. z . 

So also the z s at 6^, H, and j^ are rt. z s. 

Hence EFGH is a square, and it is described about the 0. 

Q. E. F. 

Ex. In a given circle inscribe fowt cin^'fc^, ^ojaaS. \» <b»^^ 
oliher, and in mutual contact ml\i eam^ oV^aet «sA ^w^iQa. "Obs^ 
given circle. 
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PBOPOsinoN VIIL Problem. 
To mwnhe a circle iii a gwen square 




Let ABCD be the given sqnare. 

It is required to inscribe a Q in the square. 

Bisect ABy AD in E, F, I. 10. 

and draw EG \\ to AD or BCy and FH 11 to AB or DC. 
Let EG and FH intersect in 0. 
Then v AOis&CJ, 
.'. OE=FA and OF=EA. 1. 34. 

But •.• AB=:AD, and E, F are the middle pts. of AB, AD, 

.'.FA=^EA, 

and.-. OE=-OF. 

Similarly, it may be shewn that OG^OF, and OH=^OE, 

and .'. OE, OF, OG, OH are all equal ; 

and a © , described with centre and radius OE, 

will pass through Ej F, G, jH, 

and it will be touched by each of the sides of the square, 

•/ the isAt E, FyGy Hare rt. z s. III. 16. 

Thus a EFGH may be inscribed in the sq. ABCD. 

Q. E. F. 

Ex. 1. In what parallelograms can circles be inscribed ? 

Ex. 2. If, from any point in the circumference of a circle, 
atr^ht lines be drawn to the angular points of the inscribed 
square, the sum of the squares oiv ^Xiea^ Iwrt ^3Xi»& ^ill be 
double of the square on the diameter. 
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Proposition IX. Problem. 
To describe a circle about a given square. 




Let ABGD be the given square. 

It is required to describe a © about the square. 

Draw the diagonals AC, BD, intersecting each other in 0. 

Then \' i DAC =^ i ACD, I. a. 

and I BAC=^ alternate z ACD, I. 29. 

.\lDAC=iBAC. 

Thus the diagonal AG bisects i BAD, 

and .'. L OAB=^hsM a rt. z . 

Similarly it may be shewn that z OBA=hsM a rt. z ; 

.-. z DBA = z GAB ; 

.\dA = GB. Lb. Cor. 

Similarly it may be shewn that GG=GB, and OD^OA ; 

.'. GA, GB, GG, GD are all equal ; 

and ,•. a ©, described with centre and radius GA, will 
pass through A, B, C, D, and will be described «»bQ\s^ ^3m^ 
square^ as was required. 
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Proposition X. Problem. 
To describe an isosceles triangle^ hamng each of the angles at 
the hose double of the third angle. 




Take any st. line AB and divide it in (7, 

so that rect. AB, BC = sq. on AC, 11. 11. 

With centre A and radius AB describe the BDE, 
and in it draw the chord BD=AC; and join AD, IV. 1. 

Then will A ABI) have each of the Is at the base dovble 
of L BAD, 
Join CDy and about the A ACD describe the© JLCD. IV. 5. 
Then '.• rect. AB, BC =s(i, on AC, and BD^AC, 
,', rect. ABf BC = sq. on BD, 
and .*. BD touches the © ACD, III. 37. 

Then •/ BD touches © ACD, and DC is a chord of the © 

.-. I BDC = I CAD, III. 32. 

Add to each z CDA, 
Then z BD A =8nm of z s CAD, CDA, 

,\ L BDA = L BCD, I. 32. 

But L BDA = L CBD ; I. a. 

/. L BCD = L CBD, 

and /. BD = CD, I. a Cor. 

But BD = CA; 
,', CA = CD, 
and .-. I CDA = z CAD. I. a. 

Hence sum of z s CDA, CAD = twice z CJLD, 

.-. z £CD = twice z BAD, 1, 32. 

But z ABD and z ^D£ are each = z ^OD, 
. '. / -^jfiZ> and z ADB are eacii = tmcfc l BAD % 
aofl^ ^2»U5 an isosceles a JLBD baa "beexi de^cnVi^^ ^ ^^ 
tired, ^* "^•**" 
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Proposition XI. Problem. 
To inscribe a regular pentagon in a given circle. 




Let ABCDE be the given © . 

It is required to inscribe a regula/r pentagon in the Q. 

Make an isosceles A FGH, having each of the ib a,t G, H 
double ofzati^. 
In © ABCDE inscribe ai,AACD equiangular to A FGH, iv. 2. 

having z 8 at A, C, i>=thezs at F, G, H, respectively. 

Then z ^DO=twice i DAG, and z ^aD=twice z DAC. 

Bisect the z s ADC, AQDhj the chords DB, CE. 
Join AB, BC, DE, EA. 
Then will ABCDE be a regular pentagon. 
For •.* z s ADC, ACD are each=twice z DAC, 
and z s ADC, ACD are bisected by DB, CE, 
.-. z s ^D5, 5D0, DAC, ECD, ACE, are all equal ; 
and .-. arcs AB, BC, CD, DE, EA are all equal ; III. 26. 
and .-. chords AB, BC, CD, DE, EA are all equal. III. 29. 
Hence, the pentagon ABCDE is equilateraL 
Again, '.• arc CD=arc AB, 
adding to each arc AED, we have 
arc AEDC^axc BAED, 
and .-. z ABC= z BCD. III. 27. 

Similarly, z s CDE, DEA, EAB each= z ABC. 

Hence, the pentagon ABCDE is equiangular. 
Thus a regular pentagon has been inscribed in. th:^ ^ . 

Ex. Shew that CE is parallel to B A. 
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Proposition XII. Problem. 



To describe a reguUvr perUagon about a given circle. 




Let ABODE be the given © . 
li is required to describe a regvla/r perUagon about the . 

Let the angular pts. of a regular pentagon inscribed in the 
be at A, B, C, D, E, 

so that the arcs AB, BC, CD, DE, MA are all equal 

Through A, B, C, D, E draw GH, HK, KL, LM, MG 

tangents to the ; 

take the centre 0, and join OB, OK, 00, OL, OD. 

ThenmAsOJSZ, OCK, 

'.• OB^OC, and OX is common, and KB=KG, 

L E. Cor. 

.-. / BKO^ L CKO, and i BOK=- i GOK, 
that is, I BKO'^ twice l OKO, and z ^0C= twice z COK. 
So also, z I>ZO= twice i CLO, and l DOC=Wks» l COL, 
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Now •.' arc jBC-^arc CD, 

/. L BOQ^ L DOC, 

and .-. I COK^ L COL. 

Hence in as OCK, OCL, 

%• A COK'^ L COL, and rt z OCX-rt. z OCL, and OC ia 
common^ 

/. z CKO^ L CLO, and OK^CL, I. a 

and .-. z HKL^' z ML^, and ZL=3twice KC. 

Similarly it may be shewn that z s KHG, MOM, OML each 
= z HKL, 

.'. the pentagon OMKLM is equiangular. 

And since it has been shewn that £L~ twice KC^ 

and it can be shewn that ^J^s twice KB, 

and •.• KB=KC, I. E. Cor. 

.-. HK^KL. 

In like manner it may be shewn that KO, OM, ML, each 
^KL, 

.*. the pentagon GHKLM is equilateral 

Thus a regular pentagon has been described about the 0. 

Q. B. F. 
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PBOFoemos XTTT. Problem. 
To ijueribe a circle in a ^ven regular pentagon. 




Let ABODE be the gi^en regolar pentagon. 

It is required to inscribe a® in the pentagon, 

Buect L 8 BQB^ CDE by the st. lines CO, DO, meeting in 0. 

Join OB, OA, OE. 

Then, in AS £00, DCO, 

•/ BC^DC, and CO is common, and z J500= z DCO, 

.'. L OBC= L ODC, I. 4. 

Then, •/ l ABC^ l CDE, Hyp. 

and I ODJ^=twice z ODC, 

.'. L ^-B0= twice L OBC. 

Hence OB bisects z ABC. 

In the same way we can shew that OA, OE bisect 

the I s BAE, AED, 

Draw OF, OG, OH, OK, OXx to AB, BC, CD, DE, EA. 

Then, in AS 000, HOO, 

•/ z OCO^ z HOO, and z 000= z 05^0, 

and OC is common^ 

.'.OG=^OH, 1.26. 

So also it may be shewn that OF, OL, OK are 
each=:OOor OH; 
/. OF, OG, OH, OK, OL are all equal. 
Ilcnce a described with centre and radius OF 
will pass through G, H, K, L, 
and will touch the sides of the pentagon, 
•/ the z 8 at JP, a, H, K, L ate^ iV.. l ^ IIL 16. 
Thua a will bo inscribed vti ^l^e ^«itiV»^^\i. ci. ^ -t, 
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Proposition XIV. Problem. 
To describe a circle ahovi a gi/ven regvla/r p€ntag(m. 




Let ABCDE be the given regular pentagon. 

It is required to describe a about the penta^fon. 

Bisect the z s BCD, CDE by the st. lines CO, DO, meeting 
tnO. 

Join OB, OA, OE, 
Then it may be shewn, as in the preceding Proposition, that 
OB, OA, OE bisect the i s CBA, BAE, AED. 
And ••• I BCD= i CDE, 
and I OCD=half z BCD, and z Oi)C=half z CD^, 

/. z OCD= L ODC, 

and.-. Oi)= 00. 

In the same way we may shew that OB, OA, OE 

each= OD or OC ; 
/. OA, OB, OC, OD, OE are all equal, 

and a © described with centre O and radius OA will pass 
through B, C, D, E, 

and will be described about the pentagon. 
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Profosttiok XY. Pbobldi. 
To VMcnbt a regular hexagcn in a ^wn eirde. 

A 




L32. 



L la 



Let ABCDEF be the given , of which O is the centre. 
It is required to inscribe a regular hexagon in Ihe 0. 

Draw the diameter AOD, 
and with centre D and radius DO describe a EOCG 
Join EOf COf and produce them to B and F, 
Join AB, BC, CD, DE, EF, FA. 
Then •/ is the centre of © ACE, .\ OE=OD ; 
and ••• D is the centre of GCE, /. OD=DE ; 

.*. OED ia an equilateral A , 
and /. z ^OD=the third part of two rt z s. 
So also z D0(7= the third part of two rt z s, 
and .'. z 50(7= the third part of two rt z s. 
Thus z s EODy DOC, BOC are all equal ; 
and to these the vertically opposite z s BOA, AOF, FOE 
are equal ; I. 15. 

/. z 8 AOB, BOG, COD, DOE, EOF, FOA, are aU equal, 
and .-. arcs AB, BC, CD, DE, EF, ^J are all equal 

III. 26. 
and .% chords AB, BC, CD, DE, EF, FA are all equal 

III. 29. 

Thus the hexagon ABCDEF is equilateral 

Also *.* each of its z s= two-thirds of two rt. z s, 
. '. the hexagon ABCDEF is e(\ui&ngular. 
TTitJs a regular hexagon baa "been inacnJoft^VsiVJaa ($j . 
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Proposition XVL Problem. 
To inscribe a regtdar quindecagon in a given oireU, 




Let ABC be the given . 
It is required to inscribe in the ® a regula/r quindeca>gon. 

Let AB be the side of an equilateral A inscribed in the , 

IV. 2. 

and AD the side of a regular pentagon inscribed in the 0. 

IV. 11. 

Then of such equal parts as the whole Ooe ABC contains 
fifteen, 

arc ADB must contain five, 

and arc AD must contain three, 

and .*. arc DB, their difference, must contain two. 

Bisect arc DB in E. IIL 30. 

Then arcs DE, EB are each the fifteenth part of the whole 
Oce. 

If then chords DE, EB be drawn, 

and chords equal to them be placed all round the Oce, IV. 1. 

a regular quindecagon wiU be Vobcx^^ycl Vki^ <S> « 
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Miteenatuout Exercises on Book IV. 

L The perpendiculars let £dl on the sides of an equilateral 
triangle from the centre of the circle, described about the 
triangle, are equal 

2. Inscribe a circle in a given regular octagon. 

3. Shew that in the diagram of Prop. X. there is a second 
triangle, which has each of two of its angles double of the third. 

4. Describe a circle about a given rectangle. 

5. Shew that the diameter of the circle which is described 
about an isosceles triangle, which has its vertical angle double 
of either of the angles at the base, is equal to the base of 
the triangle. 

6. The side of the equilateral triangle, described about a 
circle, is double of the side of the equilateral triangle, inscribed 
in the cirde. 

7. A quadrilateral figure may have a circle described about 
it, if the rectangles contained by the segments of the diagonals 
be equal 

8. The square on the side of an equilateral triangle, inscribed 
in a circle, is triple of the square on the side of the regular 
hexagon, inscribed in the same circle. 

9. Inscribe a circle in a given rhombus. 

10. ABO is an equilateral triangle inscribed in a circle ; 
tangents to the circle at A and B meet in M, Shew that a 
rliameter drawn from M bisects the angle AMB, and is itself 
trisected by the circumference. 

11. Compare the areas of two regular hexagons, one in- 
scribed in, the other described about, a given cirde. 

12. Inscribe a square in a given semicircle. 

IS, A drole being given, describe six other circles, each of 
^I?em equal to it, and in contact witk e&.<^ oiO^i^T «xi^ ^ni^vXi^ 
ifl'ren circle. 
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14. Given the angles of a triangle, and the perpendiculars 
from any point on the three sides, construct the triangle. 

15. Having given the radius of a circle, determine its centre, 
when the circle touches two given lines, which are not parallel. 

16. If the distance between the centres of two circles, which 
cut one another at right angles, is equal to twice one of the 
radii, the common chord is the side of the regular hexagon, 
inscribed in one of the circles, and the side of the equilateral 
triangle, inscribed in the other. 

17. Construct a square, having given the sum, or the differ- 
ence, of the diagonal and the side. 

18. If from 0, the centre of the circle inscribed in a triangle 
ABC, OB, OE, OF be drawn perpendicular to the sides BC, 
CA, ABy respectively, and from any point P in OP, drawn 
parallel to AB, perpendiculars PQ, PB be drawn upon OD 
and OE respectively, or these produced, shew that the triangle 
QBO is equiangular to the triangle ABC 
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Euclid Papers set m the Mathematical Tripos at Cambridge 

from 1848 to 1872. 



QuEsnoKS arising oat of the Propositions, to which they 
are attached, have been proposed in the Euclid Papers to 
Candidates for Mathematical Honours since the year 1848. 

A complete set of these questions, so far as they refer to 
Books I.-IV., is here given. The figures preceding each question 
denote the particular Proposition to which the question was 
attached. It is expected that the solution of each question is 
to be obtained mainly by using the Proposition which precedes 
it, and that no Proposition which comes later in Euclid's order 
should be assumed. 

Of some of the question}^ here given we have already made 
use in the preceding pages. As examples^ however, of what 
has been hitherto expected of Candidates for Honours, and in 
order to keep the series of Papers complete, we have not 
hesitated to repeat them. 

1848. L 0. How does it appear that the two triangles are 

equiangular and equal to each other 1 

I. 34. If the two diagonals be drawn, shew that a 
paraT^logram will be divided into four equal 
parts. In what case will the diagonal bisect 
the angle of parallelogram ? 

III. 15. Shew that all equal straight lines in a circle 
will be touched by another circle. 

m. 20. If two straight lines AEB, CED in a circle 
intersect in E, the angles subtended hj AG 
and BD at the centre are together double of 
the angle AEO. 
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1849. L 1. £7 a method similar to that used in this pro- 

blem, describe on a given finite straight line 
an isosceles triangle, the sides of which shall 
be each equal to twice the base. 

n. 11. Shew that in Eadid's figure four other lines 
beside the given line, are divided in the re- 
quired manner. 

IV. 4. Describe a circle touching one side of a triangle 
and the produced parts of the other two. 

1850. I. 34. If the opposite sides, or the opposite angles, of 

any quadrilateral figure be equal, or if its 
diagonals bisect each other, the quadrilateral 
is a parallelogram. 

II. 14. Given a square, and one side of a rectangle 
which is equal to the square, find the other 
side. 

III. 31. The greatest rectangle that can be inscribed in 

a circle is a square. 

iiL 34. Divide a circle into two segments such that the 
angle in one of them shall be five times the 
angle in the other. 

IV. 10. Shew that the base of the triangle is equal to 

the side of a regular pentagon inscribed in the 
smaller circle of the figure. 

1851. I. 38. Let ABC^ ABB^ be two equal triangles, upon 

the same base AB and on opposite sides of 
it : join CD, meeting AB in E : shew that 
CE is equal to ED. 

1. 47. If ABC be a triangle, whose angle ^ is a right 
angle, and BE, CF be drawn bisecting the 
opposite sides respectively, shew that four 
times the sum of the squares on BE and CF 
is equal to five times the square on BC, 

m. 22. If a polygon of an even number of sides be in- 
scribed in a circle, the sum of the oltfiir&sj^i^ 
angles together mtk \wo tv?!cA» «ws^^s^Na»^«??5^ 
to af^many right «ng\ea ^VJDL<fe^i«i»^\ia&^v^^ 
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1851. lY. 16. In a given circle inscribe a triangle, whose 

angles are as the numbers % 5 and 8. 

1852. L 42. Divide a triangle by two straight lines into 

three parts, which, when properly arranged, 
shall form a parallelogram whose angles are 
of given magnitude. 

IT. 12. Triangles are described on the same base and 
having the difference of the squares on the 
other sides constant : shew that the vertex of 
any triangle is in one or other of two fixed 
straight lines. 

IV. 3. Two equilateral triangles are described about 
the same circle : shew that their intersections 
will form a hexagon equilateral, but not gene- 
rally equiangular. 
1853. 1. £. Cor. If lines be drawn through the extremities of the 

base of an isosceles triangle, making angles 
with it, on the side remote from the vertex, 
each equal to one third of one of the equal 
angles, and meeting the sides produced, prove 
that three of the triangles thus formed are 
isosceles. 
L 29. Through two given points draw two lines, form- 
ing with a line, given in position, an equi- 
lateral triangle. 

n. 11. In the figure, if jBT be the point of division of 
the given line AB^ and DA be the side of the 
square which is bisected in E and produced 
to Jp*, and if DjBT be produced to meet B^ in 
X, prove that DL is perpendicular to Bl^, and 
is divided by BE similarly to the given line. 

nL 32. Through a given point without a circle draw a 
chord such that the difference of the angles 
in the two segments, into which it divides the 
circle, may be equal to a given angle. 

HI. 36.' From a given point as centre describe a circle cut- 
ting a given line in two points, so that the rect- 
angle contained \>y t\ieir di&\«iic«&ixQ»Ti\.^^ed 
point in the lineTnay\>e e<\vx»X^*i©:^«s^^^«^«» 
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)4. I. 43. If j^ be the common angular point of the paral- 
lelograms about the diameter, and BD the 
other diameter, the difference of the paral- 
lelograms is equal to twice the triangle BKD. 

II. 11. Produce a given straight line to a point such 

that the rectangle contained by the whole 
line thus produced and the part produced 
shall be equal to the square on the given 
straight line. 

III. 22. If the opposite sides of the quadrilateral be pro- 
duced to meet in P, Q, and about the tri- 
angles so formed without the quadrilateral 
circles be described meeting again in 22, shew 
that P, 22, Q will be in one straight line. 

rv. 10. Upon a given straight line, as base, describe an 
isosceles triangle having the third angle 
treble of each of the angles at the base. 

55. I. 20. Prove that the sum of the distances of any point 
from the three angles of a triangle is greater 
than half the perimeter of the triangle. 

I. 47. If a line be drawn parallel to the hypotenuse 

of a right-angled triangle, and each of the 
acute angles be joined with the points where 
this line intersects the sides respectively oppo- 
site to them, the squares on the joining lines 
are together equal to the squares on the hypo- 
tenuse and on the line drawn parallel to it. 

II. 9. Divide a given straight line into two parts, such 

that the square on one of them may be 
double of the square on the other, without 
employing the Sixth Book. 

III. 27. If any number of triangles, upon the same base 

BO^ and on the same side of it, have their 
vertical angles equal, and perpendiculars 
meeting in 2) be drawn from B, C upon the . 
opposite sides, find the l<yc>w& c^l B^ %s^^ ^So»« 
that aU the Imea ^\a(i\i\s»w*. VSda \fia!s^^1S\i^ 
pass through, the Bam<& -^DOvaX*. 
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855. lY. 4. If the circle inscribed in a triangle ABO tench 

the sides AB^ ACva. the points D, Ey and a 
straight line be drawn from A to the centre 
of the circle, meeting the circumference in Qy 
shew that Q is the centre of the circle in- 
scribed in the triangle ADB, 

856. I. 34. Of all parallelograms, which can be formed with 

diameters of given /lengthy the rhombus is 
the greatest. 
IL 12. If ABy one of the equal sides of an isosceles 
triangle ABOy be produced beyond the base 
to D, so that BD^^AB, shew that the square 
on CD is equal to the square on AB together 
with twice the square on BC. 

lY. 15. Shew how to derive the hexagon from an equi- 
lateral triangle inscribed in the circle, and 
from this construction sh^w that the side of 
the hexagon equals the radius of the circle, 
and that the hexagon is double of the tri- 
angle. 

.857. I. 35. ABC is an isosceles triangle, of which J. is the 

vertex: AB, AC are bisected in D and E 
respectively ; BE, CD intersect in F : shew 
that the triangle ADE is equal to three times 
the triangle DEF. 

XL 13. The base of a triangle is given, and is bisected 
by the centre of a given circle, the circum- 
ference of which is the locus of the vertex : 
prove that the sum of the squares on the two 
sides of the triangle is invariable. 

ni. 22. Prove that the sum of the angles in the four 
segments of the circle, exterior to the quadri- 
lateral, is 'equal to six right angles. 

IV. 4. Circles are inscribed in the two triangles formed 
by drawing a perpendicular from an angle of 
a triangle upon the opposite side, and analo- 
gous circles ore de&cribed in relation to the 
two other like peipeii'di<cQ\as& \ \ftaH^^(^\»V^% 
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sum of the diameters of the six circles toge- 
ther with the sum of the sides of the original 
triangle is equal to twice the sum of the three 
perpendiculars. 

L 28. Assuming as an alxiom that two straight lines 
cannot both be parallel to the same straight 
line, deduce Euclid's sixth postulate as a 
corollary of the proposition referred to. 

IL 7. Produce a given straight line, so that the sum 
of the squares on the given line and the part 
produced may be equal to twice the rectangle 
contained by the whole line thus produced and 
the produced part. 

nL 19. Describe a circle, which shall touch a given 
straight line at a given point and bisect the 
circumference of a given circle. 

L 41. Trisect a parallelogram by straight 'lines drawn 
from one of its angular points. 

IL 13. Prove that, in any quadrilateral, the squares 
on the diagonals are together equal to four 
times the sum of the squares on the straight 
lines joining the middle points of opposite 
sides. 

III. 31. Two equal circles touch each other externally, 
and through the point of contact chords aie 
drawn, one to each circle, at right angles to 
each other : prove that the straight line, 
joining the other extremities of these chords, 
is equal and parallel to the straight line 
joining the centres of the circles. 

IV. 4. Triangles are constructed on the same base with 
equal vertical angles : prove that the locus 
of the centres of the escribed circles, each of 
which touches one of the sides externally 
and the other side and base produced, is an 
arc of a circle, the centre of which is on the 
circumferen^ of tb© cix<^<b ^sa<soxQa«sc^\si.sj^'^fi^ 
tiiaAgles. 
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186a L 15. If a stnig^ fine DM7 be diawn through the 

middle point M of the bese BC of a triangle 
ABC^ 80 as to cot off equal parts AJ)^ AB 
from the sidee AB^ AC^ prodaoed if neoes- 
saiy, respectiYdj, thrai ehaU BD be equal to 
CK 

n. 14. Shew how to oonstnict a rectangle whidi shall 
be equal to a given aqnaie ; (1) when the 
som, and (2) when the difference of two ad- 
jacent sides is given. 

in. 36. If two diords AB^ AC be drawn from any piunt 
^ of a ciide, and be produced to 2> and J?, 
so that the rectangle ACy AJS is equal to the 
rectangle AB^ AJD^ then, if be the centre 
of the ciide, AOib perpendicular to DE. 

iv. 10. If J. be the vertex, and BD the base of the 
constrocted triangle, D being one of the points 
of intersection of the two circles employed in 
the constniction, and B the other, and JJE 
be drawn meeting BD produced in F, prove 
that FAB is another isosceles triangle of the 
same kind. 

1861. L 32. If ABC be a triangle, in which C is a right 

angle, shew how, by means of Book L, to 
draw a straight line parallel to a given 
straight line so as to be terminated by CA 
and CB and bisected by AB, 

IL 13. If ABC be a triangle, in which is a right 
angle, and DE be drawn from a point D in 
AC B.t right angles to AB, prove, without 
using Book III., that the rectangles AB, AE 
and ACf AD will be equal 

III. 32. Two circles intersect in A and B, and CBD is 
drawn perpendicular to AB to meet the 
circles in C and D ; if EAF bisect either the 
interior or exterior angle between CA and 
DA, prove that the tenants to the circles at 
Fl and F intenect m & '^omXi oii AB -^^t^^isysML 



ka L to IV.] SENA TE-HO USE RIDERS. 205 

il. lY. 4. Describe a circle touching the side BO of the 
triangle ABOy and the other two sides pro- 
duced, and prove that the distance between 
the points of contact of the side BG with the 
inscribed circle, and the latter circle, is equal 
to the difference between the sides AB and 
AC. 

2. I. 4. Upon the sides AB, BC, and CD of a parallelo- 

gram ABCD, three equilateral triangles are 
described, that on BC towards the same parts 
as the parallelogram, and those on AB^ CD 
towards the opposite parts. Prove that the 
distances of the vertices of the triangles on 
ABy CD, from that on BC, are respectively 
equal to the two diagonals of the parallelo- 
gram. 

lu. 10. Divide a given straight line into two parts, so 
that the squares on the whole line and on 
one of the parts may be together double of 
the square on the other part 

iiL 28. A triangle is turned about its vertex, until one 
of the sides intersecting in that vertex is in 
the same straight line as the other previously 
was : prove that the line, joining the vertex 
with the point of intersection of the two 
positions of the base, produced if necessary, 
bisects the angle between these two positions. 

IV. 10. Prove that the smaller of the two circles, em- 
ployed in Euclid's construction, is equal to 
the circle described about the required tri- 
angle. 

3. I. 47. Two triangles ABC, A'BfC have their sides 

respectively parallel BB^^ CCi are drawn 
perpendicular to B^C; CC^ AA^ to CA'; and 
AA^ BBz to J.'B'. Prove that the sum of the 
squares on ABi, BC^, CA, together, is equal 
to the sum of those on ACi, B A^ CB^Xa.^^^^* 
TL 11. Divide a given straight Ivn^ VxiU> tvo ^imN&,«^<2^ 
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that the lectoii^ oonlaiiied by tbe wlide and 
one part msjr be equal to that contained \rj 
the other part and a given stiai^t line. 

1863. HL 28. Two eqnal drdes intersect in ^, jB ; FQT 

perpendicular to AB meets it in T, and tiie 
drdes in P, Q. AP, BQ meet in £ ; ^Q, 
BP in 8 : prove than the an^ BTS h bi- 
sected by TP. 

1864. L 38. If a quadrilateral figure have two sides parallel, 

and the parallel sides be bisected, the lines 
joining the points of bisection shall pass 
throu^ the point in which the diagonals cat 
one another. 

IL 14. Divide a given straight line (when possible) 
into three ports such that the rectangle con- 
tained by two of them shall be equal to a 
given rectilineal figure, and that the squares 
on these two parts shall together be equal to 
the square on the third. 

m. 36. If from a given point A without a given drde 
any two straight lines APQ, ABSy be drawn, 
making equal angles with the diameter whidi 
passes through A, and cutting the circle in 
P, Q, and B, 8, respectively, then P8, QB^ 
shall cut one another in a given point. 

IT. 11. If a figure of any odd number of sides have all 
its angular points on the same drde, and all 
its angles equal, then shall its sides be equal 

1865. L 20. Give a geometrical construction for finding a 

point in a given straight line, the difference of 
the distances of which from two given points 
on the same side of the line shall be the 
greatest possible. 

II. 12. The base BC of an isosceles triangle ABC u 
produced to a point D ; AD is joined, and in 
AD a point B is taken, such that the rect- 
angle ADy AE,\a ec\vxa\\»o^<fe ^o^^feoa. either 
of the equal aides AB, AC, cil Vlti^ \sMasi^^\ 
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prove that the rectangle BDy CD is equal to 
the rectangle AD, ED, 

365. III. 18. A given straight line is drawn at right angles 

to the straight line joining the centres of two 
given circles : prove that the difference be- 
tween the squares on two tangents drawn, 
one to each circle, from any point on the 
given straight line, is constant. 

IV. 5. Having given one side of a triangle, and the 
centre of the circumscribed circle, determine 
the locus of the centre of the inscribed circle. 

B66. I. 33. Prove that a quadrilateral, which has two op- 
posite sides and two opposite obtuse angles 
equal, is a parallelogram. 

Shew that the figure is not necessarily a paral- 
lelogram, if the equal angles are acute. 

IL 9. Prove this also by superposition of the squares 
or their halves. 

iiL 22. If four circles be drawn, each passing through 
three out of four given points, the angle be- 
tween the tangents at the intersection of two 
of the circles is equal to the angle between 
the tangents at the intersection of the other 
two circles. 

IV. 2. In a given circle inscribe a triangle such that 
two of the sides of the triangle shall pass 
through given points and the third side be at 
a given distance from the centre of the given 
circle. 

867. I. 16. Any two exterior angles of a triangle are together 

greater than two right angles. 

L 43. What is the greatest value which these comple- 
ments, for a given parallelogram, can have ? 

IL II. Divide a given straight line into two parts such 
that the squares on the whole line «.i^6^ ^\^.«sq& 
of the parts shall "be to^^bVJast ^wsNS^^ ^'^ *^ 
square on the -otbex paxt. 
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57. UL 22. If the chords, which bisect two angles of a 
triangle inscribed in a circle, be equal, prove 
that either the angles are equal, or the third 
angle is equal to the angle of an equilateral 
triangle. 

68. I. 41. OKBM and OLDN are parallelograms about 

the diameter of a paraUelogram ABCD. In 
MNy which is parallel to BA, take any point 
P and proye that, if PC, produced if neces- 
sary, meet KL in Q, BP wiU be parallel 
to DQ. 

II. 12. In a triangle ABC, D, E, F are the middle 
points of the sides BC, CA, AB respectively, 
and JST, X, itf are the feet of the perpendi- 
culars on the same sides from the opposite 
angles. Prove that the greatest of the rect- 
angles contained by BC and DK, CA and 
EL, AB and EM, is equal to the sum of the 
other two. 

III. 35. Through a point within a circle, draw a chord, 
such that the rectangle contained by the whole 
chord and one part may be equal to a given 
square. 

Determine the necessary limits to the magni- 
tude of this square. 

IV. 4. If two triangles ABC, A'B^C be inscribed in 
the same circle, so that AA^ BBf CO meet 
in one point 0, prove that, if be the centre 
of the inscribed circle of one of the triangles, 
it will be the centre of the perpendiculars of 
the other. 

69. I. 40. ABC is a triangle, E and E are two points ; if 

the sum of the triangles ABE and BCE be 
equal to the sum of the triangles ABE and 
jBCF, then under certain conditions EE will 
be parallel \jo AC Find these conditions, 
and determine wben \>Vv« diS«cen.ce instead of 
i^% sum of the triang|LoB tQ»a\.'\» \»^«ii. 
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)9. II. 11. Shew that the point of section lies between the 
extremities of the line. 
III. 33. An acute-angled triangle ig inscribed in a 
circle, and the paper is folded along each of 
the sides of the triangle : Shew that the 
circumferences of the three segments will pass 
through the same point. State the equivalent 
proposition for an obtuse-angled triangle, 
iv. 11. Shew that the circles, each of which touches 
two sides of a regular pentagon at the ex- 
tremities of a third, meet in a point. 

ro. I. 26. ABCD is a square and E a point in BG \ a 
straight line EF is drawn at right angles to 
AE, and meets the straight line, which bisects 
the angle between CD and BC produced in a 
point F : prove that AE is equal to EF. 
n. 9. The diagonals of a quadrilateral meet in E, and 
F is the middle point of the straight line 
joining the middle points of the diagonals : 
prove that the sum of the squares on the 
straight lines joining E to the angular points 
of the quadrilateral is greater than the sum of 
the squares on the straight lines joining F to 
the same points by four times the square 
on EF. 
nu 32. AB, CD are parallel diameters of two circles, 
and J[(7cuts the circles in P, Q : prove that 
the tangents to the circles at P, Q are parallel 
nr. 10. Hence shew how to describe an equilateral 
and equiangular pentagon about a circle with- 
out first inscribing one. 

1\, I. 38. Through the angular points A, P, G, of a 
triangle are drawn tluree parallel straight lines 
meeting the opposite sides in A\ Bfy (/re- 
spectively : prove that the triangles ABfO^ 
BCA'y GA'B' are all equal 
II. 10. Produce a given straight line so that the square 
on the whole liaft tova ^rt^iftsxR.^^ ^nisc^ >^ 
double the squat© on \3aft \as\. ^xQ^^^Rft^ 

15 
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1871. m. 82. The opposite tides of a qiisdrilatenil inscribed 

in a drcle are prodaoed to meet in P, Q, snd 
about the four triangles thus formed circks 
are desmbed : prove that the tangents to these 
circles at P and Q form a quadrilateral equal 
in all respects to the oiigina], and that the 
line joining the centres of the circles^ about 
the two qnadrilaterals, bisects PQ. 

IT. 5. A triangle is insmbed in a given circle so as 
to have its centre of perpendiculars at a given 
point : prove that the middle points of its 
sides lie on a fixed circle. 

1872. I. 47 If CEy BD be the squares described npon the 

side ACy and the hypotennse ABy and if 
BBy CD intersect in F, prove that AF In- 
sects the angle .EFD. 
u. 14. If the given rectilineal figore be that of Euclid L 
47, shew how to determine the required 
»(\uare graphically. 

lu. 22. Two cirdes intersect inAyB: PAP', Q-^Qf vn 
drawn equally inclined to AB to meet the 
circles in P, P', ft ^ : prove that PP' is 
equal to QQ^. 

TV, 4. Having given an angular point of a triangle^ the 
circumscribed circle, and the centre of the in- 
scribed circle, construct the trian^ 



BOOK V. 

SECTION f. 
On Multiples and Equimultiples. 

Det. I. A ORBATSB magnitude is a MuUipU of a less magni- 
tnde^ when the greater contains the less an exact number 
of times. 

Def. II. A LESS magnitude is a Sub-multiple of a greater 
magnitude, when the less is contained an exact number of 
times in the greater. 

These definitions are applicable not merely to Geometrical 
magnitudes, such as Lines, Angles, and Triangles ; but also to 
such as are included in the ordinary sense of the word Magni- 
tude, that is, anything which is made up of parts like itself, 
such as a Distance, a Weighty or a Sum of Money. 

Postulate. 

Any one magnitude being given, let it be granted that any 
number of other magnitudes may be found, each of which is 
equal to the first 

Method of Notation. 

Let A represent a magnitude, not as one of the letters used 
in Algebra to represent the measure of a magnitude, but let A 
stand for the magnitude itself. Thus, if we t^^g^xd. A «]^ ><s^^^ 
sentin^ a weight, we mean, not tine wu/nibw ^l ^\«^^ ^i«^ 
tamed in the weight, but the weight itfteAL 
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Let the words Ay B togeUier represent the magnitude obtained 
by putting the magnitude B to the magnitude A, 

Let Af A together be abbreviated into 2 A, 

A, A, A together 3^, 

and so on. 

Let A, A repeated m times be denoted by mA, 

m standing for a whole number. 

Let mA, mA repeated n times be denoted by nmA, 

where n/m stands for the arithmetical product of the tbhole 
numbers n and m. 

Let (m+n) A stand for the magnitude obtained by putting 
nA to mA, m and n standing for whole numbers. 

These, and these only, are the symbols by which we propose 
to shorten and simplify the proofs of this Book : capital 
letters standing, in all cases, for m^agrdtudes ; and small letters 
standing for whole numbers. 

Scales of Multiples. 

By taking a number of magnitudes each equal to A, and 

putting two, three, four of them together, we obtain a set 

of magnitudes, depending upon A, and all known when A is 
known; namely, 

A, 2A, ZA, AA, 5A and so on ; 

each being obtained by putting A to the preceding one. 

This we call the Scale op Multiples of A. 

If m be a whole number, mA and mB are called Egxii- 
multiples of A and B, or, the samie multiples of A and B 
respectively. 

Axioms. 

1. Equimultiples of the same, or of equal magnitudes, are 
equal ijp one another. 

£. Those magnitudes, of wbic\i t\ie wwKve, ot ^c^^tmm^- 
^es are eqiimuiltiples, are equal to owe wv^'O^ex. 
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3. A multiple of a greater magnitude is greater than the 
same multiple of a less. 

4. That magnitude, of which a multiple is greater than the 
same multiple of another, is greater than that other magni- 
tude. 

Note 1. If ^ and B be two commensurable magnitudes^ it 
is easy to show that there is %om^ multiple of A^ which is 
equal to %omt multiple of B, 

For let itf be a common measure of A and B\ then the 
scale of multiples of iljf is 

M, 2M, 33f, 

Now QfM of the multiples in this scale, suppose |>3f, is equal to Ay 
and <yM suppose qMy B, 

Hence the multiple qpM is equal to <iAy Y. Ax. 1. 

and the same midtiple is equal to 'gB\ 
and therefore qA = 'pB. I. Ax. L 



Proposition I. (Eucl. v. 1.) 

If any rvwmber of magnitudes be equvrmiltiples of as many, 
each of each ; whatever m/ultiple any one of them is of its sub- 
muUipley the same multiple must all Ihef/rst Tuagnitudes, taJcen 
together, be of all the other, taJcen together. 

Let A be the same multiple of C that ^ is of D. 
Then must A, B together be the same multiple of G, D toge&ier 
that A is of C. 

Let A 'sx C, C, G. repeated m times. 

Then B = D,D,D repeated m times. 

.'. A,B together = G,D; G,D; G,D; repeated m times. 

.\ A, B together is the same multiple of G, D together that 
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PEOPOsmoK n. (End. v. SL) 

If Uiefint he (he same multiple of the second thai the third ti 
of the fourthy and the fifth the same multiple of (%« tecond that 
the sixth is of the fourth ; the first together with (he fifth must ht 
the same multiple of the second, that the third together wiO^ the 
sixth is of the fourth. 

Let Ay By Cy Dy Ey Fhe six magnitades, sach that 
A is the same multiple of By that is of D, and 
E is the same multiple of B, that JP is of D. 
Then must Ay E together he the same mMUiple of B, 
thatCyF together is of D. 

Let A = By By By repeated m times ; 

then C a DyDyDy repeated m times. 

Also, let E ^ ByBy By repeated n times ; 

then #Bs DyDyDy repeated n times. 

.'. Ay E together = B, By B, repeated m+n times, 

and Cy F together = DyDyDy repeated m+n times. 

.'. Ay E together is the same multiple of By 
that Cy F together is of D. 

Q.B.I>. 

Propositiow in. (Edcl t. 3.) 

If thefWst he the same multiple of the second that Uie third 
is of the fourth ; and if of the first and third there he taken 
eqwim/uUipleSy these WAist he eqwm/uUipleSy the one of the teoondy 
<md the other of the fourth. 

Let A be the same multiple of B that (7 is of D ; 
and let E and F be taken equimultiples of A and C 
Then must E and F he equimultiples of B and D. 

For let A ^ By By repeated m times»mB ; 

then = jD, Dy repeated m timess=ml>. 

Again, let ^= -4, Ay repeated n times ; 

then F = Cy Cy repeated n times. 

.*. E = mBy mBy repeated n timessnmJB ; 

andi'^ = mD, mD, repeated n times«nm/>. 

•'. iT is the same multipVe oi £ t\\a.\> F ^& of D. 
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SECTION II. 

On Ratio and Proportion, 

Def. III. If A and B be magnitudes of the same kind, the 
relative greatness of A with respect to J? is called the ratio of 
A\XiB. 

Note 2. When A and B are wiwmmiwrahUy we can estimate 
their relative greatness by considering what multiples they are 
of some common standard. But as this method is not appli- 
cable when A and B are incommensurable, we have to adopt 
a more general method, applicable both to conmiensurable and 
incommensurable magnitudes. 

If A and B be magnitudes of the same kind, oommensorable 
or incommensurable, the scale of multiples of ^ is 

J[, 2J....m.i, (m+l)-4....2m-4, (2m+l)-4...3mil...nm^... 

and the Ratio of £ to ^ is estimated by considenng the posi- 
tion which jB, or some multiple of By occupies among the 
multiples of A, 

If A and B be commensurable, a multiple of B can be found, 
such that it would occupy ^ same place among the multiples 
of A, which is occupied by some one of the multiples of A ; 
that is, this particular multiple of B represents the same 
magnitude as that, which is represented by s(mie one of the 
multiples of A, See Note 1, p. 213. 

If, for example, the 7th multiple in the scale of B represents 
the same magnitude as that which is represented by the 5th 
multiple in the scale of A, or in other words, i£ 7B = 5A^nr<^ 
are enabled to form an exact notion oi VNv!^ \g(i^»Xsv<^»9^ ^ ^ 
relatively to A. 



2i6 EUCLliys ELEMENTS. [Book ¥. 

When A and £ ore ineomniensaioUe, the reUtion vLA,—nB 
con hare no existence ; that is, no pair of nmltiplefly one in 
each of the scales of multiples of A and JB, represent the same 
magnitade. Bat we can always determine whether a fa/r- 
ticular moltiple of £ be greater or less than some one of the 
multiples of A ; that is, we can always find between what two 
suocessiye multiples of A any given multiple of B liesL 

Hence, whether A and B be conmiensuroble or incommen- 
surable, we can always form a third scale, in whidi the 
multiples of £ are distributed among the multiples of A. 

Suppose, for example, we discover the following relotJons 
between particular multiples of A and B : 

B greater than A and less than 2^ 
2£ greater than 3 A and less than 4ji, 
SB greater than 5 A and less than 6Af 

and so on ; the Ihird scale will commence thus 

A, B, 2A, 3A, 25, 4^, bA, ZB, 6A, 

and so on ; the scale not being formed by any law, but con- 
structed by special calculations for each term. 

Such a scale we call the Scale of Belatioit of A and B, 
and we give the following Defikition : — 

The Scale of Belation of two magnitudes of the same kind 
is a list of the multiples of both ad infinitum, all arranged in 
order of magnitude, so that any multiple of either magnitude 
being assigned, the scale of relation poiots out between which 
multiples of the other it lies. 

Note 3. It may here be remarked that, if A and B be 
two fmte magnitudes of the same kind, however small B may 
be, we may, by continuing the scale of multiples of B suffi- 
ciently far, at length obtain a multiple of B greater than A. 

Also, if S be leas than A, one multiple aJt least of the scale 
of B will lie between each two consecutive multiples of the 
scale of A, From these conBiderationa nt^ ^aa5\ \ife\\3&\flSas^\si 
nwuming 
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(1.) That we can always take mB greater than A or than fA, 

(2.) That we can always take nB such that it is greater than 
•pA but not greater than <iA^ provided that B is less 
than A^ and j9 than q. 

We can now make an important addition to Definition iii., 
so that it will run thus : — 

If A and B be magnitudes of the same kind, the relative 
greatness of A with respect to £ is called the Eatio of J[ to £, 
and this Ratio is determined by, that is, depends solely upon, 
the order in which the multiples of A and B occur in the 
Scale of Relation of A and B. 



Def. IV. Magnitudes are said to have a Ratio to each other, 
which can, being multiplied, exceed each the other. 



This definition is inserted to point out that a ratio cannot 
exist between two magnitudes unless two conditions be ful- 
filled :— first, the magnitudes must be of the same kind ; 
secondly, neither of them may be infinitely laige or infinitely 
smalL See Note 3. 



Def. V. When there are four magnitudes, and when any 
equimultiples of the first and third being taken, and any equi- 
multiples of the second and fourth, if, when the multiple of the 
first is greater than that of the second, the multiple of the 
third is greater than that of the fourth, and when the multiple 
of the first is equal to that of the second, the multiple of the 
third is equal to that of the fourth, and when the multiple of 
the first is less than that of the second, the multiple of the 
third is less than that of the fourth, thea thi^ ^s&^ ^1 **^^ 
original iova magnitades is said to liav^ V> >iJaft ^a»^:«^^ *^^ 
aame ratio which the third has to the fo\3LT\i)Q.. 
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Note 4. — To make Def. r. cleuer we ^ve the foUowing 
illnBtration. Suppose A, B, C, D to be foui mBgnltndes ; the 
scaJeB of their multiplea will tlien be — - 

A, ZA, ZA mA 

B, 2B,3B nB , 

C, 20, 3C mO , 

D,2D, aD .nJ> i 

wliere mA, mC atand for any eqoi multiples of A and C, uid 
nB, TiD Btficd for any equimnltiples of B and D: then (Jie 
Definition may be stated more briefly thus : 

A is said to have the same ratio to B which C he* to D, 
when mA is found in the same positioa anions; the multiples 
of B, in which mC is found among the moldples of D ; or, 
whicli is the same thing, wihen ffu order of Ote mtiltiplei iff A 
and Bin the Scale of MeUUion of A and B, i« preeiteiy the $amt 
a» fAeonier of themvUipla of and Dm &e Scale of Bdotiott 
ef C and D ; or, when every multiple of J. is found in the same 
position among the multiples of B, in which the same multiple 
of (7 is found amoDK the mnltipleB of D. 



KoTE 6. The use of Det t. 

the following application of it 



will he bettet understood fa 



J- S U A a d. e f ff A 

Let AC, ax be two rectanftles of equal altitude. 

Let B, ff and R, S^ stand for the basea and the areas of 
these rectangles respectively. 

^Ure.^Z', DE, EF, .nt mramfcet, sjA »a. >at;pii, 

Aadad,de,^,fg,gh, 7iVnram>bM,MAdi.«a(aA. 
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Complete the rectangles, as in the diagram. 

Then base AV = mJ5, 
base ah « n&. 
rectangle AT = mRy 
rectangle op = nl^y 
Now we can prove, bj superposition, that if A¥ be greater 
than o^, AP will be greater than op, and if equal, equal ; and 
if less, less. 

That is, if mB be greater than nB', mR is greater than nK\ 
and if equal, equal ; and if less, less. 
Hence, by Defl v., 

jBisto^asEistoJR'. 
Hence we deduce two Corollaries, which are the foundation 
of the proo& in Book yt. 

Cor. L PaflraUehgTams of equal altfUude are to om anoVur 
as ikeir hctses. 

For the parallelograms are equal to rectangles, on the same 
bases and between the same parallels. 

CoR. IL Tria/ngles of equal altitude are to om anoHur as 
thevr bases. 

For the triangles are equal to the halves of the rectangles, 
on the same bases and between the same parallels. 

N.B, — ^These Corollaries are proved as a direct Proposition 
in EucL vi. 1. Cor. 11. could not, consistently with Euclid's 
method, be introduced in this place, for it assumes Proposi- 
tion XL of Book T. 

De7. YI. Magnitudes which have the same ratio are called 
ProporUonals. 

If Af B, (7, D be proportionals, it is usually expressed by 
saying, JlistoSasCistoD. 

The magnitudes A and C are called the Antecedents of the ratios. 
J^andD Consequents 

The antecedents are said to be ^omo2o^ouft V^ ^ts.^ ^sssj^^s^^ 
that IB, occupying the same position m tYi-a Ta*A.o% VJ^v^^^^"*^^ 
the coDsequenUi are said to be "homoVogjOVJA \« «i^^ «siQjOBMt. 
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Def. VIL When of the eqaimultipleB of four magnitades, 
taken as in Bel v., the multiple of the first Is greater than [or 
is equal to] the multiple of the second, but the multiple of the 
third is not greater than [or is less than] the multiple of the 
fourth, then the first is said to have to the second a greater 
ratio, than the third has to the fourth. 

Note 6. The meaning of Bel yil may be expressed, after 
taking the scales of multiples as in the explanation of Del v^ 
thus : — 

A is said to have to £ a greater ratio than G has to D, 
when two whole numbers m and n can be found, such that 
mJ. is greater than nJ$, but mC not greater than %D \ tit^ 
such that mA is equal to %By but mC* less than nD. 
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SECTION 111. 

Containing the Propositions most frequently referred to in 

Book VI. 



Note 7. The Fifth Book of Euclid may be regarded in two 
aspects : first, as a Treatise on the Theory of Ratio and Propor- 
tion, complete in itself, and depending in no way on the pre- 
ceding Books of the Elements ; and secondly, as a necessary 
introduction to the Sixth Book. 

If we make the number of references in Book vi. a test of 
the importance of particular Propositions in Book v., they 
will be arranged in the following order : — 

Proposition v. is referred to 23 times. 
„ VI. „ 14 

„ VITI. ^ 7 

„ XXI. „ 6 

„ XVIII. „ 3 

„ XII. „ 2 

Propositions x, xi, xv., xvi., xix., xxii., are referred to once. 

It is desirable, then, that the student should observe tib»*» 
the three Propositions, which are oi esi^^CMai \xfi;:^QtX»s\s«^ ^sst 
Book VI., are included in this Section. 
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Proposition IV. 

If four magnitvdes he proportionals, and an/y eqwknuUipUs 
he taken of the first and ikvrd, and also any equimfiUiples of 
the second andfourih, if the multiple of the first he greaJter ihan 
thai of the second, the multiple of Ihe ihvrd nrnst he greaier than 
thai of IhefotMih ; and if equal, equal; and if less, less. 

Let jlbetoJ^asOistoD, 
and let any equimultiples mA, mC be taken of A and C, 
and any equimultiples nB, nD of B and D. 

Then ifmA he greaier Ihan nB, rnGtmust he greaier Ihan nD ; 
and if equal, equal ; if less, less. 

For if mA be greater than nB, but mC not greater than 
nD, then will A have to ^ a greater ratio than C has to D ; 
which is not the case. V. De£ 7. 

Hence if mA be greater than nB, mC must be greater than nD, 

Similarly it may be shown that, if mA be equal to, or less 
than, nB, mC must also be equal to, or less than, nD. 

Q. B.D. 

N.B. — ^We have added this Proposition to meet an objection, 
which might be made to a reference to Definition v., when the 
converse of that Definition is wanted. This reference is of 
frequent occurrence in Simson's edition. 



Proposition V. (EucL v. 11.) 

Ratios thai are ihe same to (he same rai/io, a/re the same tc one 

another. 

Let J.beto^as(7i8toD, 

and J? be to ^ as is to D. 

Then must AhetoBasEistoF, 

Take ofA,C,E any eqiumultiplea mA, mC, mB^ 
and of £, D, F any equimtdtiplea uB, nD, u?. 
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Then *.* ^ is to ^ as (7 is to D, 
.*. if mA be greater than %By mC is greater than nD ; 
and if equal, equal ; if less, less. V. 4. 

Again, •.• is to D as ^ is to J*, 
.*. if mC be greater than nD, mE is greater than nF ; 
and if equal, equal ; if less, less. V. 4. 

Hence, if mA be greater than nB^ mE is greater than nF ; 
and if equal, equal ; if less, less. 

.'. ^ is to J5 as jff is tp jP*. , Y. Def. 5. 

Q. X. D. 



Proposition VI. (EucL v. 7.) 

Equal magnitudes hame ike same ratio to (he same magni- 
tude ; and (he same has (he sam>e raJtio to equal magnitudes. 

Let A and B be equal magnitudes, and C any other magni- 
tude. 

Then must AbetoCasBistoGf 
and C must he to A as C is to B, 

Take mA and mB any equimultiples of A and Bf 
and nC any multiple of C, 

Then •.• A = B, .•. mA = mB. V. Ax. 1. 

.*. if mA be greater than nC, mB is greater than nC ; 
and if equal, equal ; if less, less. 

.% ^ is to (Jas B is to a V. Def. 6. 

Again, if nC be greater than mA, nC is greater than mB ; 
and if equal, equal ; if less, less. 

.'. (7 is to J. ab C is to B. V. Def 5 
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Proposition VII. (Eucl. v. 8.) 

Of two unequal magnitudes, Hhe greaUer has a greater ratio to 
any other magnitude than the less has ; and (he same magnitude 
has a greater ratio to the less, of two other magnitudes, than U 
has to the greater. 

Let A and B be any two magnitudes, of which ^^ is the 
greater, and let D be any other magnitude. 

Then must the ratio of A to D he greater 
than the ratio ofBtoD, 

Take such equimultiples of A and B, qA and qB, 
that each of them may be greater than D. Note 3, p. 216. 

Then *.* ^ is greater than B, 

,', qAis greater than qB» Y. Ax. 3. 

Let qA b qB, R together. 

Then, however small B may be, we can find a multiple ol 
Bf suppose mB, such that mB is greater than qB, Note 3. 

Take equimultiples of qA and qB, mqA and mqB, and take 
a multiple of D, nD, such that nD is not less than mqB and 
not greater than (mg + q) B. Note 3. 

Then •/ mqA = mqB, mB together, V. L 

and mB is greater than qB, 
.'. mqA is greater than {mq 4- q) B^ 
and, a fortioH, mqA is greater than nD. 

But mqB is not greater than nD, 
.*. the ratio of ^ to D is greater than the ratio of B to D. 

V. De£ 7. 
Also, the ratio of D to B mMst he greater than the ratio of 
DtoA. 

For, the same multiples being taken as before, 
'.* nD is not less than mqB, 
and nD is less than mqA, 
•*. D has to £ a greater ratio than D has to A, 



Bo0k v.] PROPOSITIONS CITED IN BOOK VI. 225 



Proposition VIII. (EucL v. 9.) . 

Magrvitudes, which home ihe same rcUio to the same magmUide^ 
are e^ual to one another ; amd ihose, to which the sa/me magnir 
tude has the same raJbiOy a/re equal to one another. 

Let A and B have the same ratio to C, 

Then m/ust A ^ B, 

For if A were greater than B, 

A would have a greater ratio to than B has to C ; Y. 7. 
which is not the case. 

And if A were less than B^ 

B would have a greater ratio to C than A has to (7 ; V. 7. 

which is not the case. 

.-. ^ = J5. 

Next, let C have the same ratio to A that C has to B, 

Then must A =a B. 

For we can show, as before, that A ciinnot be greater or less 

thanJL 

.'. -4 = jB. q. b. d. 

Proposition IX. (EucL v. 10.) 

That iruxgnitude, which has a greater rcUio than OMoiher haa 
to the earns magnitude, is the greaier of the two; and tha;t 
magnitude, to which the samu has a greater raJtio than it has 
to another m^ignitude, is the less of the two. 
Let A haye to (7 a greater ratio than B has to €, 

Then must A he grea/ter than B, 

For if A were equal to B, then would A have the same 

ratio to C that B has to C ; which is not the case. Y, 8. 

And if A were less than B, then would A have to (7 a ratio 

less than that which B has to C ; which is not the case. Y. 7. 

.*. A is greater than B. 
Next, let have a greater ratio to B than it has to A. 

Then mast B he less than A. 

For if B were equal to A, then would C have the same ratio 

to B which it has to A ; which is not the case. Y. 8. 

And if B were greater than Ay then C would have to B 9, 

ratio less than ihat which C has to A *, ^V^Ocl S& tiqX^ 'Ocl^ 

case. ^.'^ 

r. BiB less than A. ^ ''^•^^ 
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pROPOsinoK X. (EacL t. 12.) 

// finyf rwmber of moffnitudes be proportiondU^ a$ one of Hu 
antecedents is to its consequeTU, so fMut all the anteeedtntt taken 
together be to all the consequents. 
Letanynuniberof magnitades^yB, C,D,EfF...he proportionals, 

that is, J. to B as (7 to 2) and as ^ is to jP... 
Then must Abe to Bos A, C,B...togeiheristo B, D, F...togeAer. 

Take of A, C, E,,.,9sij eqaimoltiples mAy mC^ mJB.., 
and of 5, D, jP...any equimultiples tiB, »D, nF.., 
Then '.'^istojBasCistoD and as ^ is to F... 

.'. if mA be greater than nB^ mC is greater than nD^ 
and mE is greater than nF... ; and if equal, equal ; if less, 
less. y.4. 

.'. if mA be greater than nB, mA, mC, mfT... together are 
greater than nB, nD, n^... together ; and if equal, equal; if 
less, less. 

Now mA and mA, mC, mJ^... together are equimultiples of 
A and A, 0, ^...together. V. 1. 

And nB and nB, nD, n^... together are equimultiples of 
B and J5, D, F... together. 

.'. ^ is to jB as ^, C> ^...together is to £, D, P... together. 

V. De£5. 
Q. E. D. 

Proposition XI. (EucL v. 15.) 

Magnitudes home the same ratio to one anioiheT uMck Mr 

equimultiples ha/ve. 

Let A be the same multiple of C that JS is of D. 

Then must C be to D as A to B. 

Divide A into magnitudes E, F, (7,... each equal to O, 

and B into magnitudes H, K, X,...each equal to D, 

the number of the magnitudes being the same in both cases, 

because A and B are eqvMnAiltvples of G and D. 

Then •.' E, F, O are all equal, 

and H, K, L are all equal 

.-. ^ is to if, as jP to Z, as fif to i... V. ft 

.\ E ia to H aa E, F, G^... together is to £, f , L.. 

together, V. 10 

that is, B \s to H 8iS A \A "B \ 

and •/ B = C, aviei H « B, 

/. CiatoDaa A tjoB. ^^^ 
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SECTION IV. 
On Proportion by Inversion^ Alternation^ and Separation. 

Proposition XII. (Eucl. v. B.) 

If four magnitudes he proporHoncds, they m/ust also he pro- 
portionals when taken inversely. 

Let ^ be to ^ as (7 is to D. 

Hien inversely B must he to A as D is to C. 

Take of A and any equimultiples mA and mC, 
and of B and D any equimultiples nB and nD, 

Then •/ -4 is to J5 as C is to D, 

.'. if mA be greater than nB, mC is greater than nD ; and 
if equal, equal ; if less, less. V. 4. 

Hence, if nB be greater than mA, nD is greater than mC ; 
and if equal, equal ; if less, less. 

/. jB is to ii as D is to 0. V. Def. 5. 

Q. E. D. 
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p£OFo&ZTio¥ XnL (End. t. 13.) 

io QutfowtHk^ InU ike Mrd to (kefomrik a frtaUr nifto ikan ikA 
/flkkasto ike siailk; ike fini mudaUo hmm to Ac uemd a 
greater ratio Ikdm ^Jiflk kas to the dadk. 

Let A have to B the suae ndo that C has to D, 
but O to D a greater ratio than E has to F, 

Then mud A kofce to B a greater ratio ikon E kas to F. 

For '/ O has to D a greater ratio than E has to F^ 
wecanfindsoch eqainuiltiplesctf CandJKjSapposemCandmJ?, 
and such equimultiples of D and F, suppose nD and nF, 
that mC IB greater than nD, but mJ? not greater tiian nF, 

V. Del 7. 

Then V^istoBasOistoDy Hyp. 

and mC is greater than nD, 

.'. mA is greater than nB. Y. 4. 

And mE is not greater than nF. 

.*• A has to JS a greater ratio than E has to F. Y. De£ 7. 

Q. s. D. 



Proposition XIY. (EucL v. 14.) 

If (he firit has to the second the same ratio which the third 
has to ihefov/rih ; then, if ihefwet he greater than the Ihvrd the 
second must he greater than the fotuih ; and if equal, equal ; 
a/nd if less, less. 

Let A have the same ratio to B that C has to D. 

Hisn if A he greater than C, B rrmst he greater than D. 

For '.'A 18 greater than C, 
and B k anj other magnitude, 
• '0 A boM a greater ratio to B \i\^8i3i CYaa Va B. "^ .*\. 
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But ^istojBasC/istoD. 
.*. Q has a greater ratio to D, than Q has to B, Y, 13. 
.\B\& greater than D. V. 9. 

Similarly it may be shown that if ^ be less than C, B must 
be less thaoi D ; and that if J. be equal to (7, ^ must be equal 
to D. Q. E. D. 



Proposition XV. (Eucl. v. 16.) 

If fowr ma/gnitvdes of the same hind he proporHonaJts, they 
m/ust also he proportionals when taken alternately. 

Let Af By Cf D be four magnitudes of the same kind, and 
let J. be to £ as (7 is to D. 

Then alternately A must hetoCasBistoD, 

Take of A and B any equimultiples mA and mBy 
and of C and D any equimultiples nC and nD. 

Then •.• mA is to mB as -4 is to jB, V. 11. 

and C is to JD as ^ is to JS, ^TP* 

.*. mA is to mJB as C is to 2). V. 5. 

But nC is to nD as C is to D ; V. 11. 

and .'. mA is to mB as n(7 is to nD, V. 5. 

If .*. mA be greater than nC, mB is greater than nD ; 
and if equal, equal ; if less, less. Y. 14. 

.-. ^ id to as JB is to D. V. Def. 5. 
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Proposition XVI. (Eucl. v. 18.) 

If magnitvdes taken separaJtdy he propcrtUmdU, they must he 
propiyrHonals also when taken jointly. 

Let A have the same ratio to B that C has to D. 

Then must A, B together home the same ratio to B, 
thai C, D together has to D. 

First, when all the magnitudes are of the same kind, 
•.• -4 is to jB as is to D, 

.*. -4 is to as 5 is to D. V. 15. 

.'. Af B together is to 0, D together as £ is to D, V. 10. 

and .', A,B together is to ^ as (7, i) together is to 2>. Y. 15. 

Next, when all the magnitudes are not of the same kind, we 
may employ a method of proof which includes the former 
case : thus — 

Take of A, B, 0, D any equimultiples mA, mJS, mG, mD, 
and of B and D take any equimultiples nB, nD. 

Then •.• -4 is to 5 as (7 is to D, 

.*. if mA be greater than nB, mC is greater than nD ; and 
if equal, equal ; if less, less. Y. 4. 

If then mAy mB together be greater than mB, nB together, 

mG, mD together is greater than mG, nD together ; 

and if equal, equal ; if less, less. I. Ax. 2, 4 

Now mA, mB together is the same multiple of A, B together 
that mG, mJ) together is of (7, D together ; Y. 1. 

and mBy nB together is the same multiple of B 
that mD, nD together is of D, Y. 2. 

.*. A,B together is to JS as (7, D together is to D. Y. Def. 5. 

Q. E. D. 
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SECTION V. 



Containing the Propositions occasionally referred to in 

Book VI. 



Proposition XVII. (Eucl. v. 4.) 

If the first offowr magnitudes has to (he second the same ratio 
which the third has to the fourth, and amy eqvmn/ulUples of (he 
first a/nd third he taken, and also any equvmultvples of the second 
and fowrthy then must the multiple of Ike fvrsb home the samie 
raMo to the multiple of the second which the multiple of the 
third has to that of the fov/rth. 

If -4 be to J5 as is to D, 

and mA, mC be taken equimultiples of A and (7, 
and nJ5, nD of jB andD, 

thefn must mA he to nB as mC is to nD. 

Take of mA, mO any equimultiples pmA, pmG, 
and of nB, nD qnB, qnD. 

Then pmA, pmC are equimultiples of A and C, V. 3. 

and qnB, qnD of jB andD* V, 3. 

And *.' ^ is to ^ as C is to i), 

.'. iipmA be greater than qnB, 

pmC is greater than qnD ; V. 4. 

and if equal, equal ; if less, less. 

Then \' pmA, pmO are equimultiples of mA, mC, 
QjidqnB, qnD.... ofnB, nD, 

.\ mA IB to nB as mC is to nD. '^ .^^^eJl.'^. 
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Proposition XVIII. (Eiicl. v. A.) 

If (he first of fow magnitudes have the same ratio to the 
second that the third has to thefourthy then, if the first he greater 
than the second, the third must he greaier than the fourth ; and 
if equal, equal ; and if less, less. 

Let ^beto^asOistoD. 

Then if A he greater than B, G must he greater than D ; 
and if equal, equal ; and if less, less. 

Take any equimultiples of each, mA, mB, mC, mD, 

Then *.* ^ is to ^ as C is to D, 
.*. if mA be greater than mB, mO is greater than mD ; 
and if equal, equal ; and if less, less. Y. 4. 

First, suppose A greater than B, 

then mA is greater than mB, Y. Ax. 3< 

and .*. mO is greater than mJ), 
and .*. is greater than D, Y. Ax. i 

Similarly the other cases may be proved. 

Q. X.D. 



Proposition XIX (Eud. v. D.) 

If the first he to (he second as (he (hird is to (he fowrih, a/nd if 
the first he a multiple, or a svhmultvple, of (he second, (he (hird 
must he (he same multiple, or (he sams svhmultiple, of (he 
fowiih. 

Let ^beto^asCistoD, 

and, first, let ^ be a m/ulP^le of B. 

Then must Che (he sams multiple of D, 

Let A = mJB, and take mD the same multiple of D that J. is of B. 
Then *.* J. is to £ as is to D, 

. '. ^ is to mB as is to mD, Y. 17. 

^%t A — mB, and .-. C « mD. ^ ^A. 



Book v.] PROPOSITIONS CITED IN BOOK VI. 233 

Next, let ^ be a subrMMple of B. 

Then m/ust Cheihe game tvhm/uUipU of D, 

For ••• ^ is to B as (7 is to D, 

.-. JB is to ^ as D is to a, V. 12. 

Now JB is a multiple of A, 

and .*. D is the same multiple of C, by the first case. 

Hence C is the same submnltiple of D, that J. is of B. 



Proposition XX. (EucL v. 20.) 

If (here he three maffnitvdeSy <md other three, which have the 
same raUo, taken two amd two, then, if the f/rst he greater than 
the third, the fowHh m/uut he greaJtw thanthenxth; and if equals 
equal ; if less, less. 

Let A, B, C be three magnitudes, and D, E, F other three^ 
and let ^ be to JB as 2) is to ^, 
and BbetoCas^istojP'. 
Then if A he greaJter than C, D vnust he greater than F; and 
if equal, equal ; if less, less. 

First, if ^ be greater than C, 

A has to B a greater ratio than C has to B, Y. 7. 

But (7 has to £ the same ratio that ^ has to ^, Hyp. & Y. 12. 
.*. A has to JB a greater ratio than jP has to ^. 

.'. D has to J7 a greater ratio than F has to E, Y. 13. 

.*. D is greater than F, Y. 9. 

Similarly the other cases may be proved. 

Q.S. u 
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Proposition XXI. (Eud. v. 22.) 
If there he any nvmber of magmtudes, and as ma/ny others, 
which ha/ve the sa/me ratio taken ttoo and two in order , the first 
must home to ike last of thefwst rrMtgnitudes the sa/me ratio which 
the first of the others has to the IcLst of these. 

First, let there be three magnitudes A, B, €> and other 
three i>, E, F, 

And let ^ be to ^ as D is to ^, 
and £ be to (7 as ^ is to ^. 
Then must A he to C as D is to F, 
Take of A and D any equimultiples mA, mD, 

of 5 and E nB, nE, 

of CandF .pC,pF. 

Then *.* ^ is to £ as D is to ^, 

.'. mA is to nB as mD is to nE. V. 17. 

So also, nB is to pC as nE is to pF, 
.'. if mA be greater than pC, mD is greater than pF, 
and if equal, equal ; if less, less. Y. 20. 

.•. ji is to C as D is to J'. V. Def. 5. 

The proposition may be easily extended to any number of 
magnitudes. q. & d. 

Proposition XXII. (Eucl. v. 24.) 
// thefi/rst haA)e to the second the same raUo which the third 
has to thefourthy and the fifth hwoe to the second the same ratio 
which the sixth has to thefov/rth, then the first and fifth together 
must hofoe to the second the sam/C ratio which the third and sixth 
together home to the fov/rth. 

Let ^beto^as CistoD, 
and ^ be to jB as ^ is to D. 
Then must A, E together heto B as C, F together istoD. 
¥oT\'EiatoBasFiaioD, 

.'. Bib to EsaD IB to F, V. 12. 

And %• -4 is to 5 as C is to D, 
and ^isto^asDistoJ^, 
.-. -4 is to E as is to J'. V. 21. 

.*. Af E together isto E as C, F together is to jp, V. 16. 
and EiatoBsiBFiatoD; 
•^'. A, B together is to B aa C, F \ft§;fc>i\iet Sa \.^i B. y . 21. 



Book v.] PROPOSITIONS NOT CITED IN BOOK VI 235 



SECTION VI. 

Containing the Propositions to which no reference is made 

in Book VI, 

Proposition XXIII. (Eucl. v. 5.) 

If one magnitvde be the same multiple of (mother j which a 
inagnitvde taken from thefvrst is of a magnitvde taken from the 
other ^ the remainder must he ike sarnie multiple of the revnainder, 
tha/t the whole is of the whole. 

Let B and D be the magnitudes which are taken away, 

and A and C the magnitudes which remain, 

then A, B together, and C, D together wiU be the wholes. 

And let A, B together be the same multiple of (7, D together, 
that 5 is of D. 

Then must A he the sarnie multiple of C thai Ay B together is 
of 0, D together. 

Take E the same multiple of C that B is of i>. 

Then E, B together is the same multiple of C, D together 
that J5 is of D. V. 1. 

But Ay B together is the same multiple of C, D together 
that JS is of D. 

.". EyB together = -4, B together, V. Ax. 1. 

and .-. E ^ A. I. Ax. 3. 

,', A\a the same multiple of C that jB is of D. 

Q. E. D. 
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Proposition XXIV. (EncL v. 6.) 

If tfVDo magnitvdes he equimultiples of two otherSf or A if 
eqwrniuUdples of these be taken from thef/rst two, the remawnden 
a/re either equal to these others, or equvmultiples of thenu 

liet B and D be the magnitudes which are taken away, 

and A and C the magnitudes which remain ; 

then A, B together and C, D together will be the wholes. 

Let A, B together be the same multiple of P, 
that C, D together is of Q, 
and let B be the same multiple of P, that D is of Q. 

Then mnist A amd he equal respectively to P and Q^ 
or A a/nd he eqvmivltiples of P amd Q, 

For let A, B together = P, P repeated m+n times, 

then C, D together = Q, Q repeated m+n times. 

Also, let P = P, P repeated n times, 

then D = Q, Q repeated n times. 

Hence A = P, P repeated m times, 

and C—Q^ Q repeated m times. 

If then ^ »P, m = l, and.-. G» Q\ 
and if ^ be a multiple of P, C is the same multiple of Q, 

q. £. Di 
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Proposition XXV. (Eud. v. 17.) 

If magnittideSy taken joinUyy he proportionalSf (hey shall also 
be propofiumals when taken separately ; (hat is, if two magni- 
tudes together have to one of (hem (he same ratio which two 
o(hers ha/ve to one of these, (he remaining one of the fvrst two 
must hwoe to the o(her the same ratio whdch the remaining one 
of (he la^ two has to (he o(her of (hese. 

Let A, B together have the same ratio to B 
that C, D together have to D. 

Then must AbetoBasGtoD, 

Take otAf B, C, D any equimultiples mA, mB, mG, mD, 
and again of B, D take any equimultiples nB, nD, 

Then *.* mA is the same multiple of A that mJB is of B, 

,\ mAy mB together is the same multiple of Ay B 
together that mA is of ^. V. 1. 

And '.* mC is the same multiple of C that mD is of D, 

.*. mCy mD together is the same multiple of (7, D 
together that mC is of 0. V. 1. 

But mA. is the same multiple of A that mG is of (7. 

.*. mAy mJB together is the same multiple of Ay B 
together that mG, toD together is of (7, D together. 

Again, mJBy nB together is the same multiple of B that 
mDy nD together is of D, 

Now, since A, B together la to B as G,D together is to D, 

.*. if mAy mB together be greater than mB, nB together, 

mG, mD together is greater than mD, nD together ; and if 

equal, equal ; if less, less. Y. 4. 

That is, if mA be greater than nB, mG is greater than nD ; 

and if equal, equal ; if less, less. I. Ax. 3, 5. 

.-. -4istoJ9asCistoI>. N.\i^V^. 

^» "«.• '^^ 
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PROPoamos XXVL (End. t. 19l) 

If a whole magniJtude he to a KkoU at a magnitude iabn 
from the fint is to a magnitude taken from Ike oAer, Ae re- 
mainder mud be to ike remainder ae ike wkole ietoAe wkciU, 

Let A^ B together hare the nine ntio to €> D together tbi 
^hastoD. 

Then mud AhetoCaeA,B togeiker isioC,D toge&er. 

For '.' Ay B together is to (7, D together as ^ is to D, 

.-. ^,^ together is to ^ as 0,D together is to 2>, Y. 15. 
and .-. ^ is to ^ as Cis toD, Y. 25. 

Hence ^ is to (7 as ^ is to D. Y. 15. 

Bat A, B together is to (7, D together as ^ is to 2>. Hyp. 
.'. ^ is to Oas ^, ^ together is to (7, D together. Y. 5. 

Proposition XXVII. (EucL v. 21.) 

If there he three magmtudes, and other three, iohich have the 
same ratio, taken two amd two, hvJt in a cross order, then ifth 
first he greater than the third, the fourth must he greater tha/n 
the sixth ; and if equal, equal ; and if less, less. 

Let A, B, Che three magnitudes, and D, E, F other three, 
and let ^ be to JB as ^ is to ^, 
and JBbetoOasDisto^. 
Then if A he greater than C, D must he greaJter than F; 
and if equal, equal ; and if less, less. 
First, if -4 be greaier than C, 

A has to JB a greater ratio than C has to B, Y. 7. 
and .'. J& has to ^ a greater ratio than C has to B. V. 13. 

Now ••• JB is to (7 as JD is to J&, Hyp. 

.% is to JB as J& is to D. Y. 12. 

Hence E has to ^ a greater ratio than E has to D. 

. *. 2> is greater than F, Y. 9. 

Similarly the other cases may \>e iptoN^. 
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Propobition XXVIII. (Eucl. v. 23.) 

If (here be cmy ntmber of magrUtudes, amd as mcmy others^ 
ioMch ha/ve the same raUo, taken two amd two vn a cross order, 
ihef/rst mAist home to the last of the first magnitudes the same 
ratio which the first of the others has to the last of these. 

Let Af By Che three magnitudes, and D, E, F other three, 
and let ^ be to B as ^ is to J*, 
and JB be to (7 as D is to j&. 
Then must A he to C as Disto F. 

Of Ay By D take any equimultiples mAy mB, mDy and 
of Oy By F take any equimultiples nCy nEy nF. 

Now %• ^ is to JB as ^ is to F, 

,\ mA is to mB as nE is to nF ; V. 11, and V. 5. 

and *.' £ is to as D is to ^, 

.'. mB IB to nC as mD is to nE, Y. 17. 

Hence, if mA be greater than nCy mD is greater than nF; 
and if equal, equal ; and if less, less. Y. 27. 

.'. ^ is to as D is to ^. Y. Def. 5. 

The proposition may be easily extended to any number of 
maenitudes. 
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PROFOSinoH XXtX. (EucL v. 28.) 

If f<mr magnUudu of A< fosM hind he yriiiportiomaUy tti 
greaUat and lead of thtm togeiker mutt he gnater Aan the oAtt 
two together, 

Let^beto^asOistoA 
and let JL be the greatest of the four magnitadeB, and oooBe- 

qnently D the least Y. 18, and Y. 14 

Then must A, D together be greater than B^ C together. 

Let A >= By P together, and C= D,Q together. 
Then -.' B, P together is to JB as D, Q together is to A 
.'. P is to J5 as Q is to D, Y. 26. 

and B is greater than D. 

.'. P is greater than Q. Y. 14 

Hence P, B, D together are greater than Q, B^ D 
together. L Ax. 4. 

•*• Af D together are greater than B^ C together. 
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Propositiow XXX. (EucL v. 0.) 

If the first be the tame fmdtipU of the second, or the same 
svbrn/ultyple of it, that the third is of the fov/rth, the first magt 
he to the second as the third is to thefowrth; 

Finty let ^ be the same m/idPiple of B, that C is of D. 
Then m/iut AhetoBasCistoD, 

Let A ■» jjJB and .*. ■» pD, 

Take of A and any equimultiples mA, mO, 
and of B and Dany equimultiples nB, nD, 

Then mA » mpB and mC » wpD, Y. 3. 

Now if TwpB be greater than nB, 
m/pD is greater than nD ; 
and if equal, equal ; if less, less. 

That is, if mA be greater than nB, mC is greater than nD ; 
and if equal, equal ; and if less, less. 

.-. ^ is to ^ as is to D. V. Del 5. 

Next^ let A be the same svbmAMple of B, that is of D. 
Then nmst AbetoBcuOistoD, 

For '.' ^ is the same submultiple of JB, that is of 2>, 
.'. JB is the same multiple of ^, that JD is of (7, 
.*. JB is to J. as D is to 0, by the first case, 

and.'. ^ is to jB as Oisto A V. 12. 

Q. K.D. 



17 
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PBMOBinos XXXI. (Bsd. t. R) 



Iffwtt wtofmiimdm he p t v p rn Uo m t it, Amf «mii< dio !• jvt- 
porUomaU hf eomverdom ; A«f «^ Ikefini «mii< !• f» ib 



Let JL, ^ togeOiCT be to JB as C; 2> togedier k to D. 
I%efi m«ct ^ ^ toffeUur hetoAatCyD fflfoOar it fo a 

For v^BtogeUieristoJBasOyDioeetterbtoD, 

.*. JListo^asOistoA T.SS- 

aiid.*.Bisto JLasDistoO, Y. U 

and.'. ^.Btogetheriito^asOyDtogeaieriBtoO. V.ia 



BOOK VI. 

INTRODUCTORY REMARKS. 

chief subject of this Book is the Similarity of Recti- 
Figures. 

. I. Two rectilinear figures are called dmUa/Tj when they 

two conditions : — 

'or every angle in one of the figures there must be a 
)onding equal angle in the other. 
The sides containing any one of the angles in one of the 
must be in the same ratio as the sides containing the cor- 
ding angle in the other figure: the antecedents of the ratios 
sides which are adjacent to equal angles in each figure. 

8 ABC and DEF are similar triangles, if the angles at 
C be equal to the angles at D, E, F^ respectively, and 
if B A he to AC as ED is to DF, 
and ^0 be to 0J5 as D-F is to FE, 
and CB he to BAasFEJBto ED, 





B C H F 

I sides adjacent to equal angles in the triangles are thus 
^(ym^ that is, BA, ACj CB axe respectively homologous 
>, DF, FE. 

rill be shown in Prop. rv. that in the case of triangles the 
I of the above^onditions follows from the first, 
the case of quadrilaterals and polygons hoik condi- 
are necessary ; thus any two rectangles have each angle 
I one equal to each angle of the other, but they are not 
arily similar figures. 

J. — The very important Prop. xxv. (Eucl vi. 33) is inde^iL- 
►f all the other Propositions in this "BooVl^^xi'^^e^^j^P^^^ 
with advantage at the very commeiicenLeoX* ol^^^^^^^^*^ 
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Proposition I, Theorem. 
Triangles of the tame altitude are to tme aiiotlur a» Iheir 




Let the Hi a ABG, ADC hare the same altitude, that ib, Uw 

perpendicular drawn from A to BJ>. 

Tken must A ABG be to A ADC o* fcoss BG is to bait 
In DB produced take any tiamber of Btraight lines 

BG, Off each =BC. 1 



Join AG, AH ; AK, AL, AM. 

Then ■-■ CB, BG, GE are all equal, 

.-. aa ABC, AGB, AHG are aU equal. 
.-, A AEG is the same multiple of a ^BC that EC ia of £C. 

So also, 
A AMC is the same multiple of a ^DC that MC is of DC. 
And a JffO is equal to, greater than, or less than A AMC, 
according as base EG is equal to, greater than, or less than 
base MC. 1. 38. 

Now i AEG and base EG are equimnltiplea 
of A ABO and base BC, 

of A 
.: A JBCis to A ADC 9&hwi.BGviiahim DC. T.Def.B- 
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Cor. I. Pa/rallelograms of the same altitude a/re to one another 
as their hoses. 

Let ACBEf ACDF be parallelograms having the same alti- 
tude, that is, the perpendicular drawn from A to BD, 

Then must CJACBE be to EJ ACBF as JBO is to DC. 




For O^0J5^= twice A ABC, I. 41. 

and O^ 02)1^= twice A ADC. I. 41. 

.-.0^05^ is to O^CDJ^^as A ^J5(7is to A ADC, V. 11. 
and.\O^0J5^ is to OuiODi?' as -BO is to DC. V.5. 

Q. E. D. 

Cor. II. Triangles and Pa/rallelogra/ms, thai ha/oe equal 
altitudes, a/re to one a/nother as thevr hoses. 

Let the figures be placed, so as to have their bases in the 
same straight line ; and having drawn perpendiculars from the 
vertices of the triangles to the bases, the straight lin«, which 
joins the vertices, is parallel to that, in which their bases are, 
because the perpendiculars are both equal and parallel to one 
another. I. 33. 

Then, if the same construction be made as in the Proposition, 
the demonstration will be the same. 

Ex. 1. ABC, DBF are two parallel straight lines ; show that 
the triangle ADE is to the triangle FBC as DE\a to BC. 

Ex. 2. If, from any point in a diagonal of a parallelogram, 
straight lines be drawn to the extremities of the other dia.^Q\^V<, 
the four tnanglea, into which the pai»Ue\o^5CMXiSa>(JciKii ^ixsrv^^ 
must be equal, two and two. 
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Proposition II. Theorem. 

If a straight line he drawn pa/rallel to one of the sides of a 
triangUy it must cut the other sides, or those sides produced, pro- 
portionally. 





Let DE be drawn || to BC, a side of the A ABC. 
Then must BD be to DA as CE to EA. 
Join BE, CD. 

Then '.• A BDE= A CDE, on the same base DE 

and between the same ||s, DE, BC. 1. 37. 

.-. A BDE is to A ADE as A CDE is to A ADE V. 6. 

But A BDE is to A ADE as BD iato DA, VLl. 

and A CDE is to A ADE as CE is to EA; VI.1. 

BD IB to DA as CE is to EA. V. 6. 

Ex. 1. If any two straight lines be cnt by three parallel 
lines, they are cut proportionally. {N.B. — This is of great 
use.) 

Ex. 2. If two sides of a quadrilateral be parallel to each 
other, a straight line, drawn parallel to either of them, shall 
cut the other sides, or these produced, proportionally. 

Ex. 3. If two triangles be on equal bases, and between the 
same parallels, shew that the sides of the triangles intercept 
eqmd iengths of any straigYkt ^e, -wVi^ v^ '^t^<«^ \k^ thfiii 
hoses. 
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And Conversely, 

If ihe MeSf or (he Mes prodttced, be cut proportumaUyy the 
straight Une which joins the points of section must he paaraUd to 
the remaming side of the triangle. 

Let the sides AB, ^0 of the A ABC, or these pFoduced, 

be cut proportionally in D and E, so that 

J?l> is to D^ as 0J& is to EA, 
and join DE, 

Then must DE he pa/raUel to BC. 

The same constraction being made, 
'.- BD is to DA as Oj& is to EA, 
and J51> is to DA as A BDE is to A ADE, VI. 1. 

and 0^ is to ^A as A CDE is to A ADE, VI. 1. 

.-. A BDE is to A ADE as A CDE is to A ADE, V. 6. 
and .-. A BDE'^ A CDE ; V. 8. 

and they are on the same base DE ; 

.-. D-& is U to BC. I. 39. 

Q. E. D. 

Ex. 4. If there be fonr parallel straight lines, two of these 
lines intercept upon two given lines, of unlimited length, OA, OB, 
parts proportional to the parts intercepted upon OA, OB, by 
the remaining two parallel straight lines. 

Ex. 5. If the four sides of a quadrilateral figure be bisected, 
the lines joining the points of bisection will form a parallelo- 
gram. 

Ex. 6. A quadrilateral figure has two parallel sides : shew 
that the straight line, joining the point of intersection of its 
other two sides produced and the point of bisection of its 
diagonals, bisects the two parallel sidoa. 
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Proposition III. Theorem. 

If the vertical angle of a triangle be bisected by a gtraighi 
line, which also cvU ike base, the segments of the base must hm 
the same ratio, which the other sides of the triangle have to <mt 
another. 




Let I BAG of a ABC be bisected by the st line AD^ 
which meets the base in D. 

Then must BD be to DC as BA is to AC, 
Through C draw CB || to DA, I. 31. 

and let BA produced meet CE in E. 

Then z £-42)= interior i ABC, I. 29. 

and z CAD =altemate z ACEj, L 29. 

But z BAD==^ L CAD, by hypothesis, 

and .-. L AEC^ l ACE, Ax. I. 

and .-. AC = AE. I. b. Cor. 

Then '.• AD is || to EC, a side of A BEC, 

.-. BD ia to DC aaBAia to AE, VI. 2. 

and /. £2) is to DO as £JL is to AC V. 6. 

Ex. 1. Shew that in a parallelogram the diagonals do not 
bisect the angles, unless the sides are equal 
Ex. 2. Shew how to trisect a straight line of finite length. 
Ex. 3. Shew that the bisectors of the angles of a triangle 
meet in the same point. 

Ex. 4. The bisectors of the angles A and B, of a triangle 
^^(7, meet the opposite sides in. t\ift ^omta D and F : BA and 
^(7 are produced to F' and IX, ao tYiaX. A¥' , AC wsv.^ ciV «x& 
otf equal : prove that F'l/ is paieHeV \.o EI). 
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And Conversely, 

If the segments of the base have the same raiio, which the other 
sides of the triangles home to one anotheTy the straight Une, 
dranrni from the vertex to the point of section, mtut bisect the 
vertical angle. 

Let BD he to DO aaBA IB to AC, 

and join AD, 

Thm mustiBAD^ l CAD, 

The same construction being made, 

•/ JBD is to DO as B^ is to AC, Hyp. 

and -BD is to DO aa JB^ is to AE, VI. 2. 

/. 5^ is to ^0 as JB^ is to AE, V. 6. 

and .-. AG^AE, V. 8. 

and /. I AEC = i ACE, I. a. 

But I -4^0=exterior z BAD, L 29. 

and I ^0^=altemate i CAD, I. 29. 

/. I BAD=^ L CAD. Ax. 1. 

Q. E. D. 

Ex. 5. Two straight lines are drawn, bisecting the angles at 
the base of an isosceles triangle. Shew that the straight line, 
joining the points, in which they cut the sides, is parallel to the 
base. 

Ex. 6. If AD and AE bisect the interior and exterior 
angles at A, and meet the base BC in D and E, and be the 
middle point of BC, shew that OD is to OB as OB is 
toO^. 
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Proposition A. Thxorem. 

If the exterior angle of a triangle be bisected by a straiglU Iwi, 
which also cuts the ba^se produced, the segmenU^ bebJoeen ik 
dividing straight line and the extremities of the base, must host 
the same ratio, which the other sides of the triangle have to om 
another. 




Let I EAC, an ext' i of the A ABC, be bisected by the 
8t. line AD which meets the base produced in D, 
Then must BD he to DC as BA is to AC, 

Through C draw CF || to DA, meeting AB in F. I. 31. 

Then z J&-4jD= interior z AFC, I. 29. 

and I CAD =* alternate z ACF. I. 29. 
But z EAD=^ L CAD, by hypothesis. 

.\lAFC= lACF, Ax.1. 

and .-. AC^AF, L b. Cor. 
' Then •/ AD is li to FC, a side of A FBC, 

.'. BD ia to DC as BAia to AF, VI. 2. 

and .-. BD k to DC aaBAis to AC. V. 6. 

Ex. 1. If the angles at the base of the triangle be equal, 
how is the proposition modified ? 

Ex, 2, If B be any point in a. stm^bt line AC^ intersected 
by another, CD, give a geometnca\ <iOTia\.T\icM\cpQ. lot ^^xxscoss^- 
ingapoint D in CD, such that AD \s \« BB ^ AC \av> CTi. 
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And Gonyenel jy 

If the segments of (he hctse produced have thesame raUo, which 
(he other sides of the triangle have to one another^ the straight 
line dflrawnfrom the vertex to the point of section imst bisect the 
exterior angle of the triangle. 



Let BDhe to DO SB BA IS to AC, 

and join ADm 

Then musti CAD'* i BAD. 

For, the same constroction being made, 

vBDhBtoDCuABAiBto AO^ Hji^ 

KSidiBDbitoDOB&BArMUiAF, VL 2. 

.'. BA\BtoAG2a^BAhisU> AF, Y. 5. 

and .-. AC'^AF^ V. 8. 

and .-. z AFC':' l ACF. I. a. 

But I AFC^ exterior i BAD, L 29. 

and z jlOF^altemate z CAD, I. 29. 

and .*. z CMD^ z BAD. Ax.l* 

Q. E. D. 



Ex. 3, If the base be diyided into two segments, having the 
same ratio with the segments specified in the Proposition, the 
straight lines, drawn from the two points of section to the vertex 
of the triangle, are at right angles to each other. 

Ex. 4. If the angle, between the external bisector and a 
side, be equal to the augle, between the external bisector and 
the base, the perpendicular to the greatest c^Vfife^ ^Cat^'^^^ ^^ 
vertex; will bisect the segment of \3aft 'boAi^) e^X* ^^\w8««^« 
the bisecting lines. 
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Proposition IV. Theorem. 

Tht sides about the equal angles of triangles^ which aare equi- 
angular to one another, are proportionals ; and those which am 
opposite to the equal angles, a/re homologous sides. 





Let ABC, DEF be two a s, having the z s at J., £, (7 equal 
to the I s At D, E, F respectively. 

Then rnust the sides about the equal is he proportionais, 
those being homologous sides, which are opposite the equal l s. 

For suppose A DEF to be applied to A ABC, 
so that D coincides with A and DE falls on AB ; 
then •.• z BAC = l EDF, /. DF will fall on AC. 

Let G and H be the points in AB and AC, or these pro- 
duced, on which E and F fall 
Join GH, O^ wiU be II to BC, v t AGH^ L ABC. L 28. 

Then B A is to GA s& CA ia to BA, VI. 2. 

and .-. BA ia to ED aaCAia to FD, . V. 6. 

whence 5^ is to ^0 as JS^JD is to DF. Y. 15. 

Similarly, by applying the A DEF, so that the LatLtF,E 
may coincide with those at C, B successively, we might show 
that 

^(7 is to 05 as DJ' is to FE, and that 

CB \a to BAaaFEia to ED. 

Q. E. D. 

Ex. Divide a given angle into two v®^, such that the 
perpendicahTB from any point oi tYie^ ^N\^m^\avfe xx^s^"^ 
two arms of the angle may \>e ia a. gi^wi xaXKa. 



Book VI.] PROPOSITION V, 253 



Proposition V. Theorem. 

If the sides of two tria/ngles, about each of ihei/r angles^ he 
proportionalsy the triangles must he equiangular to one another, 
and must have those angles equal, which are opposite to the homo- 
logout sides. 





Let the A s ABC, DBF have their sides proportional, 
80 that BA is to AC as ED is to DF, 
and AC is to CB as DJ^ is to FE, 
and 05 is to BAeisFE is to ED. 
Then must A ABC he equiangular to A EDF, those L s 
being equal, which are opposite to the homologous sides, thai is, 
L BAC-= L EDF,md l ABC=^ l DEF,zxA l ACB= l DFE, 
In AB, produced if necessary, make AG=^DE, 

and draw GH || to BC, meeting AC in H, I. 31. 

Then A AGH is equiangular to A ABC, I. 29. 

and .*. BA is to AC as GA is to AH, VI. 4. 

But ED is to DFas jB^ is to AC; Hyp. 

and .-. ^D is to DFas GA is to AH. V. 5. 

But ED=^GA, and . •. D^= A H. V. 14. 

So also it may be shown that GH=EF. 
Then in As AGH, DBF 
•/ GA^ED, and AH=^DF, and HG=FE, 
.'. L GAH^ I EDF; l AGH^ l DEF ; z AHG^ z DFE. 

I. c. 
But L GAH^ I BAC; z AGH^ z ABC; z AHG=^ z ACB. 
.-. z BAC^ z EDF ; z ABC^ l DEF, m^ l AC^-- l1>^^. 
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Proposition VI. Theorem. 

If two triangles ha/oe one angle of the one equal to one angle 
of the oihevy and the sides about the equal angles proportionals^ 
the tria/ngles must he equiangula/r to one another, and must ha/ve 
those angles equal, which a/re opposite to the homologous sides. 





In the A s ABC, DEF, let l BAC^ l EDF, 
and let BA be to ^0 as ^D to DF. 

Then must A ABC be equiangula/r to A DEF, 
and L ABC= L DEF, and l ACB^ l DFE. 

In AB, produced if necessary, make AG^DE, 

and draw GH || to BC. I. 31. 

Then A AGE. is equiangnlar to A ABC, I. 29. 

and .-. GA IB to AH as 5^ is to AC, VI. 4. 

and .-. GAiBto AH bs ED is to DF. V.5. 

But GA =ED, by constraction, 
. and .-. AH^DF. V. 14. 

Then •.' GA =^ ED, md AH ^DFmd l GAH^ l EDF; 
.-. L AGH= L DEF, and l AHG=- l DFE, I. 4. 

and .-. L ABC^ i DEF, and i ACB^ i DFE, 

Q. K D. 

Ex. 1. If from B, C, the extremities of the base of a triangle 
ABC, be drawn BD, CE, perpendicular to the opposite sides, 
shew that the triangles ADE, ABC are equiangular* 

Ex. 2. A TQiriable chord OP is drawn through a fixed point 
t? on the circumference of a circle, aiv^ Q \!& ^^%tL m it, so that 
tlie rectangle OP, OQ is constant, ftnd \3[i^ ViCKva cii Q. 
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MiscellanMVs Exercises on Props, I. to YI. 

1. If two triangles stand on the same base, and their vertices 
be joined by a straight line, the triangles are as the parts of 
this line intercepted between the vertices and the base. 

2. If a circle be described on the radius of another circle 
as its diameter, and any straight line be drawn through the 
point of contact, cutting the two circles, the part, intercepted 
between the greater and lesser circles, shall be equal to the 
part within the lesser circle. 

3. The side BC, of a triangle ABC, is bisected in i>, and 
any straight line is drawn through D, meeting AB, AC, pro- 
duced if necessary, in E, F, respectively, and the straight line 
through A^ parallel to jBO, in G. Prove that D^ is to D^ 
9AGEi&UiGF. 

4. If the an^le A, of the triangle ABC, be bisected by AD, 
which cuts Bkj in D, and be the middle point of Bu, then 
OD bears the same ratio to OB that the difference of the sides 
bears to their sum. 

6. The diameters of two circles and the distances between 
their centres are as the numbers 5, 4, 3 ; find the proportionate 
distances between the points of intersection of their common 
tangents. 

6. li Dy E be points in the sides AB, AC respectively of 
the triangle ABU, such that the triangles DAU, EAB are 
equid, shew that the sides AB, ACane divided proportionally 
in D and j^. 

7. If two of the -exterior angles, of a triangle ABC, be 
bisected by the lines COE, BOD, intersecting in 0, and meet- 
ing the opposite sides in E and Z), prove that OD is to OB 
as AD iBtoDB, and that 00 is to OEasACiato AE. 

8. Bf C, the angles at the base of an isosceles triangle, are 
joined to the middle points, E, F, of AB, AG, bv lines inter- 
secting in 0. Shew that the area BCG i^ equal to the area 
AEFG. 

9. If, through any point in the diagonal of s p^raUebgram, 
a straight line be drawn, meeting two opposite sides of the 
figure, the segments of tins line will have the same ratio as 
those of the £agonal. 

10. The sides AB, AC, of a given triangle ABC, are pro- 
duced to any points D and E, and the straight \i\^Sk \S%. Sas 
divided in F, bo that DF is to FE «a BI) S& \» 0^\ ^«« 
that ti^e I0CU8 of Fib a straight line. 
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Proposition VII. Theorem. 

If two triangles have one angle of the one equal to OTie angk 
of the other, and the sides ahovit a second angle in each propor- 
tionals; then, if the third angles in each he both aciUe, both 
ohtvsey or if one of them he a right a/nglcy the triangles mu/t 
he equiangukur to one another, and must have those angki 
equal, about which the sides are proportionals. 





In the AS ABC, DEF, let l BAC= i EDF, 

and let ^jB be to jBC as DJB; is to EF, 

and let z s ACB, DFE be both acute, both obtuse, or let 
one of them be a right angle. 

Then must A s ABC, DEF he equiangular to one another, 
having L ABC^ L DEF, and l ACB^ l DFE. 

For if z ABC be nQt= z DEF, let one of them, as z AEG, 
be greater than the other, and make z ABG= z DEF, I. 23. 

and let BG meet -40 in G^. 

Then •.' z BAG=^ z EDF, and z ABG= z DEF^ 

.-. A ABG is equiangular to A DEF, I. 32. 

and .-. JIjB is to jB(y as D^ is to EF, VI. 4. 

But -45 is to 50 as D^ is to EF, Hyp. 

.\ ABiBto BGas ^5 is to BG, V. 5. 

and .\ BG^'BC, V. 8. 

and.\ L BCG^L BG^C. ' V^. 
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First, let l ACB and z DFE he both acute, 

then z AOB is acute, and .*. z BGC is obtuse ; 1. 13. 
.*. z BCO is obtuse, which is contrary to the hypothesis. 

Next, let z ACB and z D^^ be both obtuse, 

then z J.(7jB is obtuse, and .'. z £6^0 is acute ; I. 13. 
.'. ^ BCG is acute, which is contrary to the hypothesis. 

Lastly, let one of the thirdz s ACB, DFE be a rightz . 
If z ACB be a rt. z , 

then z BGC is also a rt. z ; La. 

.*. z 8 BCGy BGC together = two rt. z 8, 
which is impossible. L 17. 

Again, if z DFE be a rt. z , 

then z AGB is a rt. z , and .'. z BGC is a rt. z . L 13. 

Hence z BCG is also a rt. z , La. 

and .'. z s BCGy BGC together = two rt. z s, 

which is impossible. 1. 17. 

Hence z ABC is not greater than z BEF, 

So also we might shew that z DEF is ,not greater than 

z ABC. 

.-. z ABC = z DJ^jP, 

and .-. z ^GB « z DFE. L 32. 

Q. E. D. 

Jf.£. — This Proposition is an extension of Proposition e of 
Book I. p. 42. 

NoU, — We have made a slight change in Euclid's arrange- 
ment of the four Propositions that follow, because EucL vi. 8 
\a closely connected with the proof of EucL vi. 13. 
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Proposition VIII. Problem. (EucL vi* 9.) 
From a given straight line to cut off any syhmuUiple. 




Let AB be the given st. line. 

It is required to shew how to cut off any svhmuliiple from AB. 

From A draw AG making any angle with AB. 

In AC take any pt. D, and make AC the same multiple of 
AD that AB is of the submultiple to be cat off from it 

Join BC, and draw DE \\ to BC. L 31. 

Then •/ j&D is || to BC, 

.'. CD is to DA as BE ia to EA, VI. 2. 

and .-. (7-4 is to D^ as 5^ is to EA. V. 16. 

.*. EA is the same submultiple of BA that DA is of CA, 

• V. 19. 

Hence from AB the submultiple required is cut off 

Q. B. F. 

Ex. I. Cut off one-seventh of a given straighttline. 
Ex. 2. Cut off two-fifths of a given straight line. 

J^ote. — This Proposition la «k "^MAKcoiajt <Mae of Proposi- 

tiOD IX. 
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Proposition IX. Problem. (EucL vi. 10.) 

To divide a given straight line similarly to a given straight 
line. 




Let AB be the at. line given to be diyided, and ^C7 the 
divided st. line. 

It is required to divide AB similarly to AC. 
Let AC be divided in the pts. D, E, 

Place ABy AC ao as to contain any angle. 
Join BC, and through D, B draw DF, EG \\ to BC. I. 31. 
Through D draw DHK II to AB. L 31. 

Then •.' EH and GK are Os, 

.-. EG^DH, and GB^HK. L 34. 

And •.• HE is || to KC, 

.'. KHia to HD as C^ is to ED, VL2. 

that v&yBG is to 6?^ as CJ^ is to ED. 

Again, •.• ED \a\\ to GE, 

.'. GE ia to EAbs ED h to DA. VL2. 

Hence AB is divided similarly to AC. 

Q. E. F. 

Ex. 1. Produce a given straight line, so that the whole pro- 
duced line shall be to the produced part in a g^ven ra.ti<;^. 

Ex 2. On a given base describe a tnas\!^<&) ^«Sfia. ^ ^^ 
vertical angle and its sides in a given ratio. 
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Pbofobitiov X. Pboblxm. (EacL yl 11.) 
To find a THIRD proportifmal to two given straight lines. 




I^ AB and AC he the given st lines. 

It is required to find a third proportional to AB, AC, 

Place AB, AC so as to contain any an^e. 

Produce AB, AC to D and E, making BD=^AC. L 3. 
Join BC, and through D draw DE B to jBO. L 31. 

Then V 5(7 is B to D^, 

/. ABisto^Das-iaistoOiP, VLl 

and /. .4jB is to ^Cas ^Ois to CE. V. 6. 

Thus CEiBA third proportional to AB and AC 

Q.S. F. 

Note. This Proposition is a particular case of Proposition XL 

Def. II. When three magnitudes are proportionals, the first 
is said to have to the third the duplicate ratio of that, which it 
has to the second. 

Thus here AB has to (7^ the duplicate ratio of AB to AC. 

Def. III. When three magnitudes are proportionals, the first 
is said to have to the third the ratio compounded of the ratio, 
which the first has to the second, and of the ratio, which the 
second has to the third. 

Tbaa here AB has to GE the ratio compounded of the 
ratios ofAB to AG and AQ to CK 
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Proposition XL Theorem. (Eucl. vi. 12.) 

To find a FOURTH proportiondl to three given straight 
lines. 




Let Ay By Che the three given st. lines. 

It is required to find a fourth proportional to Ay B, C, 

Take DEy DFy two st. lines making an z EDF, and in.these 

make DG=Ay GE=By and DJ?= C, L 3. 

and through ^ draw j&J' II to 6)^3: L 3L 
Then, •.• GH is |j to EFy 

.-. DC;^ is to 6;fJB; as DHis to HF, VL2. 

and .-. ^ is to 5 as (7 is to HF, V. 6. 
Thus JSF is a fourth proportional to A, By G, 

Q. E. F. 

Ex. ABC is a triangle inscribed in a circle, and BD is 
drawn to meet the tangent to the circle at A in D, at an angle 
ABD equal to the angle ABC. Show that AC ia & fourth 
proportional to the lines BD, DA, AB, 
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Proposition XII. Theorem. (Eud. vi. 8.) 

In a. righUangled triangle^ if a perperidicula/r he drawn from 
the right angle to the base, the triangles on each side of it are 
simila/r to the whole tria/ngle and to one anoUier, 




B O 

Let ABO be a righlrangled A , having L BAC a rt z , and 
from A let AD be drawn x to BC, 

Then must Ls DBA, DAG he si/mila/r to A ABC, and to 
ea>ch other. 
For •/ rt. I BDA^Tt, l BAC, and z ABD= l CBA, 

.'. lDAB= lACB, 1.32. 

.*. A DBA is equiangular, and .*. similar to A ABC» VI. 4. 
In the same way it may be shown 
that A DAG is equiangular, and .*. similar to A ABC, 
Hence A DBA is similar to A DAG, 

Q. E. D. 

Cor. I. DA is a mean proportional between BD and DC, 
For JBD is to D^ as D^ is to DC, VL 4. 

Cor. II. BA is a mean proportional between BG and BB, 
For BG\ato BAd&BA viio BD, VI. 4 

Cor. III. GA is a mean proportional between BG and CD, 
For 50 is to 0^ as C4 is to CD. VL 4. 

Q. E. D. 

Ex. £ is a fixed point in the circumference of a circle, whose 

centre is G ; PA is a tangent at any point P, meeting GB pro- 

duced in A, and BD is drawn peTpeii<9\cRx\a^V5 t» GB, Proye 

that the line bisecsting the aaigle APD «X^«.^^\»aM»'OmssM^^ 
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Proposition XIII. Problem. 

To find a mean 'proportional between two given straight 
lines. 




Let AB and BC be the two given st lines. 
It is reqy4/red to find a mean proportional between AB 
and BC, 
Place AB and BC so as to make one st. line AC, 
and on AC describe the semicircle ADC. 
From B draw BD± to AC, and join AD, CD, I. IL 

Then-.- zADOisart. z, ILL 31. 

andDJ?is±to AC, 
.*. DB is a mean proportional between AB and BC. 

VI. 12, Cor. 1. 

Q. E. F. 

Ex. 1. Produce a given straight line, so that the given line 
maj be a mean proportional between the whole line and the 
part produced. 

Ex 2 Shew that either of the sides of an isosceles triangle 
is a mean proportional between the base and the half of the 
segment of the base, produced if necessary, which is cut off 
by a straight line, drawn from the vertex, at right angles to 
the equal side. 

Ex. 3. Shew that the diameter of a circle is a mean propor- 
tional between the sides of an equilateral triangle and a 
hexagon, described about the circle. 

Ex. 4. From a point A, outside a circle, a line is dr^^^^ 
cutting the circle in B and C. "Fmd «k "Ci^aai ^T<5r^<5{v?vwsvss^ 
between AB and A G. 
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Def. IY. Two figures are said to bave their sides about two 
of their angles reciproeaUy proporHondlj when, of the four 
terms of the proportion, the first antecedent and the second 
consequent are sides of one figure, and the second antecedent 
and first consequent are sides of the other figure. 

Thus, in the diagram on the opposite page, the figures AB 
and BC have their sides about the angles at B reciprocally 
proportional, the order of the proportion being 

DB'utoBEasGBiBto BF. 
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Proposition XIV. Theorem. 

Equal jpa/raUdogramSf which have one angle of the one equal 
to one amgle of the other, ham thevr sides about the equal angles 
reciprocally proportional. 



\ 




Let AB, BC be equal Os, having i FBD== l EBG. 

Then must DB he to BE as QB is to BF, 
Place the Os so that DB and BE are in the same st. line ; 
then must GB and BF also be in one st. line. I. 14. 

Complete the O FE. 
Then '.• CJ AB = O BC, and FE is another O, 

.\C7 AB is to CJ FE as CJBC is to CJ FE. V. 6. 

But as O ^5 is to O ^^ so is D5 to BE, VI. 1, Cor, I. 

and as O 50 is to O ^^ so is GfJB to BF. VI. 1, Cor. I. 

.-. DJB is to J?^ as G^5 is to BF. V. 5. 

And Conversely, 

Pa/ralldograms, which ha/oe one angle of the one equal to one 
angle of the other, and their sides about the equal angles recipro- 
cally proportional, a/re equal to one another. 

Let the sides about the equal z s be reciprocally propor- 
tional, that is, let DB ho txi BE as GB is to BF. 

Then must O AB^EJBC. 
For, the same construction being made, 

•.• DBi&\jo BE a& GB\&to BF, 
9,nd ih&tDB is to BE as CJ AB is to CJ FE, VI. 1, Cor. L 
and that GB is to BF as CJ BC is to CJ FE, VL 1, Cor. I. 
.\CJ ABistoCJ FEasCJ BCistoCJ FE. V. 5.. 
and .-. O AB-^CJ BC. "^ .'^^ 
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pBOFoeiTiov XY. Thboresl 

Eqwd triangles, which have one angle of ike one equal to cm 
angle of the other, have their tides about the equal an^ redp- 
rocally proportional. 




Let ABC, ADEhe equal as, having z BAC^ l DAE, 

Then mast CA be to AD as EA is to AB, 

Place the A s so that CA and AD are in the same st line ; 
then must EA and AB also be in one st line. L 14. 

Join BD. 

Then •/ A ABC^ A ADE, and ABD is another a , 

.'.A ABC i» to A ABD as A ADE SaU) L ABD. V.6. 

ButasA^BC istoA^^Dsois (L4 to AD, VLl. 

and as A JD^ ]aU>lABD so is j^^ to AB. VLL 

/. C^ is to ^i) as ^^ is to AR V. 8. 

Ex. 1. Shew that, provided the ndes of one of the triangles 
be made the extremes, it Ib indifferent, so £Eur as the truth of 
the Proposition is concerned, in what order the sides of the 
other triangle are taken as the means of the four pro- 
portionals. 

Ex. 2. ABb, AcC are two given straight lines, cut by two 
others BC, he, so that the two triangles ABC, Abe may be 
equal ; shew that the lines BO, he di^di^ ^«yck other propor- 
tionalljr. 
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And Conversely, 

Trianghsy whiek hcwe one angle of (he one equal to one angle 
of ihe other, a/nd iheivr sides about Ihe equal angles reciprocally 
proportional, a/re equal to one wnother. 

Let the sides about the equal z s be reciprocally proportional, 
that is, let (Li be to AD as EA is to AB, 

ThenrMJUt£^ABC=AADE. 

For, the same oonstruction being made. 

-.' CA istoADasEAiB to AB, 

and that (LI is to ^D as A XB(7 istoAJl^D, VI. 1. 

and that EA is to ABsa/^ADE is to A AB2), VI. 1. 

.•.A^jB(7istoA-4jBDasAAD^istoA^jB2). V. 5. 

and .-. A ABC= A ADE. V. 8. 

Q. E. D. 

Ex. 3. Through the extremities of the base BC, of a triangle 
ABC, draw two parallel lines, BE and CD, meeting AC and 
AB produced in E and D respectively, so that BCD may be 
equal in area to ABE, 

Ex. 4. P is any point on the side AC, of the triangle ABC ; 
CQf drawn parallel to BP, meets AB produced in Q ; AN, 
AM are mean proportionals between AB, AQ, and AC, AP, 
respectively. Shew that the triangle ANM is equal to the 
triangle ABC. 
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Proposition XVI. Theorem. 

If four straight lines he proportionalSf the rectangle contained 
by the extremes is equal to the rectangle contained by the means. 



G- 



M 



jxr 



-H 



B 



n 



Let the four st. lines AB, CD, EF, GH be proportionals, 
so that AB is to CD as ^^ is to GH. 

Then must red. AB, GH^rect, CD, EF. 

Draw AM±toAB, and C^±to CD ; L 11. 

and make AM^GH, and CN=EF; 

and complete the Os BM, DN. I. 31. 

Then •.• -45 is to CD as ^2^ is to GH, 
and that EF=-CN, and GH^AM, 

.'. -45 is to CD as OJV is to AM. V. 6. 

Thus the sides about the equal z s of the equiangular 
Os BM, DN are reciprocally proportional, 

and .-. O BM=EJ DN ; VI. 14. 

that is, rect. AB, -4ilf =rect. CD, CN. 
.'. rect. AB, GH^rect CD, EF. 

Ex. 1. If ^ be the middle point of a semicircular arc AEBy 
ODd EDC be any chord, cutting the diameter in D, and the 
circle in C, prove that the Bquaxe cm. CE \a «»^\x) tmoe the 
quadrilateral AEBC. 
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And Conversely, 

If the rectangle contained by the extrevnes he equal to the rect- 
angle contamed by the means, Ihe jovr etradghl lines a/re pro- 
portionais. 

Let rect AB, GH^iect, CD, EF. 

Thm vMAst AB he to CD as EF is to GH. 

For, the same construction being made, 
••• rect ABy GH -rect. CD, EF, 
.'. rect AB, ^M=rect. CD, CN, 
that is, O BM^CJ DN. 

and these Os are equiangular to one another, 
and .*. the sides about the equal zs are reciprocally 
proportional, VI. 14. 

and .*. AB is to CD as CN is to AM, 
and ••. JIB is to GD as ^J?' is to GR. V. 6. 

Q. B. D. 

Ex. 2. If, from an angle of a triangle, two straight lines be 
drawn, one to the side subtending that angle, and the other 
cutting from the circumscribing circle a segment, capable of 
containing an angle, equal to the angle, contained by the first 
drawn line and the side, which it meets ; the rectangle, con- 
tained by the sides of the triangle, shall be equal to the rect- 
angle, contained by the lines thus drawn. 
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PsOPOeiTION XVn. THB0RS3L 

If thrte straight lines he proportionals, ike redan^ eoniaifud 
by the extremes is equal to the square on the meam. 



A- 



I>. 



V' 




Let the three st. lines J., £, be proportionals, and let 
^betofasfistoC 

Then must red. A, C=sq, on B^ 
Take D=B, 
Then •/ -4 is to £ as 5 is to 0, 

/. -4 is to 5 as 2> is to 0, V. 6. 

and /. rect. A, C=rect. B, D, VI. 16. 

that is, rect A, (7=sq. on B. 

And Conversely, 

If the rectangle contained by Ihe extremes he equal to iht 
squa/re on the m£an, the three straight lines a/re proportionals. 

Let A, B, Che three straight lines such that 

rect. A, C^sq. on B, 
Then must A hetoBasBisioG. 
For, the same construction being made, 
*.* rect. A, (7=sq. on B, 
and 5=2), 
.*. rect. -4, C=rect. B, D ; 
and .*. J. is to £ as 2> is to 0, VI. 16. 

that is, ^ is to E aa B \a \iO C. V, 6. 
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Proposition XVIII. Problem. 

UjpoTi a given straight Une to describe a rectilinear figure 
similar and similarly sittLoied to a given rectilinear fi,gvre. 





Let Ah be the given st. line, and CBEF the given recti! 
fig. of four sides. 

It is required to describe on AB a fi/g, similar and similarly 
situated to CDEF. 

Join DF, and at A and B, mak^ jl BAG = z DCF, and 
lABG=^iCDF; 

then A BAG is equiangular to A DCF. 
At G and B, make z BGH'= l DFE, and z GBH=^ z jF!D^ ; 

then A G^jEB is equiangular to A ^^2>. 
Then •.• z AGB= z 0#A and z BGH=^ z Z)^^, 

.•. z AGH= L OFF, Ax. 2. 

So also z ABB:= z CD^. 
And we know that z 5-40^ = z DCF, 
and that z G^ JETB = z jP^D, 
.'. rectil. fig. ABHG is equiangular to fig. CDEF, 
Also, *.• A 5-4 G^ is equiangular to A DCF, 

.-. BA is to ^G^ as 2)0 is to CF ; VI. 4. 

and *.' A BGH is equiangular to a DFE^ 

.-. G^J? is to GHaaFD ia to FE. VL 4. 

Also, AG k to GB SisCF ia to FD. 

.-. AG is to Gfjffas CF is to FE. V. 21. 

Similarly, it may shown that 

GfJEis to HB aaFEisto ED^ 
and that jffB is to B A as ED \a to BO. 
.'. the rectil Bga. ABHG and CDEF ot^ ^vm^isflt. 
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Next. Let it be required to describe on AB a fig., fflmikr 
and similarly situated to the recti! fig. CDKEF. 





Join DE, and on AB describe the ^. ABHG, similar and 
similarly situated to the quadrilateral CDEF. 

At Band J? make z HBL= l EDK, and i BHL=^ i DEK\ 
then A HLB is equiangular to A EKD, 
Then '.' the figs. ABHG, CDEF are similar, 

.-. z GHB= I FED ; 
and we have made z BKL^ z DEK ; 

.-. whole z G^jHi=whole z FEK. Ax. 2. 

For the same reason, z ABL=^ z 02>£1 
Thus the %g, AGHLB is equiangular to fig. GFEKD. 
Again, *.• the figs. AGHB, CFED are similar, 

.-. (?i/ is to HB a» 1^^ is to ^2> : 
alsowe know that HB is to jffL as ^D is to EK^ VI. 4. 

.-. (?fi^is to J3X as jP^ is to EK. V. 21. 
For the same reason, AB is to BL as CD is to DK, 

And^Z istoZjffasi)£:istoZ^^; VI. 4. 
.-. the five-sided figs. AGHLB, CFEKD are similar. 
In the same way a fig. of six or more sides may be described, 
on a given line, similar to a given fig. 

Q. E. F. 
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Proposition XIX. Theorem. 

Svrmla/r triangles cure to one another in the duplicate ratio of 
their homologous sides. 





Let ABCy DEF he similar A s, 

having z s at ,4, B, 0= l s at D,E,F respectively, 

so that EC and EF are homologous sides. 

Then nmst a ABC have to A DEF the duplicate ratio of 
that which BChasto EF. 

Suppose A DEF to be applied to A ABC, so that 
E lies on B, ED on BA, and .-. EF on BC. 

Let P and g be the pts. in BA, BCon which D and jP fall. 

Join AQ, 

Then A^JJC is to A-4J5Q as BO is to BQ, VL 1. 

andA-4J50 is to aPJ^C as ^Pis to BP. VL L 

But ^B is to J5P as PC is to BQ, VL 4. 

.\LABQ\Bto£^PBQa8BC\BtoBQ. V.5. 

Hence A ^PC is to A ^PQ as A -4PQ is to A PPQ. V.6. 

.'. A ABC has to A PBQ the duplicate ratio 
of A ABC to A ABQ ; VL Def. 2. 

.'. A ABO has to A PBQ the duplicate ratio 
of BG to BQ. V. 6. 

that is, A ABC has to a DEF the duplicate ratio 
of BO to EF. 

Qk E. D. 

Cor. If MN be a third proportional to BC mA E5 , 
BChasto MN the duplicate ratio of BC to EE , NVTi^V^- 
andr. BCiB to MN as A ABO \b to L.DEE. 
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Exercises on Proposition XIX. 

%x. 1. Prove this Proposition without drawing any line 
inside either of the triangles. 

Ex. 2. In the figure, if BC be equal to FD, shew that the 
triangles will be in the ratio of AB to EF, 

Ex. 3. Cut off the third part of a triangle by a straight line 
parallel to one of its sides. 

Ex. 4. ABf AC sue bisected in D and E. Prove that the 
quadrilateral DBCE is equal to three times the triangle 
ADE. 

Ex. 5. ABC is a line passing through the centre of the 
circle BCD, and AD a tangent to the circle. If CE be drawn 
parallel to BP, shew that the triangles A CD, ACE are to one 
another as J. C to AB. 

Ex. 6. A straight line drawn paralld to the diagonal BD of 
a parallelogram ABCD meets AB, BC, CD, DA, in E, F, G, H. 
Prove that the triangles AFG, CEH are equal 

Ex. 7. If two triangles have an angle equal, and be to each 
other in the duplicate ratio of adjacent sides, they are similar. 

Ex. 8. The circle B^C (centre 0) touches the circle -UBC in- 
ternally, and AB'B touches B^C in B^. Shew that if BD be 
perpendicular to the common diameter, AB, B' divides AB 
into segments, which are in the duplicate ratio of OG to 0D» 

Ex. 9. From the extremities A, B, of the diameter of a drde, 
perpendiculars AT, BZ, are let fall on the tangent at any 
point C. Prove that the areas of the triangles ACT, BCZ are 
together equal to that of the triangles ACB, 

Ex. 10. If to the circle, circumscribing the triangle ABO, a 
tangent at be drawn, cutting AB produced in D, shew thai 
AD is to DB in the duplicate ratio of 40 to CB, 

Ex. 11, Construct a tnan^e -vfl^oli cihaU be to a given 
triangle in a given ratio. 
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Proposition XX Thboreic (EucL vi. 21.) 

ReMvaear figvres, which a/re svm/Uar to the same redUinea/r 
jigwrey arre oho similar to each other. 




Let each of the rectilinear figures A and B be similar to the 
rectilinear figure 0. 

Then must ihefigwre A he similar to the figure B. 

For •/ Ala similar to 0, 
.-. A is equiangular to 0, 
and A and C have their sides about the equal z s pro- 
portionals. VI. Def. 1. 
Again, *.* B is similar to C> 

.*. B is equiangular to C> 
and B and C have their sides about the equal z s pro- 
portionals. VI. Def. 1. 

Hence A and B are each equiangular to C, and have the 
sides about the equal zs of each of them and of C pro- 
portionals. 

••• ^ " equiangular to B, Ax. 1. 

and A and B have their sides about the equal z s pro- 
portionals. V. 6. 
.'. the figure A is similar to the figure B, VI. Def. 1. 
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Proposition XXI. Theorem. (EucL vi. 20.) 

Stmil^x/r polygons may be divided into Uie same nvmber of 
simila/r triangles, having the sa/me ratio to one another, wlM 
the polygons ha/oe ; and the polygons a/re to one another in Qyt 
dvplicate ratio of their homologous sides, 

A. 

T 





V c A b: 

Let ABCDE, FGHKL he similar polygons, and let AB be 
the side homologous to FG, 

I. The polygons may be divided into the same nwiiber of 
simila/r A 8. 

II. These A s hoAje each to each the same ratio which the poly- 
gons ha/oe, 

III. The polygon ABCDE has to the polygon FGHKL the 
duplicate ratio of that which the side AB has to the side FO. 

Join BE, EC, GL, LH : then 

I. '.' the polygon ABCDE is similar to the poly(|;on 
FGHKL, 

/. z BAE = z GFL, 
BJid BA is to AEbsGF Is to FL. 
.'. A ABE is similar to A FGL. VL 6 and 4. 

and .-. z ABE - z FGL, VI. Bet 1. 

Again, *.' the polygons are similar, 

.-. z ABC == z FGH, VI. Def. 1. 

taid ,\ I EBC '=' jl LGH ; Ax. 3. 

and *.• the A s ABE, FGL are similar, 

.-. EBisto AB as LG is to FG; VL Def. 1. 

also, *.• the polygons are similar, 

.-. ^5is to jBCaB i^Gf is to GH; VI. Def. I, 

and .-. j&£ is to 50 as iG^ is to GH, V. 2L 

and .-. since z EBC = z LGH, 

the aEBC is similM to ^LGH. VL 6 and 4. 

For the same reason the ^ ECB \a «vm^\ \si b^loHX.. 
Thus the polygons are dvvi^ed *\i\\iO VJsxa «asaft tisa^csRst ^ 
'lor /^a. 
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IL •/ lABB is similar ioLFGL, 

.*. A ABE has.to A ^(7X the duplicate ratio of 
BE to (?X. VI. 19. 

So also, A ^^0 has to AX^JS'the duplicate ratio of 
BE to GL. VL 19. 

/. li ABE IB to lFGL aa £iEBC \a to lLGH. V. 5. 

Again, '.* A ^£C is similar to A LGH, 

.*. A EBC has to A LGH the duplicate ratio of 
EC to ilCr. VI. 19. 

So also, A ECD has to A XJETZ^ the duplicate ratio of 
EC to LH. VI. 19, 

/. i^EBC ]a to i^LGH B8 lECD ia to i^LHK. V. 5. 

But nEBC \a to £i LGH Bsi^ ABE \b to i^FGL. 

/.as lABE\a to lFGL ^0 \alEBC to lLGH, 

and A ^GD to A XJETZ: 

Now as one of the antecedents is to one of the consequents 
so are all the antecedents together to all the consequents 
together, V. 10. 

and .'. A ABE is to A FGL as polygon ABCDE is to polygon 
FGHKL. 

IIL Since A ABE has to A FGL the duplicate ratio of 
AB to FG, VI. 19. 

.'. polygon ABCDE has to polygon FGHKL the duplicate 
ratio of AB to FG. V. 5. 

Q. E.D. 

Cob. I. In like manner it may be proved, that similar 
figures of fov/r or a/n/y nvmber of sides, are to one another in 
the duplicate ratio of their homologous sides : and it has been 
already proved for tria/ngles, vi. 19. Therefore, universally, 
similar rectilinear figures are to one another in the dui^lic&tA 
ratio of their homologouB sides. 
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Cor. n. If JOT be a third propordaiud to AB and jPG, 
uli^ has to My the duplicate ratio of JjB to ^&, YL Def 2. 
and ,'. AB is to MN as the figure on AB to the similar and 
similarly described figure on FG ; that being true in the case 
of quadrilaterals and polygons, which has been already proved 
for triangles. VL 19 Cor. 

Peopositiow XXIL Theoreic. (End. tl 31.) 

In right-angled triangles, the rectUinear figurcy described upon 
the side oj/posUe to the right angle, is equal to f^ similar and 
simMa/rl/y described figv/res upon the sides containing the right 
angle. 




Let ABC be a right-angled a , having the right z BAG. 
Then must the rectilinear' figure, described on BC, he equal 
to the svndlar and similarly described fi^v/res on BA, AC. 
Bmw AD ± to BC. 

Then a ABC is similar to A DBA, VI. 12. 

and .-. 50 is. to 5^ as 5^ is to BD, VI. 4 

and .'. as BC is to BD so is the figure described on BC to 

the similar and similarly described figure on BA, VI. 21, Cor. 2. 

and .'. as BD is to BC so is figure on BA to figure on BC, 

V. 12. 
For the same reason 

as DC is to BC so is figure on AC to figure on BC. 
Hence as BD, DC together are to BC so are figures on BA, 
AC together to figure on BC V. 22. 

But BD, DC together are equal to BC, and 
. •. figures on JB J., AC togft\k« = ^i!5g5x^ ^"^ BC. V. 18. 



BoOkVL] 



PROPOSITION XXIIL 



279 



Note. — ^The Proposition which follows is not given by 
Euclid, but is necessary to the proof of Prop. xxiy. 



Proposition XXIIL Theorem. 

If two rectiUnea/r figures be equal and also similar, their 
homologous sides must he equal, each to each. 




Let the rectiL figs. ABGBE, FGHKL be equal and similar, 
and let DC and KH be homologous sides of the figures. 

Then must DC=KH. 

For, if not, let DG be greater than KH. 
Then '.• DO is to DJS? as KH \&to KL, 

.'. DE is greater than KL. V. 14. 

Hence ifhKLH be applied to L DEC, so that KH falls on 
DC and KL on DE {for iHKL=> l CDE), HL will fall 
entirely within A DEC, 

,'. A KLH is less than A DEC 
But v A DEC is to A KLH as figure ABCDE is to 
figure FGHKL, VI. 21. 

and figure ABCDE ^^xe FGHKL 
.-. A DEC = A KLH, V. la 

or the greater = the less, which is impossible. 
.*. DC is not greater than KH, 
Similarly it may be shown that DC is not less than KH, 
.'. DC=KH. 
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Proposition XXIV. (EucL vi. 22.) 

If four strcdght liius he proportidTials, the 8vm4Ia/r recti- 
linea/r figures svrmla/rly described upon them must also be pro- 
portionals. 
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Let thd' four straight lines AB, CD, EF, GH be propor- 
tionals, thaib'isy AB to CD as EF ia to QB ; 

and upon AB, CD let the similar rectilinear figures KAB, 
LCD be similarly described ; and upon EF, OH the similar 
rectilinear figures MF, NH in like manner. 

Then must KAB he to LCD as MF is to NH. 

\ 

t 

To AB, CD take a third proportional X and 
to EF, GH take a third proportional 0. VI. 10. 

Then •.• u4J5 is to ci> as ^^ is to GH, 

.\ CD la to X as GH is to 0, V. 6. 

&Tid.'.ABMtoX sa EF IB to 0. V. 21. 

But as ^^ is to Z so iB KAB to LCD, VI. 21, Cor. 2. 
and as ^^ is to so is MF to NH. VI. 21, Cor. 2. 
.-. KAB is to LCD as MF is to NH V. 6. 
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And Conreisely, 

If ihb iimUar figwes, nmUarly described on four straighi 
Unes, he proportioncUsy those straight lines must be proportionals. 

The same construction being made, 

let KAB be to LCD as MF is to NH, 

(hm TMut AB be to CD as EF is to GH. 

Make as ul£ to OD so ^^ to Pi2, VI. 11. 

and on PB describe the rectilinear figure 8B, similar and simi- 
larly situated to either of the figures MF^ NH, YI. 18. 

Then, by the first part of the proposition, 

KAB is to LCD as MF is to SB, 

But KAB is to LCD as MF is to NH. Hyp. 

.-. SB^NH, V. a 

Also, 8B and NHsun similar and similarly situated, 

fOid .'. PB^GH. VI. 23. 

Now u4B is to CD as ^^ is to PB, 

and .*. ^i} is to C2> as ^J* is to GH. V. & 
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Proposition XXV. Theorem. (Eud. vi. 33.) 

In equal cvrcleSf angles, whether at the centres or the cvrcimr 
ferences, have to one another ihe sa/me roMo as the a/rcs which 
svbt&nd them ; and so also ha/ve the sectors. 





In the equal ©s ABC, DEF let the i s BGC, EHF at the 
centres, and the z s BAG, EDF at the circumferences, be sub- 
tended by the arcs BC, EF. 

Thml. I BGC must be to I EHF as are BC is to a/rc EF. 

Take any number of arcs CK, KL, each =^(7, 
and any number of arcs FM, MN, NB each=EF, 
Then •.* arcs BC, CK, KL are all equal, 

/. z s BGC, CGK, KGL are all equal. III. 27. 

.*. z BGL is the same multiple of z BGC that 
arc BL is of arc BC 

So also, z EHB is the same multiple of z EHF that 
arc EB is of arc EF. 

And z BGL is equal to, greater than, or less than 
lEHB, 

according as arc BL is equal to, greater than, or less than 

arc EB. HI. 27. 

Now z BGL and arc BL are equimultiples of z BGC andarci^O, 

and z JLfiTi^andarc EEaieoqxmsmV^^X^^o'i l EKFandarcJ^JP*. 

.-. ^ BGCk to z EHF as ate BC\a\.o«t<iE^. ^.\i^\.V 
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II. I BAG must he to I EDF OB cure BC U to cure EF. 

For ••• I £(?a= twice L BAG, and z ^SF= twice z J&DJ; 

III. 20. 

.'.iBAGiatoiBDFaa/LBGGiBioiEHF, V. 11. 

and .'. I BAGia to z ^D^ as arc jBOis to arc EF. V. 6. 

III. Sector BGG must he to sector EJELF as cure BG is to 
arc EF. 

For sectors BGG, GGK, KGL are all equal, III. 26, Cor. 

and sectors EHF, FHM, MEN, NEB, are all equal, 

III. 26, Cor. 

.*. sector BGL is the same multiple of sector BGG that 
arc BL is of arc BG, 

and sector EHB is the same multiple of sector EEF that 
arc ^JS is of arc ^^; 

also, sector BGL is equal to, greater than or less than 
sector EEB, according as 

arc BL is equal to, greater than, or less than arc EB, III. 26. 
and /. sector BGG is to sector EEF as arc BG is to arc EF, 

Q. B. D. 

Cob. In the same circle, angles, whether at the centres or 
the circumferences, have the same ratio as the arcs which sub- 
tend them ; and so also have the seciois. 



284 EUCLID'S ELEMENTS. [BMft VL 



Proposition R Theorem. 

If an angle of a triangle be bisected by a straight line^ wkidi 
likewise cuts the base ; the reetangU, contained by the sides of 
the triangle, is equal to the rectangle, contained by the segmentt 
of the base, together with the square on the line bisecting the 
angle. 




Let I BAC of the A ABC be bisected by the st line AD, 

Then red. BA, AC=rect, BD, DC together with sq. on AD, 

Describe the ABC about the A , IIL b. p. 135. 

produce AD to meet the Oce in J^, and join EC, 

Then •/ z BAD = z CAB, Hyp. 

and z ABD = l ABC, in the same segment, IIL 21. 

.*. A ABD is equiangular to A ABC, I. 32. 

.-. J5^ is to ^D as ^^ is to AC, VI. 4 

/. rect BA, ^C=rect. BA, AD, VL 16. 

=rect. BD, DA together with sq. on AD, 

IL3. 

=rect. BD, DC together with sq. on AD, 

nL 35. 
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Proposition 0. Theorem. 

If from any angle of a triangle a straight line he drawn per- 
pendicular to the 6086, (he rectangUy contained by the sides of 
the triangle, is equal to the rectangle, contained by the per- 
penddcuUur cmd the diameter of the cvrde described about the 
triangle. 




Let ABC be a A , and AD the ± from A to BC. 

Describe the © ABC about the A ABC, III. b. 

draw the diameter AB, and join EC, 
Then must rect. BA, AC = rect EA, AD, 

For •.' rt. z BDA = z ECA, in a semicircle, III. 31. 

and z ABD = z AEC, in the same segment, III. 21. 
.*. A ABD is equiangular to the A AEC. I. 32. 

.-. BA is to ^D as ^^ is to AC, VI. 4. 

and .-. rect. BA, ^(7= rect. EA, AD. VI. 16. 

Q. E. D. 

Ex. 1. Shew that the rectangle contained by the two sides 
can never be less than twice the triangle. 

Ex. 2. ABC is a triangle, and AM the perpendicular upon 
BC, and P any point in BC ; if 0, (/ be the centres of the 
circles described about ABP, AGP, the rectangle AP, BC 
is double of the rectangle of AM, OC/. 

Ex. 3. A bisector of an angle of a triangle is produced to 
meet the circumscribed circle. Prove that thft t^^sfeassj^'^^^sRs^- 
tained hytbia whole line and the part oii\»'m>2bMi^<b\Jcsa3fi^^< 
18 equal to the rectangle contained "by \^"& Vnq «Avsu 
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Proposition D. Theorem. 

The rectangle, contained by the diq^oncds of a quadrilateral 
inscribed in a ci/rcle, is equcd to the sv/m of the rectangles, con- 
tained by its opposite sides. 




A. 
Let ABCD be any quadrilateral inscribed in a 0. 

Join AC, BD. 
Then red, AC, BD=rect. AB, CD together with rect AD, BC, 

Make z ABE = z DBC ; I. 23. 

and add to each the i EBD, 
Then A ABD ^ I CBE ; 
and z BDA » z BCE in the same segment ; 
/. A ABD is equiangular to A BCE, 
.-. -4D is to 5i> as 0^ is to BC, 
and .-. rect AD, J5C=rect BD, CE. 
Again, *.* z ABE = z DBC, by constraction, 

and z BAE = z BDC, in the same segment, 
.*. A -4jB^ is equiangular to A BCD. 
.-. ulJ5 is to ^^ as 5D is to CD, 
and .-. rect AB, CD^rect BD, AE. 
Hence rect AB, CD together with rect. AD, BC 
=rect BD, AE together with rect BD, CE. 
^'rect. AC,. BD. II. 1. 

Q. B. D. 

Ex, If the diagonals cat one another at an angle equal to one 
third of a right angle, the lecfeaTi^ea coii^aMi^Xys ^^ ^\|V!^>^ 
'^— V© together equal to font timftft VXi^ c^xaAf^\KB^^v^Eafe, 



III. 21. 


1.32. 


VI. 4. 


VL16. 


III. 21. 


1.32. 


VI. 4. 


VI. 16. 
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Proposition XXVI. Thborbm. (Eucl. vi. 23.) 

Equian^la/r pa/rallel6gram8 ha/ve to one another the ratio, 
which is compounded of the raUos of thevr sides* 




Let -4 C and CF be equiangular Os, having z BCD = z ECO. 

Then must EJ AC have to EJ CF the roMo compounded of 
the ratios of ihevr sides. 

Let BC and CG be placed in a straight line. 
Then BC and CE are also in a straight line. I. 14. 

Complete the O DG, and taking any st. line K, 

make as J5a is to CG so JK" to i VL 11. 

and make as BC is to CJ^ so X to M, YI. 11. 

Then *.* K has to M the ratio compounded of the ratios of 
Kto L and Lto My 

.'. K has to M the ratio compounded of the ratios of 

the sides. VI. Def. 3, p. 260. 

Now BCiB to CG OS CJ ACia to EJ Cff, VL 1. 

and DOis to CE 2& EJ CHk to EJ CF, VL 1. 

.-. JS: is to i SiS EJ AC ia Ui EJ CH, V. 5. 

audi istoM asOCffistoOCF, V. 5. 

Hence Z" is to M as O -40 is to O CF ; V. 21. 

and .*. EJ AC has to O CF the ratio compounded of the 
ratios of their sides. 
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Proposition XXVII. Theorem. (EucL vi. 24). 

Parallelograms about the diameter, of any pa/raMelogram are 
sim/Uar to the whole parallelogra/m and to one a/nother. 




Let ABCB be a CD, of which the diameter ha AC; disA 
AEFG, FHCK the Os about the diameter. 

Then must these EJs be simUa/r to ABCD and to ea4ih oHher, 

For '.• OF IS \\ to DC, .'. l AQF = i ADC, I. 29. 

and •.• ^i^ is II to BC, .\ l AEF = lABC; I. 29. 

and each of the z s EFG, 5GD=opposite z BAD, I. 34. 

and .-. z EFG= L BCD. Ax. 1. 

Thus the Os AEFG, ABCD are equiangular to one 
another. 

Again, V J^^ is II to J5a, 

.-. ^J5 is to JBCas ^^ is to EF; VI. 4. 
and since the opposite sides of the Os are equal, 

.-. ^ J5 is to -4D as ^J^ is to AG, V. 6, 

and DC is to CB a& GF ia to FE, V. 6. 

and OD is to i>^ as -F'Gf is to GA. V. 6. 

Thus the sides of the Os AEFG, ABCD about their equal 
angles are proportional 

.-. O AEFG is similar to O ABCD. 

Similarly, O FHCKia similar to O ABCD ; 

and .-. O AEFG is similar to O FHCK. VI. 20. 

Q. E. D. 

Ex. Show that each of the complements of the parallelogram 
18 a mean proportional between ^^e '^«x»2!^<^q^c«xq& «?c^\it the 
diameter. 
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Proposition XXVIII. Theorem. (EucL vi. 26.) 

If two mnMa/r parallelograms ham a common angle, and be 
gimMarly dttuited, they ore ahout the eam/e diameter. 




Let the Os ABCD, AEFG be similar ancL similarly 
situated, and have z DAB common. 

Then must ABCD a/nd AEFG be ahout the sam^ diameter. 

For, if not, let ABCD have its diameter, AHC, not in the 
same st. line with AF, the diameter of AEFG, 

Let GF meet AHC in H, and draw HK II to AD. L 31. 

Then Os ABCD, AKHG, about the same diameter, are 

similar. VI. 27. 

and .-. D-4 is to ^jB as (?^ is to AK. VL Del 1. 

But •.• ABCD, AEFG are similar Os, 

.-. D^ is to ^5 as (?^ is to AE, 

Hence GA is to AKbb GA is to AE, V. 6. 

and .-. AK=:AE, V. 8. 

the less=the greater, which is impossible. 

.*. ABCD and AKHG are not about the same diameter, 
and .*. ABCD and AEFG must have their diameters in the 
same st. line, that is, they are about the same diameter. 

(^ E. D« 

20 
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Proposition XXTX. Probleil (End vi. 26.) 

To describe a rectilinear figure v^ieh shaU he nmilcur to onej 
and equal to another y given rectilinear fi^re. 




Let ABC and D be two given rectilinear figores. 

It is required to describe a figure similar to ABC and equal 
toD. 

On BC describe the O BLEC equal to ABC, and I. 46, Cor. 
on CE describe the O CEFMeqpsl to D, I. 46, Cor. 

and havingz -PG^ = z CBL. 
Then BC and Ci^ are in a straight line, I. 29 and 14. 

and LE and EM are in a straight line. 
Find GH, a mean proportional between BC and 0-P, VI. 13. 
and on GH describe the rectilinear figure KGH, similar and 
similarly situated to ABC. VI. 18. 

Then •.' BC is to GH as GH la to CF, 

.-. as 50 is to OF so is ABC to KGH. VI. 20, Cor. 2. 
But as 5(7 is to OF so is O jB^ to O EF, VI. 1. 

and /. as ABC is to KGH so is O 5^ to O EF. V. 6. 
Now ABC is equal to O BE, Constr. 

and .-. KGH =0 EF. V. 14. 

But O ^F=the figure D. 
.-. KGH =D ; and KGH is similar to' ABC. 
Hence a figure KGH baa been described as was required. 



^. 
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Def. y. A straight line is said to be cut in extreme and 
mean ratio, when the whole is to the greater segment as the 
greater segment is to the less. 



Proposition XXX. Problem. (EucL vi. 30.) 
jPo cut a t^aighJt line in eoctreme and mean raiio. 



c 



Let JjB be the given st. line. 

It 18 required to cut AB in extreme and mean ratio. 

Divide AB in the pt. C, so that rect. AB, BC = sq. on AG. 

II. 11. 
Then *.• rect. AB, BC = sq. on AC. 

.'. AB ia to AC 9S AC IB to BC, VI. 17. 

and .'. AB is cut in extreme and mean ratio in C. Def. 5. 

Q. E. F. 

Ex. 1. If two diagonals of a regular pentagon be drawn to 
cut one another, they cut one another in extreme and mean 
ratio. 

Ex. 2. If the radius of a circle be cut in extreme and mean 
ratio, the greater segment will be equal to the side of a regular 
decagon described in the circle. 
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Proposition XXXI. Theorem. (EucL vi. 32.) 

If two triangles, similarly situated, which have two sides 
of the one proportional to two sides of the other, he joined at 
one angle, so as to have their homologous sides pa/raXldy each 
to each, the remami/ng sides must he in a straight Une. 




Let the as ABC, DCS be similarly situated, having the 
sides BA, AC proportional to CD, BE, and let BA be y to 
CD, and -4C II to D-&; 

Then must BC and CE he in one st, line. 

For •/ AC meets the ||s BA, CD, 

.\lBAC== alternate z A CD. I. 29. 

And •.• CD meets the ||s AC, DE, 

.-. lACD^ alternate z CDE. I. 29. 

Hence iBAC= i CDE. Ax. 1. 

Then v jB^ is to ^C as GD is to DE, and z 5-4(7= z CDE, 

.\ A ABC is equiangular to A DCE. VI. 6. 

.'.lACB^^i DEC ; VI. Def. 1. 

and .-. z s ACB, ACE together ^ is ACE, DEC together, 

= two right angles. I. 29. 
.*. BC and CE are in the same st. line. 1. 14. 
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Miscellaneous Exercises on Booh YL 

1. Two common tangents to two circles meet at A. If the 
diameter of the smaller circle, the* distance between the centres, 
and the diameter of the larger circle, be in the ratio of 1, 2, 3, 
proye that the distance firam A to the centre of each circle is 
equal to the diameter of that circle. 

2. Straight lines are drawn through the angular points of a 
triangle, parallel to the opposite sides, and through the angular 
points of the triangle thus formed straight lines are drawn, 
parallel to its opposite sides, and so on ; show that all these 
tmngles are similar to the original triangle, and that any one 
of them has its sides bisected by the angular points of the pre- 
ceding triangle. 

3. If a point be taken within an equilateral triangle, the per- 
pendiculars drawn firam it to the three sides are together equal 
to the perpendicular drawn from one of the angles to the 
opposite side. 

4. Upon AB as base two triangles ABC, ABD are described, 
and a line cutting CA is drawn parallel to CD. From the 
points where this line meets AC, AD, lines are drawn to meet 
CBf DBy and parallel to the base. Shew that these lines are 
equal 

6. If be the centre, and AB the diameter of a circle, and 
if on the radius AG b, circle be described, then the circum- 
ference of this circle will bisect any chord, drawn through it 
from A to meet the exterior circle. 

6. On a given base describe a triangle, having a given 
vertical angle, and one of its sides double of the other. 

7. From a point E in the common base of two triangles 
ACBy ADB, straight lines are drawn parallel to AC, AD, 
meeting BC, BD in I and 0, Shew that the lines joining 
F, and 0, P will be parallel 

8. From the angular pointe, of aixkn^V^ ABO,^\j«£^h.W. 
JI?, BjB, CF, are drawn perpendicolbx \o ^sSaa o^-^osaJMb «*^ 
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and terminated by the circumscribing circle ; if X be the point 
of their intersection, shew that XD, LE^ LF are bisected by 
the sides of the triangle. 

9. If P and E be points in the sides of a triangle ABC, 
such that AB and AE are respectively the third parts of AB and 
AC J shew that BE and CD cut one another in a point of 
quadrisection. 

10. In AB, AC, two sides of a triangle, are taken points 
D, E ; ABy 40 are produced to F, G, such that BF^AD, and 
CG^AE : and BG, CF, FG are joined, the two former meet- 
ing in £. Show that the triangle FHG is equal to the 
triangles BHC, ADE together. 

11. If the angle, between the internal bisector of the angle 
of a triangle and the base, be equal to the angle between the 
external bisector and the greater side produced, a perpen- 
dicular on this side through the vertex will bisect the segment 
of the base between the internal and external bisectors. 

12. Triangles on equal bases and between the same parallels 
will have equal areas cut off by a line parallel to their bases. 

13. From A, B, the extremities of the diameter of a circle, 
lines ACE, BCD, are drawn through a point C, on the circum- 
ference, to points E and D, such that EB and DA touch the 
circle. Shew that ED is parallel to the tangent at 0, 

14. Draw a straight line cutting two concentric circles, so 
that the part of it which is intercepted by the circumference 
of the greater may be four times as great as the part inter- 
cepted by the circumference of the less. 

15. Shew how to inscribe a rectangle DEFG in a triangle 
ABC, so that the angles D, E may be in AB, ^(/respectively, 
the side FG coincident with the base, and the area of the rect- 
angle be equal to half that of the triangle. 

16. If the bisectors of the opposite angles A, C, of a quadri- 
lateral figure ABCD, intersect on the diagonal BD, then will 

the biaeotora of the angles B, B meet on AC 

IT. Two sides of a ^^uadxilaleiaA. dsacx^^ «\»sv)\» «i ^ssOl*^ ve^ 
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parallel ; if the points of contact divide the other two sides 
proportionally, they are equally inclined to the first two. 

18. If two triangles, on the same base, have their vertices 
joined by a straight line, which meets the base, or the base 
produced, shew that the parts of this line, between the vertices 
of the triangles and the base, are in the same ratio to each 
other as the areas of the triangles. 

19. From any point P, in the circumference of a circle, 
whose centre is 0, perpendiculars PM, FNy are let fEill on two 
radii OAy OB, and are produced both ways to meet the cir- 
cumference of the circle in C, D, and the straight lines OA^ 
OB, mE, F respectively. Shew that the three straight lines 
OP, MN, EFy are parallel to one another. 

20. If the angles P, (7, of the triangle ABC, be respectively 
equal to the angles D, E, of the triangle ABE, and the angles 
By Ey of the triangle ABE, to the angles D, (7, of the triangle 
ADC, then these pairs of triangles shall be respectively equal 
to each other ; and if BE, CD, intersect in P, the triangles 
BFDy OFEy shall also be similar. 

21. If^ from the extremities of the diameter of a semicircle, 
perpendiculars be let Ml on any line cutting the semicircle, 
the parts intercepted between those perpendiculars and the 
circumference are equaL 

22. In a given circle place a chord, parallel to a given chord, 
and having a given ratio to it. 

23. ABO is an equilateral triangle. Through a line is 
drawn at right angles to J.C7, meeting AB produced in D, and 
a kne through A parallel to BO in P. Through K, the middle 
point of AB, lines are drawn respectively parallel to AE, AC, 
and meeting DE in P and 0. Prove that the sum of the 
squares on KO and FG is equal to three times the square 
on PP. 

24. Find a point in the base of a right-angled triangle pro- 
duced such that the Hne drawn from it to the angular i^oiiLt 
opposite to the base, shall be to i\i!& \ms» -^ta^^^^'^ '^ '^'^ 
perpendicalar to the base itseH 
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S5. AB IS a given straight line, and 2> a given point in it ; 
it is required to find a point P, in AB prodooed, ouch thift 
^P is to P^ as ^D is to D£. 

26. If two circles toadi eadi other externality and paiaDel 
diameters be drawn, the straight line, joining the eztremitijeB 
qX. those diameters, will pass throng the point of e^yntiqtr 

27. If two circles toach eadi other, and also toach a struct 
line ; the part of the line, between the points of oontacti ib a 
mean proportional between the diametera of the ciidea. 

28. Two circles touch eadi other internally, the radios of 
one being treble that of the other. Shew that a point of tri- 
section of any chord of the larger circle, drawn from the point 
of contact, is its intersection with the drcnmferenoe of the 
smaller circle. 

29. If ABQ be a right-angled triangle, and D any point in 
its hypotenuse AB^ determine by a geometrical construc- 
tion tiie point P, to which AB must be produced, so that BA 
IS to PJ$ as ^D is to J)B. 

30. If a line touching two circles cut another line joining 
their centres, the segments of the latter will be to each other 
as the diameters of the circles. 

31. If through the yertex of an equilateral triangle a per- 
pendicular be drawn to the side, meeting a perpendicular to 
the base, drawn from its extremity, the line, intercepted 
between the vertex and the latter perpendicular, is equid to 
the radius of the circumscribing circle. 

32. If on the diagonals of a quadrilateral as bases, parallelo- 
grams be described, equal to the quadrilateral, and each con- 
taining an angle equal to a given angle, find the ratio of their 
altitudes. 

33. The opposite sides BA^ CD of a quadrilateral ABCD, 
which can be inscribed in a circle, meet, when produced, at E ; 
F is the point of intersection of the diagonals, and EF meets 

^I? inG; prove that tbe lectan^e E A, AB S& \a \k<^ vectangle 
^J), DCaa J[6? is to QJ>. 
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34. If firam the extremities of the diameter of a circle 
tangents be drawn, any other tangent of the circle, terminated 
by them, is so divided at its point of contact, that the radius 
of the circle is a mean proportional between the segments of 
the tangent. 

35. If the sides of a triangle, inscribed in the segment of a 
circle, be produced to meet lines drawn from the extremities 
of the base, forming with it angles equal to the angle in the 
segment, the rectangle contained by these lines will be equal 
to the square on the base. 

36. Describe a parallelogram, which shall be of a given 
altitude, and equal and equiangular to a given parallelogram. 

37. Two circles touch each other internally at the point A^ 
and from two points in the line joining their centres perpen- 
diculars are drawn, intersecting the outer circle in the points 
J$, 0, and the inner circle in the points D, B, Shew that AB 
is to AG as AD is to AM, 

38. Given of any triangle the base, and the point, where the 
line, bisecting the exterior vertical angle, cuts the base pro- 
duced, find the locus of the vertex of the triangle. 

39. Draw a line from one of the angles at the base of a 
triangle, so that the part of it cut off by a line drawn from the 
vertex parallel to the base, may have a given ratio to the part 
cut off by the opposite side. 

40. Find the point in the base produced of a right-angled 
triangle, from which the line drawn to the angle opposite to 
the base shall have the same ratio to the base produced, which 
the perpendicular has to the base itsell 

41. If the centres Ay B, of two circles be joined, and P be 
the point in the line AB, from which equal tangents can be 
drawn to the circles ; the tangent drawn from any point in a 
line, which passes through P at right angles to AB are all 
equal 

42. Construct a triangle, similar to a given trian^le^ 8sl^ 
having its angular points upon three g^-voxiBXtXWki^L^^^^^^^v^s^^^ 
meet in a point 
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43. Let ABCD be any parallelogram, BD its diagonal 
Then the perpendicolaxs, from A on BD, and from B and D 
upon AD and AB, shall all pass through a point. 

44. If a quadrilateral be inscribed in a circle, its diagonals 
shall be to one another as the sums of the rectiuigles contained 
by the sides adjacent to their extremities. 

45. A square is described on the base of an isosceles triangle, 
remote from the vertex. Prove that, if the vertex be joined 
to the comers of the square, the middle segment of the base 
will be to the outer one in double the ratio of the perpendicular 
on the base to the base. 

46. The base AB of an isosceles triangle ABC is produced 
both ways to D and E, so that the rectangle AD, BE is 
equal to the square on AC, Shew that the triangles DACf 
EBC, are similar. 

47. If each of the angles at the base of an isosceles triangle 
be double of the angle at the vertex, shew that either side is a 
mean proportional between the perimeter of the triangle, and 
the distance of the centre of the inscribed circle from either 
end of the base. 

48. Prove that, if the rectangle contained by the diagonals 
of a quadrilateral be equal to the sum of the rectangles con- 
tained by its opposite sides, the quadrilateral maybe inscribed 
in a circle. 

49. Draw a line parallel to one of the sides of a triangle, so 
that it may be a mean proportional between the segments into 
which it divides one of the other sides. 

60. If an equilateral triangle be inscribed in a circle, and 
the adjacent arcs cut off by two of its sides be bisected, shew 
that the line joining the points of bisection will be trisected by 
the sides. 

61. ABC is an equilateral triangle, BC is produced to 2>, 
&Dd CD ia made equal to BC : CE \a drawn at right angles 

to DCBy and at A the angle 0A£ Va m«Aft ^q^c^^a tke an^le 
^^4. ; DB, DA are dra^ni. Stiw ^%.\. ^iJaa wi\»s^^<^ lik^ 
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QB is equal to the rectangle DJr, AG together with the square 
on CB. 

62. Two straight lines AB^ CD, intersect in ^. If when 
AC, BD are joined, the sides of tibe triangle ACE, taken in 
order, are proportional to those of the triangle DBB, taken in 
order, shew that A, C, B, D, lie on the circumference of the 
same circle. 

53. If any triangle be inscribed in a circle, and from the 
vertex a line be drawn parallel to a tangent at either extremity 
cf the base, this line will be a fourth proportional to the base 
and two sides. 

64. If a triangle be inscribed in a semicircle, and a per- 
pendicular be drawn from any point in the diameter, meeting 
one side, the circumference, and the other side produced ; the 
segments cut off will be in continued proportion. 

55. If ABCD be any quadrilateral figure inscribed in a 
circle, and BK, DL be perpendiculars on the diagonal AC, 
shew that BK is to DL as the rectangle AB, BC is to the 
rectangle AD, DC, 

56. If a rectangular parallelogram be inscribed in a right- 
angled triangle, and they have the right-angle common, the 
rectangle, contained by the segments of the hypotenuse, is 
equal to the sum of the rectangles, contained by the segments 
of the sides about the right angle. 

67. If from the vertex of an isosceles triangle a circle be 
described, with a radius less than one of the equal sides, but 
greater than the perpendicular from the vertex to the base, 
ike parts of the base cut off by it will be equal 

68. Through a fixed point A on & circle, a chord AB is 
drawn, and produced to a point M, so that the rectangle con- 
tained by AB and AM is constant. Find the locus of M. 

59. Having given a circle and a point, another point may 
be determined, such that the segments of any chord of the 
drde^ drawn through either point, B\i!B2\w!iXA«?Ck!^^^^^^:i^^siKt 
point, angles which are either equsA. 01 ewy^*^'^^'^^^'^^^" 
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60. From one angle of a triangle, perpendicolazB are dropped 
on the external bisectors of the other two angles ; prove that 
the distance between the feet of these perpendicolais is equal 
to half the sum of the sides of the triangle. 

61. Ay By Py Qy By toQ fivo polnts in the dicomferenoe of 
a circle ; py q, r, are the intersections of perpendicolan of the 
triangles ABFy ABQy ABB respectiyely ; prove that the 
triangles FQBy pqr are similar, equal, and similarly placed. 

62. ADy BEy CFaxe perpendiculars from the angular points 
of a triangle on the opposite sides, intersecting in P. Prove 
that the rectangle APy BC is equal to the sum of the rectangles 
PByACsmdPFyAB. 

63. ABC is a triangle, and AlD, AE, are drawn to points 
Dy Ey in the base, so as to make equal angles with ABy ACy 
respectively. Shew that the square on AB is to the square on 
J. C as the rectangle BDy BE is to the rectangle CD, CE. 

64. Find a straight line, such that the perpendioolars, let 
fedl upon it from three given points, shall be in a given ratio 
to each other. 

65. Find a fourth proportional to three given similar 
triangles. 

66. If the sides of a triangle be bisected, and the points 
joined with the opposite angles, the joining lines shall divide 
each other proportionally, and the triangle, formed by the 
joining lines, and the remaining side, shall be equal to a third 
of the original triangle. 

67. Find the locus of a point, such that the distance between 
the feet of the perpendiculars from it upon two straight lines, 
given in position, may be constant. 

6a ABCD is a parallelogram, ACy BD diagonals. If 
parallel lines be drawn through A, (7, and also throng P, D, 
the diagonals of all parallelograms so formed will pass through 
the same point. 

e9. OPQ is any trnxigK OR \AaecXa P<i W R; PST 
luMote ai2 in iS, and cuts OQ Vn T. ^«« Vkok. 0^«-^^0T. 
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70. If the side BQ^ of a triangle ABQ^ be bisected by a line, 
which meets AB and AQ^ produced if necessary, in D and B 
respectively, shew that AB is to BQ as J D is to BB^ 

71. Two circles are drawn in Uie same plane, having a com- 
mon centre C If the tangent, at any point P of the inner 
circle, meet the outer in Q, and be produced both ways to 
points J., B^ such that Q^, Q£, are each of them equal to QC, 
the area of the triangle CAB will be constant. 

72. From P, a point without a circle, whose centre is (7, 
two tangents P^, P£, are drawn, and also a line, meeting the 
drole in D, and AB in \Er. If OP be perpendicular to BD^ 
then ¥I> is a mean proportional between BB and BB. 

73. Three circles touch the sides of a triangle ABQ in the 
points where the inscribed circle touches them, and touch 
each other, in the points Qy H*, JST. Prove that AQ^ BH and 
CK meet in a point. 

74. If ABO be a right-angled triangle, and BB, parallel to 
BO, the hypotenuse, meet AB, AO in B, P, then BH, BL, 
AK being drawn perpendicular to BO, shew that the difiference 
of the rectangles OK, OH and BL, BK is equal to the differ- 
ence of the squares on AB, AO, 

75. From a point A in the circumference of a oirde two 
chords AB, AO are drawn, cutting off arcs greater than a quad- 
rant and less than a semicircle ; and from the extremity B of 
the greater chord, a line BD \a drawn in a direction perpendi- 
cular to that of the diameter through A, and meets AO pro- 
duced in D. Shew that AB Ib to AB as AB is to ^0. 

76. Two circles intersect, and through a point of intersection 
two lines are drawn, terminated by the circumferences of both 
circles ; one of these lines remains fixed, while the other may 
have any position. Shew that the locus of the intersection of 
the lines joining their extremities is a circle. 

77. If the side BO of an equilateral triangle ABO be pro- 
duced to any point D, and AB be joined, and if a straight line 
OB be drawn parallel to JP, cutting AD in B, prove that the 
square on AB is to the rect LA, DE «a >i^^ i^cX.* Q'&^C;^ >a^^c^ 
the aqaare on BO. 
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78. In a triangle, right-angled at A^ if the side ^(7 be double 
of AB^ the angle B is more than double the angle 0. 

79. From the obtuse angle of a triangle draw a line to the 
base, which shall be a mean proportional between the segments, 
into which it divides the base. 

80. AB^ AC a,Te two straight lines, B and given points in 
the same ; BD is drawn perpendicular to AC^ and DE per- 
pendicular to AB ; in like manner CF is drawn perpendicular 
to AB, and FG to AC. Shew that EG is parallel to Ba 

81. AB is the diameter of a circle, and CD a chord at right 
angles to it, E any point in CD. If AE and BE be drawn 
and produced to cut the circle in F and G, the quadrilateral 
FCGD has any two of its adjacent sides in the same ratio as 
the remaining two. 

82. ADEB is a semicircle ; AB the diameter ; DF, EG 
perpendiculars on the diameter ; C the centre of a circle, which 
touches the semicircle and these perpendiculars ; and CH \& 
drawn perpendicular to the diameter. Shew that CR is a 
mean proportional to AF and BG, 

83. Divide a straight line in a given ratio, and prodaoe it 
so that the whole line thus produced shall be to the part pro- 
duced in the same ratio ; shew that the circle described on the 
line between the two points of section, as diameter, is such, 
that if any point of its circumference be joined with the ex- 
tremities of the given line, the straight Unes so drawn shall 
also be in the given ratio. 

84. AB, CF, DE, are chords in a circle, intersecting in 0. 
CE, jD^ joined cut AB in G and H respectively. Shew that 
the rectangle AG, OB is to the rectangle GO, OH as the 
difiference between AO and OB is to the difference between 
GO and OH. 

85. Triangles on the same base, and with equal vertical 
angles, are to one another as the products of their sides. 

86. A line ACBD is divided, so that ^(7 is to OB as .ID is 
to DB. Shew that a semicVtcle, ^eacnVi^^ cpdl CB^yj^IIlq locos 

ofF, such that AP is to PB aa AC \a \j5> CB, 
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87. If the two diagonals of a quadrilateral, inscribed in a 
circle, be given, shew that the quadrilateral is greatest, when 
they are- at right angles. 

88. ABQ is a triangle, 2>, E, the middle points of ABy AC, 
and BE, CD, meet in jP : a triangle is drawn, having its sides 
parallel to AF, BF, CF, Shew that the lines, joining its angular 
points to the middle points of its opposite sides, will be parallel 
to the sides of the triangle ABC. 

89. A circle rolls within another, of twice its radius : if P be • 
the point of contact, and A a given point of the rolling circle, 
FA will be constant in direction. 

90. Two circles intersect ; the line AHKB joining their 
centres A, B, meets them in H, K, On AB is described an 
equilateral triangle ABC, whose sides BC, AC intersect the 
circles in F, E. FE produced meets BA produced in Q, 
Shew that as G^^ is to QK, so is OF to 0^, and so also is GH 
toGB. 

91. If, in Euclid's construction for forming a triangle ABC, 
with each of the angles B and C double of the angle ^, D is 
the point where AB is divided, and AE is taken in AB equal 
to BD, shew that the area AEC is equal to the area BDC. 

92. An isosceles triangle has one of its equal sides a mean 
proportional between two sides of another triangle. If these 
two sides include the same angle as the vertical angle of the 
isosceles triangle, shew that the triangles are equal 

93. Two triangles ABC, BCD, have the side BC common, 
the angles at B equal, and the angles ACB, BDC right angles. 
Shew that the triangle ABC is to the triangle BCD as AB is 
to BD. 

94. Given the straight line which is drawn from the vertex 
of an equilateral triangle to a point of trisection of the base, 
find the side of the triangle. 

95. Straight lines being drawn from tlie angular points A, 
B, C, of a triangle through any the same point, so as to cut the 
opposite sides respectively in a, b, c, %\k«^ >Oti^ '0^^^ ^.^^i^sss^s^ 
jddj Beiato the rectangle At, Ba »& Cb \& \x> Co. 
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96. ABCD is a quadrilateral inscribed in a circle, and its 
diagonals intersect in F. Shew that the rectangle AF, FD is to 
the rectangle BF, FC as the square on HD is to the square 
on BC. 

97. ABCD is a quadrilateral figure whose opposite angles 
are not supplemental ; the circle described about ABD cuts 
DC in E, and the circle described about BCE cuts AE in F, 
Shew that the triangle ABF is equiangular to the triangle BCD, 
and the triangle BCF to the triangle ABD. 

98. ACB is a triangle whereof the side AC ]a produced to 
D until CD is equal to AC; and BD is joined, shew that if 
any line drawn parallel to AB cuts the sides AC and OB, and 
from the points of section lines be drawn parallel to DB, these 
wiU meet AB in points equidistant from its extremities. 

99. A and B are fixed points, and AC, BD are perpendi- 
culars on CD, a given straight line; the straight lines AD, BC, 
intersect in E, and EF is drawn perpendicular to CD, Shew 
that EF bisects the angle AFB. 

100. If be the centre of a circle circumscribed about the 
triangle ABC, obtuse-angled at C, and if in OC a circle be 
described meeting AB in D and E, then either CD or CE shall 
be a mean proportional between the segments into which they 
respectively divide AB, 

101. The exterior angle CBD of the triangle ABCis bisected 
by the line BE, which cuts the base produced in E, Shew that 
the square on BE, together with the rectangle AB, BC, ib 
equal to the rectangle AE, EC, 

102. ABCD is a quadrilateral figure inscribed in a circle ; 
BA, CD, are produced to meet in P, and AD, BC, are pro- 
duced to meet in Q. Prove that PC is to PB as QA ib to QB, 

Also, shew that half the sum of the angles at P and Q is 
equal to the complement of the opposite angle ABC of the 
quadrilateral figure.- 

J 03. Having given the vertical angle, and the ratio of the 
adea containing it, and al&o line d\&m^\Ax q»1\>\i^ caxcumscribing 
circle, construct the triangle. 
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104. From the centre of a given circle draw a straight line 
to meet a given tangent to the circle, so that the segment of 
the line between the circle and the tangent shall be any required 
part of the tangent. 

106. Given in any triangle the base, the ratio of the sides, 
and the distance between the points, in which the internal and 
external bisectors cut the base^ construct the triangle. 

106. AB is the diameter of a circle, D any point in the 
circumference, and C the middle point of the arc AD, If AC^ 
ADf BO J be joined, and AD cut BC in Ey the circle described 
about the triangle ABB will touch J. (7, and its diameter will 
be a third proportional to BC and AB, 

107. From a given point A a variable straight line is drawn, 
meeting a fixed straight line on P> and a point Q is taken on 
it BO that the rectangle AP^ AQ \a constant. Find the locus 
of«. 

108. On a given base describe a rectangle, which shall be 
equal to the difference of the squares on two given straight 
lines, any two of the three given lines being together greater 
than the third. 

109. If the exterior angles of a triangle be bisected by 
straight lines, forming another triangle, shew that the two 
triangles cannot be similar, unless they be each equilateral 

110. If ABC, A'BC be similar triangles, and AB^A'C, 
shew the areas of the triangles are as 4^ to A'W, 

111. The alternate angles of a regular hexagon are joined: 
shew that the area of the hexagon formed by the intersections 
of the joining lines is one-third of the original hexagon. 

112. A triangle is divided by a straight line parallel to the 
base into two parts, the areas of which are as 1 to 8 : how 
does the straight line divide the sides % 

113. The line AD is divided into three equal parts in the 
points B and 0; a circle is described with B as centre and 
BA as radius, and any circle cutting tlo^ Sa ^^^cc^'^^^^iris^'^ 
aa centre. Shew that if a chord to \yot\i VSaa <sct<2^sia.>sR^ ^^^^^sr 
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from A, tlirougli one of the points of intersection, it will be 
bisected by this point. 

114. ABG is an acute-angled triangle, B and F are the 
middle points of the sides AB and AC Shew that a line 
drawn from B, equal to BA^ to meet the base, and another 
from ^, equal to ¥A^ also to meet it, will intersect the base 
at the same point. . 

Hence explain how, by folding a piece of paper such as the 
triangle ABG^ it may be shewn that the three angles of a 
triangle are equal to two right angles. 

115. A line AB is divided into any two parte in O, and on 
the whole line, and on the two parts of it, similar isosoeks 
triangles, ABB^ ACU, BCF, are described, the two latter 
being on the same side of the line, and the former on the 
opposite side ; if G, H, K, he the centres of the circles in- 
scribed in these triangles, prove that the angles AGHy BGK 
are equal respectively to ADG, BDG, and tibat GB. is equal 
to GK. 

116. Within a circle, whose diameter is AB, another circle 
is inscribed, touching the outer circle in Ay and passing 
through its centre 0. From a point N, in AB, a line NQP is 
drawn, meeting the inner circle in Q, and the outer drde in 
P, AN being equal to one-sixth of AB. Prove that the duplir 
oate ratio of NQ to NP is equal to the ratio of 2 to 6. 

117. Describe a square, which shall be equal to the mm of 
a given square and a given rectangle, a side of the given squaro 
being greater than half the difference of the two sides contain- 
ing the reotangla 



BOOK XL 

INTRODUCTORY REMARKS. 

Ih Book I. De£ 7.^ it is laid down that a Plane SorfiEu^e is 
one in which, if any two points be taken, the straight line be- 
tween them lies wholly in that boiCbum. 
- TioB definition should be extended by the addition of the 
following woidfl^ and if ihe itraigkt line be produced, every point 
m ihe part prodneed wiU lie in Ae plane. 

Euclid professes to prove this in the first Proposition of 
Book XL, which is thus enunciated : *' one part of a straight 
line cannot be in a plane, and another part out of the plane." 

But this has been assumed again and again in the proofis of 
earlier propositions ; thus, for example, we have called a circle 
9k pHane figure, and having drawn any ndius to a circle we have 
assumed that the radius, produced within the droumferonce, 
will meet the droumferonce. 

From the extended definition of a Plane Surftuse it follows 
that a straight line, which meets a plane, must either lie 
entirely in that plane, or meet it in one point only ; for if it 
met the plane in two points, it would lie entirely in the plane. 

The Definitions given at the commencement of Book xl 
rehite partly to Plane SurfEMses and partly to Solid Figures. 
By a slight change in the order in which they stand in the 
Greek text, we obtain the advantage of arranging them in 
accordance with this twofold division. 

DEFiNinoNa. 

Rdaiing to Plane Surfctcee. 

L A Plane Sur£Eu;e is one in which, if any two points be 
taken, the straight line between them lies wholly in that «n^ 
fiioe ; and if the straight line be piod^Qedi) q^^ts "^^svs^uHs^ "^qr 
part produced will lie ia the plane. 
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II. When a straight line is at right angles to wery straight 
line in a plane which meets it, it is said to be perpendicular to 
the plane. 

N<A^—\\i will be shown in Prop. iv. that when a straight 
line is at right angles to each of two other straight lines in 
a plane, which meet it, it is at right angles to every other 
straight line in the plane which meets it. 

IIL A plane is perpendicular to a plane, when the straight 
lines, drawn in one of the planes perpendicular to the commoo 
section of the two planes, are perpendicular to the other plane. 

lY. The inclination of a straight line to a plane is the acute 
angle, contained by that straight line and another, drawn 
from the point at which the first line meets the plane, to the 
point at which a perpendicular to the plane, drawn from any 
point of the first line above the plane, meets the same plane. 

y. The inclination of a plane to a plane is the acute angle, 
contained by two straight lines, drawn from any the same 
point of their common section, at right angles to it, one in one 
plane, and the other in the other plane. 

VL Two planes are said to have the same inclination to one 
another, which two other planes have, when the said angles of 
inclination are equal to one another. 

VII. Parallel planes are such as do not meet one another 
though produced. 

Bdatmg to Solid Figures^ 

VIIL A Solid is that which has length, breadth, and thick- 
ness. 

IX. That which bounds a solid is a superficies. 

X, A Solid Angle is that, which is made by the meeting of 
more than two plane anglea, \7\ii<;^ ax^ tlq^Vcl \k^ «ame ^ane, 

Mt one point 
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Definitions L to X. are all that are required in the part dL 
Book XI. included in this work. Those which follow are 
necessary to the erplanation of some of the terms, which will 
be found in the Ezerdses and Examination Papers. 

XL Similar solid figures are such, as have all their solid 
angles equal, each to each, and are contained by the same 
number of siniilar planes. 

XIL A Pyramid is a solid figure, contained by planes, which 
are constructed between one plane and one point above it, at 
which they meet 

XHL A Prism ui a solid figure, contained by plane figures, 
of which two that are opposite are equal, similar, and parallel 
to one another ; and the others are parallelograms. 

XIY. A Sphere ui a solid figure, described by the revolution 
of a semicircle about its diameter, which remains fixed. 

XV. The Axis of a Sphere is the fixed straight line, about 
which the semicircle revolves. 

XYL The Centre of a Sphere is the same with that of the 
semicircle. 

XVn. The Diameter of a Sphere is any straight line, which 
passes through the centre, and is terminated both ways by the 
superficies of the sphere. 

XYUL A Cone is a solid figure, described by the revolution 
of a right-angled triangle about one of the sides containing the 
right angle, which side remains fixed. If the fixed side be 
equal to the other side containing the right angle, the cone is 
called a right-angled cone ; if it be less than the other side, an 
obtuse-angled cone ; and if greater, an acuto-angled cone. 

XIX. The Axis of a Cone is the fixed straight lin.e^ sJbcral 
wMch the triangle revolves. 



i 
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XX The Base of a Cone is the circle, described by that side, 
containing the right angle, which rerolves. 

XXI. A Cylinder is a solid figure, described by the rerolu- 
tion of a rectangle about one of its sides, which remains fixed. 

XXII. The Axis of a Cylinder is the fixed straight line about 
which the rectangle revolves. 

XXIII. The Bases of a Cylinder are the drcles, described by 
the two revolving opposite sides of the rectangle. 

XXIY. Similar cones and cylinders are those which have 
their axes and the diameters of their bases proportionals. 

XXV. A Cube is a solid figure, contained by six equal 
squares. 

XXYI. A Tetrahedron is a solid figure, contained by four 
equal and equilateral triangles. 

XXVII. An Octahedron is a solid figure, contuned by eight 
equal and equilateral triangles. 

XXYIII. A Dodecahedron is a solid figure, contained by 
twelve equal pentagons, which are equilateral and equiangular. 

XXIX. An Icosahedron Sa a solid figure, contained by twenty 
equal and equilateral triangles. 

"TCTCX. A Parallelepiped is a solid figure, contained by six 
quadrilateral figures, of which every opposite two are paralleL 

POSTXTLATE. 

Let it be granted that a plane may be made to pass through 
any given straight line. 
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Proposition L Theorem. (EncL xi. 2.) 

If two straight Unes meet one another, a pkme can be drawn 
to contam both ; and every pUme contavnvng both must coincide 
with (he aforesaid plane. 




Let the two st. lines AC, BC meet in G, 

Them a plane cam, be drancn to contam AC and BC, 
Let any plane EF be drawn to contain AC, Post. 

and let EF be turned about J. till it pass through B, 
Then *.* B and C are points in the plane EF, 

.'. BC lies in the plane EF, XL Bet 1. 

Also, a/ny phme contaming A C and BC must coincide with EF, 
For let Q be any point in a plane containing AC and BC, 
Draw QMN in this plane to cut BC, AC in M and N, 
Then '.' M and N are points in the plane EF, 

.*. Q is a point in the plane EF, XL Def. 1. 

Similarly, any point in a plane containing AC, BC must lie 
mEF; 

and .'. any plane containing AC, BC must coincide with EF, 

Q. E. D. 



Cor. L Hence U follows thai a pla/ne is cornpUtely determined 
by the condition that it passes th/ro%ig}t two ^mtor«u^w| ^oK^c^ 
lines. 
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Co«. 11. A dmi^ UmeamdapoimimMomiAi HmA 
a plane. 




Let AB be a stnug^ Ime^ and (7 a point witfaouft AB. 
J}nw the St line CD to anj point D in .<LR 
Then one plane can be drawn to oontain u£B and CD. XL 1. 

/, one ulBandC. 

Again, anj plane containing AB mast contain D, 

/. anj plane containing AB and C mnst contain CD also. 
Bat there is onlj one plane that can contain AB and CD, 

,\ there is only one plane AB and C. 

Hence the plane is completely determined* 

Ooa. IIL Th/rupdntSf not i/n the same straight Une, determine 
apkme. 

For let Af BfOhe three such points (fig. Gor. 2). 
Draw the straight line AB. 

Then a plane, which contains A, B and C, most contain AB 
and C, 
and a plane, which contains AB and C, must contain A, B, C. 
Now AB and C are contained by one plane, and one only, 

Cor. 2. 
/. Af Bf are contained by one plane, and one only. 
Ilonce the plane is completely determined. 

Con. IV. Two jfwrallel Ivnes determine a plcme. 

For, by the definition of parallel lines, the two lines are in 
^Ae game plane, and as only one plane can be drawn to contain 
one of the iiuos and any point in tlfcift o^\i«tVflift,\\»l^ww^ VJoa*. 
oulv one plane can be drawn to contain \>o^'^^. 
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Proposition II. Theorem. (Eucl. xi. 3.) 

If two planes cat one anoihery thei/r common section must he 
a sl/radght Ims, 




Let AB and CD be two planes that cut one another. 
Then must their common section be a straight line. 

Let M and N be two points common to both planes. 

Draw the straight line MN. 

Then *.* M and N are common to both planes, 

.*. the St. line MN lies in both planes. XI. Def. 1. 
And no point, out of this line, can be common to both planes. 

Por, if it be possible, let P be such a point. 

But there can be but one plane common to the point P and 
the St. line MN. XL 1, Cor. 2. 

. *. P is not common to hoih planes. 

Hence every point in the common section of the planes lies 
in the straight line MN. 

Q. B. D. 

Note. — The Propositions ^bicli ioWo^ «£» tmss^^^v^^ •»». *-vs 
Euclid. 



EUCUVS ELEMENTS. 



Propobitiob IV. Theobkm. 



If a gtraigkt line eland at H^ht angUi to ea<A of two straight 
IvMi, at th« point of their intereection, it must al»o be at right 
angle* to the plane that pami through them. 




Let the bL line JEF be ± to eaob of the bL lines AB, CD, 
at E, the pt. of their intersection. 

ThmmmtEPbei-to the plame pamng thmmgk AB, CD. 

Make AE, EB, CB, ED, all equal to one another, 
and through E, draw, in the plane in which AB, CD are, 
»aj st line OES, and join AD, CB. 
Take any pt. F, in EF, and join FA, FQ, FD, FC, FS, FB. 
Then in hb AED, BEC, 

■.■AE''BE,aadDE=CE,md LAED=i.BEC, L 15. 
.•.AD=BO,eaA iDAE-iCBE, 1.4. 

Then in as AE&, BEE, 
:■ z AEQ = I BEH, and i QAE = l EBE, and AE-BE, 

.: CESE, and AG=B3. I. b. p. 17. 

nien in & s AEF, BEF, 
\-A£=BE, and EJ'is comiaoiijaTiirt.i. iEP—rt. z B^J", 
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So also, CF=^DF 
Then in A s ABF, BGF, 
\' AD^BC, and AF^BF, and DF^CF 

.-. z BAF-= z CBF. Lap. 18. 

Again, in A s AFG, BFH, 

••• AF=BF, and AG=BH, and z J!i4(3f = z jP'^B, 

.-. FG=^FH. I. 4. 

Then in as FEG, FEB, 

••• GE=HE, and ^1^ is common, and FG^FH^ 

.'. I FEG ^ I FEE. La 

.•. ^^ is X to (?H. 

In like mannei it may be shown that EF is x to eyery st. 
line which meets it in tlie plane passing through AB, CD, 
.•. jEJ^'is X to the plane, in which AB, CD are. XL Def. 2. 

Q. £. D. 
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Proposition V. Theorem. 

If three straight lines meet all at one point, and a straight 
Une stand at right angles to each of them at thai point, the three 
straight Unes must he in one and the same plane. 




Let the st. line AB bexto each of the st lines BC, BD, 
BE, at By the pt. where they meet. 

Then must BC, BD, BE be in one and the same plane. 

If not, let BD, BE be in one plane, and BC without it, and 
let a plane, passing through AB, BC, cut the plane, in which 
BD and BE are, in the st. line BF. XI. 2. 

Then AB, BC, BF are all lq one plane. 
And •.• ^^ isi. to BD and BE, 

.'. AB is X to the plane lq which BD and BE are, XI. 4. 
and .'. AB isx to BF, a st. line in that plane. XI. Def 2. 

Thus I ABF is a rt. z , 

and z ABC is a rt z ; Hyp. 

.\ A ABC =^ jL ABF, 
the less = the greater, which is impossible. 

.•. BC is not without the plane, in which BD, BE are, 
and ,\ £0, BD, BE are in one and the same plane. 
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Proposition VI. Theorem. 

If two gtraigkt lines be at right a/ngles to the same plane, they 
must he parallel to one another. 




Let the st. lines ABy CD be± to the same plana 

Then must AB he \\ to CD. . . 

Let AB, CD meet the plane in the pts. B, D, 

Join BDf and draw DE± to BD, in the same plane. L 11 

Make DE = AB, and join BE, AE, AD. 
Then •.• AB isxto the plane, 

.\ AB\b± to BD and BE, XL Def. 2. 

and .*. each of the z s ABD, ABE is a rt. z . * 

So also, each of the z s CDB, CDE is a rt. z . 
Then, in A s ABD, EDB, 
••• AB = ED, and BD is common, and rt. z ABD=it z EDB. 

.\DA = BE. L4. 

Again, in A s ABE, EDA, 

\ ' AB = ED, and BE = DA, and AE is common, 

.\ I ABE =^ I ED A. Lc. 

But z ABE is a rt. z ; 

.'. z EDA is a rt. z , 
and .-. ED is ± to -ID. 

Thus ^D is± to BD, AD, CD, at the pt. where they meet, 
and .*. BD, AD, CD are all in one plane. XL 5. 
But AB is in the plane, in which BD and AD are ; XI. ^. 
and .*. AB, BD, CD are all in one plane. 
Then •.• each of the z s ABD, CDB is a rt. z , 

.-. ^-B is li to CD. ^.''is.. 
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Proposition VLL Theorem. 



If two gt/raight lines be paraUel, the gtra/ight line d/rawn from 
am/y pomt m the one to any poimt in the other, is in the same 
pkme wUh the pa/rdUels, 




Let AB and CD be parallel straight lines. 
Take any pts. E,FmABmd CD. 

Then must the st, Imejoimmg E amd F he in the same pla/ne as 

AB, CD. 

If not^ let it be without the plane, as EGF. 

In the plane ABCD, in which the parallels are, 
. draw the st. line EHF from EtoF. 

Then the two st. lines EOF, EHF enclose a space, 

which is impossible. I. Post. 5. 

.*. the St. line joining E and F cannot be out of the plane, 
in which the parallels JiB, CD are. 

.'. it is in that plane. 

Q. £. D. 

Note, — ^We hare proved this Proposition as Cor. xv. to 
Prop. L 
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Proposition VIII. Theorem. 

If two straight lines be pa/raUel, and one of them he oi right 
ambles to a plane, the other m/ust be ai right angles to the same 
plane. 




Let ABf CD be two || st. lines, 
and let one of them, AB, be ± to a plane. 

Then mttst CD be ± to the same plane. 

Let AB, CD meet the plane in the pts. B, D ; and join BD; 
then AB, BD, CD are all in one plane. XI. 7. 

In the plane, to which AB is ± , draw DBi. to BD, 

make DE=^AB, aod join BE, AE, AD. 
Then •.' AB is ± to the plane, 

.-. each of the z B ABD, ABE is a rt z ; XL Def. 2. 
and *.* BD meets the il st lines AB, CD, 

/. I s ABD, CDB together = two rt z s, I. 29. 

and .*. I CDB is a rt. z , and CD is x to BD, 
Then in the as ABD, EDB, 

' AB'^ED, and BD is common, and rt. z ABD^rt. i EDB. 

.'. AD=EB. I. 4. 

Then in A s ABE, EDA, 

••• AB^ED, and AE is common, and EB^AD. 

.-. I ABE '^^ I EDA; La 

and .'. z EDA is a rt. z . 

Hence ED is x to DA, and it is also x to BD, by constr., 
.*. ED is X to the plane in which. DA^ BD vea^ "2^- ^- 
aDdr.^I)isxtoDC,wUi^\&m^^\*^^axsA. '^^..'^^'^ 
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Hence CD is ± to BE, 
Now CD is ± to BB. 

.*. CI> is ± to the plane passing through D^^Df. 
.*. CD is X to the plane to which AB is ± . 



XI.4 



Q. KD. 



Proposition IX. Theorem. 

Two strcdght lines, which cure ea4ik of them pa/raUel to ihe sanu 
strwight line, and not in ihe same plane wUh U, are pa/raUd to 
one another. 



XL 





tL 



Let AB, CD be each of them [[ to EF, 
and not in the same plane with it 

Then must AB he\\to CD. 

In EF take any pt. G. 

From G draw, in the plane ABEF, GH ± to EF, 
and, in the plane CDJ^^, GK i.Ui EF. 
Then '.• ^jF' is ± to GH and GK, 

.'. EFJa± to the plane HGK; 
mdvEFis II to AB, 

.'. AB is ± to the plane HGK, 
So also CD is X to the plane HGK. 
.-. -4J5is II toCD. 



1. 11. 

XI.4. 

XL a 
XL 8. 
XL 6. 
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Proposition X. Theorem. 

If two straight lines meeting one another he parallel to two 
others, thai meet one another, and are not in the same plane with 
the first ttoo, the first two and the other two must contain eqtud 
angles. 




Let the two st. lines AB, BG, meeting at B in the plane ABC, 
be il to the st. lines DE, EF^ meeting at ^ in the plane BEF, 

Then must z ABC « z DEF, 

Make BA=EDy and BC^EF, I. 3. 

and join AD, BE, CF, AC, DF. 

Then •.• ^B is = and » to DE, 

.\ AD\a = a,nd\\ to BR 

So also, CF is = and II to BE. 

.-. ^Di8=:andlIto CF, 

and .-. ^0 is = and H to DF. 

Then in A s ABC, DEF 

'.' AB = DE, and BC-^EF, and AC^DF, 

.-. z ABC = z DEF. X« ^. 

< 



1.33. 

Ax. 1 and XI. 9. 
L33. 
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Proposition XI. Theorem. 

To draw a gtraight Une perpendiculaa' to a given plane, from 
a given point toUhout it. 




Let A he the given pt. without the pkne BH, 

It is reqwi/red to draw from A a gt, line± to the plane BH, 

In the plane, draw any st. line BC, 

and from A draw AI)± to BC, I. 12. 

Then if J D hex to the plane, what was required is done. 
If not, from D draw, in the plane BH, DF± to BC. 1. 11. 
and from ^ draw ^jPx to D-K: ' 1.12. 

AF will hex to the plane BH. 
Through F, draw GH ^ to BC. L 31. 

Then •.• ^C is± to both AD and DE, 

.-. 50 is X to the plane AFD ; XL 4. 

and G^H is II to -BC, 
.\GHia±to the plane AFD. XL 8. 

Henoe GH isx to the line AF in that plane ; XI. Def. 2. 

and .-. AF isxto GH. 
Also, AF is X to DEy by construction ; 

. '. AF is X to the plane passing through GH, DE, XL 4. 
that is, AF is x to the plane BH. 
Thus from A a line AF is diawnx to the plane BH. 
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Proposition XII. Theorem. 

To erect a straight line aJt right a/ngUe to a gvoen plane, from 
a given point in the plane. 



Let A be the given pt. in the given plane. 

It is required to erect a st, line from A ± to the pla/ne. 

From any pt. B, without the plane, draw BC± to it, XI. 11. 
and from A draw AD \\ to BC. I. 31. 

Then *.• AD, BC are two il at. lines, 
of which BC is ± to the given plane, 
.*. AD isxto the plane, XI. 8. 

and a line has been erected from ^ x to the plane. 

Q, B. F. 
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Proposition XIII. Theorem. 

IProfm the same point in a given plant, there cannot he two 
straight lines ai right angles to the plane, upon the same side of 
it ; and there can be but one perpendicular to a plane fnm a 
point without the plane. 




If it be possible, let two st lines AB, AC, be at rt z s to 
a given plane, from the same pt. A in the plane, and upon the 
same side of it. 

Let a plane pass through AB, AC: the common section 
of this with the given plane, is a st. line, passing through 
A. XI. 2. 

Let DAE be the common section of the planes. 

Then the st. lines AB, AC, DAE are in one plane. 

And *.* CA is at rt. z s to the given plane, 

.'. CA is at rt z s to every st. line that meets it in 
that plane, XI. De£ 2. 

and DAE, which is in that plane, meets it ; 

.% z CAE is a rt z . 

So also, z BAE is a rt. z . 

.*. z CAE B z BAE, in the same plane ; which is im- 
possible. 

Also, from a pt., without a plane, there can be but one 
perpendicular to that plane \ lot Vi >i)D«t^ wvxld be two, they 
would he parallel to one anoi\ieT •, ^\iviVSa\mv«KWv^» "1^.^. 
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Proposition XIV. Theorem. 

Planes, to which ihe same stradght line %s perpendicula/r, are 
parallel to one another. 




Let the st. line AB be± to each of the planea CD, EF. 

Then must CD be pa/ralUl to EF. 

If not, let them meet, and let the Bt line OH be their com- 
mon section. 

In GH take any pt. K, and join AK, BK. 

Then •.• ^jB is± to the plane EF, 

.'. AB is± to BKy a st. line in that plane, XL Def. 2. 

and .'. z ABK is a rt z . 

So also, I BAKiB a rt. z . 

Hence two z s of the a ABK are together = two rt z s ; 
which is impossible. 1. 17. 

.'. the planes CD, EF do not meet when produced, 
and .-. CD is || to EF. XI. Def. 7. 

Q.E.D. 
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Proposition XV. Thborem. 

If two straight lines, meeting one another, he parallel to two 
other straight lines, which meet one another, but are not in the 
samie plane with the first two ; the plane, which passes through 
these, miLst be parallel to the plane passing through the others. 





Let AB, BC, two st. lines meeting one another, be || to DEj 
EF, which meet one another, but are not in the same plane 
with AB, BC, 

Then must ike plane AC be \\ to the plane DF, 

From B draw BG j. to the plane DF, meeting it in G. XL 11. 
Through G draw GH \\ to ED, and GK II to BF. L 31. 

Then •/ BGm± to the plane DF, 

.*. BG is ± to GH and GK, lines in that plane, 

XL Def. 2. 
and ,\ each of the z s BGH, BGK is a rt z . 
Again •/ BA and GH are both || to ED, 
.\ BA is II to GH, 
and .•. I s GBA, BGH together = two rt z s. 
But z BGHia&Tt z. 
.'. z GBA is a rt. z . 
Hence GB is ± to BA ; 
and GB is ± to BC, for the same reason ; 
.-. GB is X to the plane AC, XI. 4. 

Aha, GB is X to the p\asiQ DI* \ Constr. 

.-. the plane J.C ia \\ to l\ie p\Mxfe BE. ^SXA^. 



XL 9. 
L29. 
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Proposition XVI. Theorem. 

If two parallel planes be cut by another plane, their common 
sections with it a/re parallel. 




A € 

Let the parallel planes AB, CD be cut by the plane EFHG, 
and let their common sections with it be EF, GH, 

Then must EF be II to GH, 



If they be not ||, let them meet in K. 
Then •.• ^^ is in the plane AB, 

.*. £^ is a point in the plane AB, XI. Def. 1. 

So also, £^ is a point in the plane CD. XI. Def. 1. 

.*. the planes AB, CD meet, if produced. 
But they do not meet, for they are parallel 

.*. EF and GH do not meet, when produced. 
And EFj GH are in the same plane EFGH. 

.'.EFiaWto GH. I. Def. 26. 

Q. E. D. 
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Proposition XVII. Theorem. 

If ttco straight lines he cut by paa'aUd planes, they must he 
cut in the same raiio. 




Let the st lines AB, CD be cut by the || planes 
GH, KL, MN in the pts. A,E,B; C, F, D. 

Thm must AE he to EB as CF is to FD. 

Join AC, BDy AD. 

Let AD meet the plane KL in the pt. X; and join EX, XF, 

Then *.• the |l planes KL, MN, are cut by the plane EBDX, 

.\EX\a\\ioBD. XL 16. 

And *.' the || planes GH, KL, are cut by the plane AXFC, 

,\ ZZ is II to AC. XI. 16. 

Now •/ EX is II to BD, a side of A ABD, 

.\ AE k to EB as AX is to XD ; VL 2. 

and ••• XF is II to AC, a side of A ADC, 

.'. AX \b to XD aa CF\a to FD. VI. 2. 

Hence ^^ is to ^5 as OF is to FD. V. 6. 

Q. B. D. 



Book XL] 



PROPOSITION XVIII. 



329 



Proposition XVIII. Thsobem. 

If a straight Une be ai right (mgles to a plane, every pla/ne, 
which passes ihnmgh it, m,ust he at right angles to thai plane. 




Let the st. line AB be± to the plane CK. 

Then must every plane passing through AB he ± to 

the plane CK, 

Let any plane DE pass through AB, and let CE be the 
common section of the planes DE, CK. 

Take any pt. F in CE. 

In the plane DE draw FG ±to CE. 1. 11. 

Then *.* AB is± to the plane CK, 

.'. AB is± to CE, a st. line in that plane ; XI. Def. 2. 
and .*. z ABF is a rt. z . 
Now z GFB is a rt z , by constoactio^ ; 

.'.FQ\a\\ to AB. 128. 

And AB is ± to the plane CK, 
.', Fa\ai.to the plane CK, XL 8. 

Then *.• FG, a st. line in the plane DE, drawn ± to CE, 
the common section of DE and CK, is ± to CK, 

.', the plane DE is± to the plane CK, XL Def. 3. 

So it ^lay be proved that all planes, which pass through AB^ 
are ± to the plane CK, 
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Proposition XIX. Thborev. 

If two planeSf whick cvi one another, he each of Ihetn perpm- 
dicular to a third plane, their common section must be perpen- 
dicular to the sam^ plane. 




Let the two planes AB, BC be each ± to a third plane, and 
let BD be the common section of AB and B€. 

Then must BD he s. to the third plane. 

If it be not, draw, in the plane AB, the st line 

DE ± to AD, the common section of AB with the third 
plane ; I. 11. 

and draw, in the plane BC, the st. line DF ± to DC, the 
conmion section of BC with the third plane. 1. 11. 

Then *.* the plane AB isxto the third plane, 

and DE is drawn in the plane AB± to the common section, 

.-. DE is ± to the third plane. XL Def. 3. 

So also, DFia±to the third plane. 

Hence, from the pt D, two st lines are drawn ± to the third 
plane, and on the same side of it; which is impossible. XI. 13. 

. '. no other line but BD can be± to the third plane at D ; 

' '. BI? is J- to the tlurd plane. 
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Proposition XX. Theorem. 

If a solid angle he contained by three plane angles, any tv)o of 
them must he together greater than the third. 




B JB C 

Let the solid z at J. be contained by the three plane i s 
BAG, CAD, DAB, 

Any two of these must he together greaJter than the third. 
If the z s BAG, CAD, DAB, be all equal, any two of them 
are together greater than the third. 

If they are not equal, let BAC be that z , which is not less 
than either of the other two, and is greater than one of them, 
DAB. 

At A, in the plane passing through AB, AC, make 
z BAE = z DAB, I. 23. 

and make AE^AD, and through E draw the st. line BEC, 
cutting AB, AC, in the pts. B, C; and join DB, DC. 
Then in A s ABD, ABE, 

',' AD = AE, and AB is common, and z BAD = z BAE, 
,'.DB=BE, 1.4. 

Then *.• DB, DC together are greater than BC, I. 20. 

and DB=BE, a part of BC, 
.', DC is greater than EC, 
Then in A s ADC, AEC, 

',' AD=AE, and -40 is common, and DC greater than EC, 
,\ L DAC is greater than z EAC I. 25. 

Also, by construction, z DAB = z BAE, 

.*. z s DAC, DAB together are greater than z s BAE^ 
^^0 together; 
that is, z s DAC, DAB together are greater than z BAC 
Again, z BAC is not less than either of th« l^ D AC^l^XR^ 
and .-. z BA C with either of tliem. ia gt^».\iet >(5asj3CL*Cwb ^^Jviosst. 
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Proposition XXI. Theorem. 

^ery solid, angU is conta/ined by plane angles, which wre 
together less than four right angles. 




First, let the solid z at J. be contained by three plane z s 
BAG, GAD, DAB. 

These shaU he together less than f<ywr right angles. 

Take, in each of the st. lines AB, AG, AD, any points 
B, G, D, and join BG, GD, DB, 
Then *.* the solid z at ^ is contained by the three plane 

z s GBA, ABD, DBG, 
.*. z s GBA, ABD are together greater than z DBG. XI. 20. 
So also, z s BGA, AGD are together greater than z BGD, 
and z s GDA, ADB are together greater than z GDB. 
.'. the six z s GBA, ABD, BGA, AGD, GDA, ADB are 
together greater than the three zs DBG, BGD, GDB, and 
are .*. together greater than two rt. z s. 

Again, *.• the three z s of each of the AS.J.JBC7, AGD, ADB 

are together equal to two rt. z s, I. 32. 

.-. the nine z s GBA, BAG, AGB, AGD, GDA, DAG, ADB, 

DBA, BAD are together equal to six rt. z s ; and of these 

the six zs GBA, AGB, AGD, GDA, ADB, DBA, have 

been proved to be together greater than two rt. z s, 

and .-. the three z 8 BAG, CAB, DAB,^>k!l^ ^TsSaaxi the 

solid z at A, are together leaa than io\a t\.» l ^, 
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Next, let the solid l at -4 be cont-ained by any number of 
plane lb BAG, CAD, DAE, EAF, FAB, 

These must he together Use thanfcywr rt. L s. 




Let the planes, in which the z s are, be cut by a plane, and 
let the common sections of it with those planes be BC, CD, 
DE, EF, FB. 

!nien *.' the solid z at JB is contained by the three plane 
z s CBA, ABF, FBC, of which any two are together greater 
than the third, XI. 20. 

.*. z s CBA, ABF&Te together greater than z FBC, 

So also, the two plane z s at each of the pts. 0, D, E, F, 
which are at the bases of the A s having the common vertex A, 
are together greater than the third z at the same pt, which 
is one of the z s of the polygon BCDEF. 

.*. all the z s at the bases of the A s are together greater than 
all the z 9 of the polygon. 

Now all thezs of the as together =» twice as many rt. zs 
as there are as, that is, as there are sides in the polygon 
BCDEF : I. 32. 

and all the z s of the polygon, together with four rt. z s, 
together =»: twice as many rt. z s as there are sides in the 
polygon. I. 32. Cor. 1 

.*. all the z s of the as together sail the z s of iAie polygon 
together with four rt z s. 

But all the z s at the bases of the A s have been proved to be 
together greater than all the z s of the polygon ; 

.'. &U the ZB&t the vertex A ai»lo^'&>;k«t\5sa^«SL\<s«s:^* i-'**- 
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Miteelkmecus Exereuu on Book XL 

1. If two stmight Ihies in one plane, be eqnallj indined to 
another plane, thej will be eqnallj inclined to the common 
section of the two planes. 

% Two planes intersect at right an^i^ in the line AB ; horn 
a point C in this line are drawn €E and CF in one of the 
planes, so that the angle ACE is equal to ACF. Shew that 
CE and CF will make equal angles with any line thron^^ C in 
the other plane. 

3. ABC is a triangle ; the perpendiculars from Aj B, on the 
opposite sides, meet in D, and through D is drawn a straight 
line, perpendicular to the plane of the triangle ; if ^ be any 
point in this line, shew that EA, BC ; EB, CA ; and EC, AB ; 
are respectirely perpendicular to each other. 

4. A number of planes have a common line of intersection : 
what is the locus of the feet of perpendiculars on them from a 
given point ? 

5. Two perpendiculars are let faHl from any point on two 
given planes : shew that the angle between the perpendiculars 
will be equal to the angle of inclination of the plajies to one 
another. 

6. If perpendiculars AF, A^F, be drawn to a plane from 
two points A, A', above it, and a plane be drawn through A 
perpendicular to AA\ its line of intersection with the given 
plane is perpendicular to FF'» 

7. Prove that equal straight lines drawn from a given point 
to a plane are equally inclined to the plane. 

8. Prove that the inclination of a plane to a plane is equal 
io the angle between the perpendiculars to the two planes. 

9» From a point above a plane two ft\.i«A\^\.\flvfe^ ^^ ^sawn^ 
the one at right angles to the plane, Viie o>;lii«t ^\. fv^\» «a.^vA 
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to a given line in that plane : shew that the straight line join- 
ing the feet of the perpendiculars is at right angles to the given 
line. 

10. In how many ways may a solid angle be formed with 
equilateral triangles and squares ? 

11. Two planes are inclined to each other at a given angle. 
Out them by a third plane, so that its intersections with the 
given planes shall be perpendicular to each other. 

12. AB, AG, AD, are three given straight lines, at right 
angles to one another. ^^ is drawn perpendicular to CD, and 
BE is joined. Shew that BE is perpendicular to CD. 

13. Two waUs meet at any angle. Shew how to draw on 
their surfaces the shortest line joining a point on one to a point 
on the other. 

14. Straight lines are drawn from two points to meet each 
other in a given plane. Find when their sum is the least 
possible. 

16. If two parallel planes be cut by a third plane in the 
straight lines AB, ab, and by a fourth plane in the straight 
lines AG,ac respectively, the angle BAC will be equal to the 
angle b<ic. 

16. If four points be so situated, that the distance between 
each pair is equal to the distance between the other pair, prove 
that the angles subtended at any one point by each pair of the 
others are together equal to two right angles. 

17. Give a geometrical construction for drawing a straight 
line, which shall be equally inclined to three straight lines, 
meeting at a point. 

18. A triangular pyramid stands on an equilateral base. The 
angles at its vertex are right angles. The square of the per- 
pendicular from the vertex on the ba&« \& <2rckSr'CG^^ <s^ "^^^ 
vqimre on either of the edges. 
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19. If one of the plane angles, forming a solid angle, be a 
right angle, and the sum of the other two be equal to two right 
angles, and a plane be drawn, cutting o£f equal lengths from 
the two edges, containing the right angle, the sum of the 
squares on the three straight lines, subtending the plane 
angles, will be double of the squares on the three edges, con- 
taining them. 

20. If P be a point in a plane, which meets the containing 
edges of a solid angle in A^ By C, and be the angular point, 
shew that the angles FOA, FOB, FOC are together greater 
than half the angles AO^ BOC, COA, together. 



BOOK XII. 

LEMMA. 

If from the greater of two unequal magnitudes of the same 
kind there be taken more (ha/n its half, a/nd from the rema/indeT 
m/ore iha/n its half and so on, there m/ust aJt length remain a 
m/ignitude less (ha/n (he vmaUer of like proposed Tnagnitudes, 

Let A and B be two unequal magnitudes of the same kind, 
of which A is the greater. 

Then if from A (here he taken more than its half a/nd from 
the remainder more than its half, and so on; there mv>st at 
length remain a magnitude less than B, 

Take a multiple of B, as mB, greater than A ; and divide A, 
by the process indicated, taking from it a magnitude greater 
than its half, and from the remainder a magnitude greater than 
its half, and carry this process on till there are m divisions, 
and call the parts successively taken away 

C, D, B, F Z 

Now mB=B, B, B repeated m times, 

and A is greater than the sum of C,D,E,..,Z m in number. 

Then Z, the last remainder, must be less than B. 

For if not, since each of the preceding remainders is greater 
than Z, each of them would be greater than B, and the sum of 

C,D Z would therefore be greater than mB ; that is, A 

would be greater than mB, which is contrary to the hypothesis. 
.*. Z is less than B, 

2a 
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Proposition I. Theorem. 

8vmila/r polygons inscribed in circles a/re to one another as the 
squares on the dia/ineters of the circles. 





Let ABCDE, FGHKL be similar polygons inscribed in two 
8, and let BM and GN be diameters of the s. 

Then rwast polygon ABCDE be to polygon FGHKL 
as sq, on BM is to sq, on GN. 

Join AM, BE ; FN, GL, 

Then A BAE is equiangular to A GFL. VI. 21. 

.-. L AEB = L FLG. 
But z AMB'B L AEB, in the same segment, III. 21. 

and z FNG =» z FLG, in the same segment, 

.-. z AMB^ L FNG, 

also, z BAM= z GFN, each being a rt. z , III. 31. 

.'. A ABM IB equiangular to A FGN, 

.-. ^5 is to BM a&FGiBto GN, VI. 4. 

and .-. AB IB to FG OR BM is to GN. V. 16. 

.'. the duplicate ratio of AB to FG ^ihe duplicate ratio 

of BM to GN V. 21. 

But polygon ABCDE \m to polygon FGHKL the dapli- 

cate ratio of AB to FG, VL 21. 

And sq. on BM has to sq. on GN the duplicate ratio of 

-Mf to GN VL 21. 

. •. polygon ABCDE ia to polygon FGHKL as sq. on BM 

iB to aq. on ON. V. 6. 
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Proposition II. Theorem. 
Circles are to one another as the squares on their diameters. 
A 







Let ABCD, EFGH be two ©s, and BD, FH their 
diameters : 

Then must © ABCD beta® EFOHaa sq, <m BD 

is to sq. on FH, 

For, if not, sq. on BD must be to sq. on FH as © ABCD 
is to some space either less than © EFGH, or greater than it. 

First, if possible, let it be as © ABCD is to a space 8 less 
than © EFGH. 

In © EFGH describe the square EFGH. IV. 6. 

This square is greater than half of the © EFGH. 

For the sq. EFGH is half of the square, which can be 
formed by drawing straight lines to touch the circle at the 
points E, FfGjH; and the square tlras iorma^Sa ^^^aKsstHisiaBs^. 
the Q; 

.-. sq. EFGH is greater t^ioa'haM oi >3fcka <«> « 
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KMet dw «ei jKF, JG, GH^HS^tHkt ^K,L,M,N, 
tsDdjomEK^ KJ, IL, LG, GM, MSL, BN, NIL 

Then eadi of the At EKI^ ¥LG, GMH^ KSl^ k greater 
than half o€ the legmeiii of the ebde m wiixdi. it stands. 

For A EKF^haM oi the O, fbnned hj dnwing a st. line 
to tondi the & at JK^and paraEd si, fines timxx^ ^ and jP ; 
and the O thoa formed is greater tiian the segment FEK ; 

,% A ZE7 is greater tiian half cf the segment FEK, and 
nmikrij lor the other as. 

/, sum of an these trian^es is greater than half of the som 
of the segments of the 0,inwfaidithej stand. 

Kexty Insect EK, KF, tie^ and form as as befbreu 

Then the sum of these a sis greater than half of the som of 
the segments of iht 0, in wfaidi thej stand. 

If this process he continoed, and iht as be soppoeed to be 
taken awaj, there wiU at length remain segments of 08, which 
are together less than the excess of the EFGH above the 
space 8y hj the Lemma. 

Let segments EK, KF, FL, LG, GM, Mff, HN, NE be 
those which remain, and which are together less than the 
excess of the of the abore 8. 

Then the rest of the 0, iju the polygon EKFLOMHN, is 
greater than 8, 

In ABOD inscribe the polygon AXBOCFDR similar to 
the polygon EKFLOMHN. 

The polygon AXBOCFDR is to polygon EKFLGMHN as 
sq. on B2> is to sq. on FH, XIL 1. 

that is, as ABOD is to the space 8, Hyp. and V. 5. 

But the polygon AXBOCFDR is less than ABCD, 

/. the polygon EKFLOMHN is less than the space 8; V. 14. 
but it is also greater, which is impossible ; 
• '. Bq.onBD is not to sq. on FH as® ABOD is to any space 
hsB than (S> EFOH. 
In the same way it may "be %\io^ini Oc«*» 
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sq. on J'jff is not to sq. on BB as © l^FGH is to any space 
less than © ABCD. 

Nor is sq. on BID to sq. on FH as © ABCD is to any space 
greater than © EFGH, 

A 







For, if possible, let it be as © ABCD is to a space T, greater 
than © EFGH. 

Then, inversely, sq. on FH is to sq. on BD as space T is 
to © ABCD, 

But as space T is to © ABCD so is © EFGH to some 
space, which must be less than © ABCD, because space T is 
greater than © EFGH. V. 14. 

.-. sq. on FH is to sq. on BD as © EFGH is to some space 
less than © ABCD ; which has been shewn to be impossible. 

.'. sq. on BD is not to sq. on FH as © ABCD is to any 
space greater than © EFGH 

And it has been shown that 

sq. on BD is not to sq. on FH as © ABCD is to any 
space less than © EFGH, 
,'. sq. on BD 18 to sq. on PH aa ® ABCD \a\ft <5> TS»^^^- 
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Fapen on Euclid {Boohs YI., XI., and XIL) set in the 
Cambridge Mathematical Tripos, 

1849. VL 4. Apply this propositioii to prore that the rect- 

angle, contained by the segments of any 
chord, passing through a given point within 
a circle, is constant. 

XI. 11. Prove that equal right lines, drawn from a 
given point to a given plane, are equally 
inclined to the plane. 

1850. VL 10. AB is a diameter, and P any point in the cir- 

cumference of a circle ; AP and BP are 
joined and produced, if necessary ; if from 
any point C of AB a perpendicular be drawn 
to AB, meeting AF and BP in points D 
and E respectively, and the circumference of 
the circle in a point F, shew that CD is a 
third proportional to CE and CF, 

1851. VI. 3. If A, B,C he three points in a straight line, 

and D a point, at which AB and BC subtend 
equal angles, show that the locus of the 
point D is a circle. 

XI. 8. From a point E draw EC, ED perpendicular 
to two planes CAB, DAB, which intersect 
in AB, and from D draw DF perpendicular 
to the plane CAB, meeting it in P: shew 
that the line, joining the points C and F, 
produced if necessary, is perpendicular to 
AB. 

1852. VL 2. If two triangles be on equal bases, and between 

the same parallels, any line, parallel to their 
bases, will cat ofi eqosl «x^'d& is^<»ai the two 
tnangies. 
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1852. XI. 11. ABCD is a regular tetrahedron, and, from 

the vertex A, a perpendicular is drawn to 
the base BCD, meeting it in : shew that 
three times the square on ^ is equal to twice 
the square on AB, 

1863. Ti. 6. If the vertibal angle C, of a triangle ABC, be 

bisected by a line, which meets the base in 
Df and is produced to a point E, such that 
the rectangle, contained by CD and CE, is 
equal to the rectangle, contained by ^0 and 
CB : shew that if the base and vertical angle 
be given, the position of ^ is invariable. 

XI. 21. If BCD be the common base of two pyramids, 
whose vertices A and M' lie in a plane pass- 
ing through jBO, and if the two lines AB, AC, 
be respectively perpendicular to the fsuses 
BA'D, CA'D, prove that one of the angles at 
A, together with the angles at A\ make up 
four right angles. 

1854. VL 16. EA, EA' are diameters of two circles, touching 

each other externally at J? ; a chord AB of 
the former circle, when produced, touches the 
latter at (7, while a chord A'B of the latter 
touches the former at 0: prove that the rect- 
angle, contained by AB and A'B^, is four 
times as great as that contained by BC and 
BfC. 

XI. 20. Within the area of a given triangle is described 
a triangle, the sides of which are parallel to 
those of the given one : prove that the sum 
of the angles, subtended by the sides of the 
interior triangle, at any point, not in the plane 
of the triangles, is less than the sum of the 
angles, subtended at the same point by the 
sides of the exterior triangle. 

1856. VI. 2. A tangent to a circle, ^t ^k'fe y^\sj&» A v«i«s«Rs*]^ 

two parallel tajigiea^ Vdl "B, C^Hiofe ^xsJsa. ^ 
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contact of which with the circle are D, Ey 
respectively : shew that if BE, CD, intersect 
in F, AF is parallel to the tangents BD^ CE, 

1855. zi. 16. From the extremities of the two parallel straight 

lines AB, CD, parallel lines Act, Bh, Cc, Dd, 
are drawn, meeting a plane ma,b,e,d: prove 
that AB is to CD as a6 is to c(2, taking the 
case, in which A, B^C^D axe on the same 
side of the plane. 

1856. VI. Def. 1. Enunciate the propositions^ which prove 

that in the case of triangles the conditions of 
similarity are not independent 

XI. 11. Shewihat the perpendicular, dropped from the 
vertex of a regular tetrahedron upon the 
opposite base, is treble of that dropped from 
its own foot upon any of the other bases. 

1857. VI. 19. Any two straight lines, £JB', CC, drawn parallel 

to the base DI/, of a triangle ADUy cut 
AD in jb, 0, and ^I/ in ^, (T ; BC, B'C, 
are joined, prove that the area ABC or 
AB^C varies as the rectangle, contained by 
BB'yCa. 

XL 16. A triangular pyramid stands on an equilateral 
base, and the angles at the vertex are rights 
angles : shew that the sum of the perpendi- 
culars on the faces, from any point of the 
base, is constant. 

1858. vi. 15. Find a point in the side of a triangle, from 

which two lines, drawn one to the opposite 
angle, and the other parallel to the base, shall 
cut off, towards the vertex and towards the 
base, equal triangles. 

zi. 11. Two planes intersect : shew that the loci of the 
points, from which perpendiculars on the 
planes are equal to a g\Ne;ii ^\sai^!^ \xsi^^e.rQ 
straight lines ; and \iaA. ioxa ^^^kel^ tQaa^ \»fe 
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drawn, each passing through two of these 
lines, such that the perpendiculars, from any 
point in the line of intersection of the given 
planes, upon any one of the four planes, shall 
be equal to the given line. 

L859. Yi. 31. Shew that, on a given straight line, there may 

be described as many polygons of different 
magnitudes, similar to a given polygon, as 
there are sides of different lengths in the 
polygon. 

XL 20. Three straight lines, not in the same plane, 
intersect in a point, and through their point 
of intersection another straight line is drawn 
within the solid angle formed by them : prove 
that the angles, which this straight line makes 
with the first three, are together less than the 
sum, but greater than half the sum of the 
angles which the first three make with each 
other. 

1860. YI. A. If the two sides, containing the angle, through 

which the bisecting line is drawn, be equal, 
interpret the result of the proposition. 
Prove from this proposition and the preceding,- 
that the straight lines, bisecting one angle of 
a triangle intemsklly, and the other two ex- 
ternally, pass through the same point. 

XI. 17. If three straight lines, which do not all lie in 
one plane, be cut in the same ratio by three 
planes, two of which are parallel, shew that 
the third will be parallel to the other two, if 
its intersections with the three straight lines 
are not all in one straight line. 

1861. VI. 6. From the angular points of a paraUelo^g^sissii^ 

ABQDy perpendicu^ax^ «t^ ^x^wtl <ss^ '^^ 
diagonals, meeting 1ui;i<e;TDL m ^>'S>^'>^''* 
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spectiTdy ; proye that EFOH is a parallelo- 
giam siiiiikMr to ABCD. 

1861. XL 18. Shew that the ahoitest distance between two 

opposite edges of a Tegular tetrahedron is 
eqoal to half the diagonal of the square, de- 
scribed on an edge. 

1862. Ti. L Lines are drawn from two cf the angular points 

of a ttian^e^ to diyide the opposite sides in 
a given ratio ; proye that the line, joining 
the third angnlar point with the point of in- 
tersection of these two lines, either bisects 
the opposite side, or divides it in a ratio 
whidi 18 the duplicate of the given ratia 

XI. 21. If four points be so situated that the distance 
between each pair is equal to the distance 
between the other pair, prove that the angles 
subtended at any one of these points by each 
pur of the others^ are together equal to two 
right angles. 

1863. VI. 4. The internal angles at the base of a triangle, and 

the external angle at the vertex, are bisected 
by straight lines ; prove that the three points, 
in whidi these straight lines meet the oppo- 
site sides respectively, lie on one straight 
line. 

XL 17. If each edge of a tetrahedron be equal to the 
opposite edge, the straight line, joining the 
middle pcnnts of any two opposite edges, 
shall be at right ar^es to each of those 
edges. 

1864 VI. 23. If one parallelogram have to another parallelo- 
gram the ratio, which is compounded of the 
ratios of their sides, one parallelogram shall 
be equiangular. 

XT. 12. On a given eqvula\«C8\ \a^BSk!^^ describe a 
reicalar tetraliedtoiL 
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1865. Yi. 19. The opposite sides, BA^ CD of a quadilateral 

ABCDy which can be inscribed in a circle^ 
meet, when produced, in J^ ; J* is the point 
of intersection of the diagonals, and EF 
meets AD in Gi prove that the rectangle 
EA, AB is the rectangle EDy DCaa AGib 
to GD. 

XI. 16. In the triangular pyramid ABCDy AB is at 

right angles to OD, and ^0 to BD : prove 
that AD h& at right angles to BC. 

1866. YL 4. ABC is an isosceles triangle ; AE is the perpen- 

dicular from A on the base jBO; D is any 
point in AE ; and CD produced meets the 
side AB at F : shew that the ratio of AD to 
DE is double of the ratio of AF to FB. 

XII. 1. Give an outline of Euclid's demonstration that 

circles are to one another as the squares on 
their diameters. 

1867. VL A. Each acute angle of a rightrangled triangle and 

its corresponding exterior angle are bisected 
by straight lines meeting the opposite sides ; 
prove that the rectangle, contained by the 
portions of those sides intercepted between 
the bisecting lines is four times the square on 
the hypotenuse. 

XI. 21. Two pyramids are described, the one standing 
on a square as a base, the other on a regular 
octagon, the vertex of each being equally 
distant from the angular points of its base ; 
if this distance be the same for each pyramid, 
and the perimeters of the bases be equal, 
prove that the plane angles, containing one 
solid angle at the vertex of the former, are 
together greater than the plane angles, con- 
taining tiie solid angle at the vertex of the 
latter. 

1868. VI. 2, Without assmning aoj «a>s^«osasso^ ^x^^^fSKi^^ 

prove tliat the eq]cuasic63ffl!t ^scssaaaj^'ss^ "^ ^ 
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of the figures of this proposition, are to each 
other in the duplicate ratio of the sides oppo- 
site to the equal angles. 

1868. XI. 11. Of the least angles, which a given line in one 

plane makes with any line in another plane, 
the greatest for different positions of the 
given line is that which measures the indinar 
tion of the two planes. 

1869. XI. 20. If be a point, within a tetrahedron ABCD, 

prove that the three angles of the solid angle, 
subtended by BCD at 0, are together greater 
than the three angles of the solid angle at A, 

1870. Yi. 15. Two straight lines are given in position, and a 

third straight line is drawn so as to cut off 
a triangle equal to a given triangle ; through 
the middle point of this third side is drawn 
a straight line in a given direction, termin- 
ated by the two given straight lines : prove 
that the rectangle under the segments of the 
intercepted part is constant. 

XI. 7. In a tetrahedron each edge is perpendicular to 
the direction of the opposite edge ; prove 
that the straight line joining the centre of 
the sphere, circumscribing the tetrahedron, 
to the middle point of any edge, is equal and 
parallel to the straight line joining the centre 
of perpendiculars to the middle point of the 
opposite edge. 

1871. Yi. 2. ABO is a triangle, and lines AO, BO, CO cut 

the opposite sides in i>, E,F;i£EFmtBC 
in Gj prove that BD is to DC as BG is to 
GO 

XI. 11. The perpendiculars from the angular points of 

a tetrahedron on the opposite faces meet in a 

point : prove that the necessary and sufficient 

condition for tins is ^iXiBA» \3tvft ^Km2& Ql\\i<^ 

squares of paita oi opi^aitjft ^^lSJ^X^ ^o^as^ 
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1872. VL 2. Draw through a point a straight line, so that the 

part of it intercepted between a given straight 
line and a given circle may be divided at the 
given point in a given ratio. Between what 
limits must the ratio lie in order that a 
solution may be possible ? 

zi. 20. If the opposite edges of a tetrahedron be equal 
two and two, prove that the faces are acute- 
angled triangles. Prove also that a tetra- 
hedron can be formed of any four equal and 
similar acute-angled triangleu. 
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